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Abstract: We demonstrate the generation of two-mode continuous-variable (CV) entanglement in a V-type three-level
atom trapped in a doubly resonant cavity using a microwave field driving a hyperfine transition between two
upper excited states. By numerically simulating the dynamics of this system, our results show that the CV
entanglement with large mean number of photons can be generated even in presence of the atomic relax-
ation and cavity losses. More interestingly, it is found that the intensity and period of entanglement can be
enhanced significantly with the increasing of the atomic relaxation due to the existence of the perfect spon-
taneously generated interference between two atomic decay channels. Moreover, we also show that the
entanglement can be controlled efficiently by tuning the intensity of spontaneously generated interference
and the detuning of the cavity field.
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1. Introduction communication [1-13]. In particular, due to the simplicity
and high efficiency in their generation, manipulation, and
detection, optical continuous-variable (CV) states provide

) S an alternative but powerful source in quantum informa-
Entanglement is one of the most counter-intuitive aspects

of the quantum world. The concept has come to the fore
in recent years with the advent of quantum information

tion processing [14-18]. In order to check whether a
state is entangled or not, several inseparability criteria
for continuous-variable systems were proposed by Duan,

science. The generation and manipulation of entangle- Giedke, Cirac, and Zoller (DGCZ) [19], Simon [20] and

ment has attracted a great deal of interest owing to their Hillery and Zubairy (HZ) [21] in the form of inequalities.

wide applications in quantum computation and quantum A violation of these inequalities provides evidence of en-

tanglement for a continuous-variable system. Recently,

*E-mail: wenxingyang2@126.com based on these entanglement conditions, more and more
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theoretical and experimental efforts have been devoted to
the generation and measurement of CV entanglement [22—
29].

Conventionally, CV entanglement has been produced
by nondegenerate parametric down-conversion (NPD) in
nonlinear crystals [14, 30]. In order to improve the strength
of the NPD, engineering the NPD Hamiltonian within
cavity QED has also attracted much attention [28, 29, 31—
39]. For example, Xiong et al. [28] proposed a scheme for
an entanglement amplifier based on two-mode correlated
spontaneous emission lasers in a nondegenerate three-
level cascade atomic system, whereby the atom coherence
is induced by pumping the atom from the lower level to
the upper level. Li et al. [31] considered the genera-
tion of two-mode entangled states in a cavity field via the
four-wave mixing process, by means of the interaction of
properly driven V-type three-level atoms with two cav-
ity modes. Subsequently, Tan et al. [32] extended above
concept and studied the generation and evolution of en-
tangled light by taking into account the spontaneously
generated interference between two atomic decay chan-
nels. In an earlier study, Qamar et al. [33] proposed a
scheme to generate two-mode entangled states in a quan-
tum beat laser [34], which consists of a V-type three-level
atom interacting with two modes of the cavity field in a
doubly resonant cavity. Related properties of entangle-
ment for different values of Rabi frequencies in the pres-
ence of cavity losses are also investigated. Fang et al.
[35] added into this scheme the effects of phase shift and
Rabi frequency in the classical driving field, cavity loss,
and the purity and nonclassicality of the initial state of
the cavity field [34].

In the present paper, we propose an efficient scheme for
the generation of CV entanglement in a V-type three-level
atom trapped in a doubly resonant cavity. In our scheme,
two transitions between the ground state and two excited
states of the V-type atom are driven by the two cavity
modes independently, and the two excited states of the
atom are driven by a strong microwave field. Using the
entanglement criterion proposed by DGCZ [19], we show
that CV entanglement with large mean number of photons
can be obtained in the present system. By numerically
simulating the evolution of the CV entanglement, we also
show that the intensity and period of entanglement can
be amplified significantly by increasing the atomic relax-
ation due to the existence of the perfect spontaneously
generated interference between two atomic decay chan-
nels. We also analyze the effect of the strength of the

J

spontaneously generated interference and the detuning of
the cavity field on the evolution of entanglement.

|a)

Ib)

) y

Figure 1. Schematic diagram of the three-level atom system in a
V-type configuration. Two (nondegenerate) cavity modes
with the coupling constant g1 and g, interact with the tran-
sition |a) < |c) and |b) < |c), respectively, while the atom
transition |a) < |b) is driven by an assisting microwave
driving field with Lamor frequency Q. Here, Ay and A,
correspond to the frequency detunings.

2. Model and master equation

Let us consider a three-level V-type atom trapped in a
doubly resonant cavity. The atom level configuration is
depicted in Fig. 1. Assume the atom is pumped at a rate
Yo into the level |a). Two nondegenerate cavity modes
with frequencies vy and v, independently interact with the
transitions |a) < |c) with the resonant frequency w,, and
|b) < |c) with the resonant frequency wy,, respectively.
An assisting microwave driving field with Lamor frequency
Q is used to couple Zeeman sublevels |a) and |b) through
an allowed magnetic dipole transition and to further form
a closed-loop configuration. The detuning of two cavity
modes from the atomic transitions |a) < |c) and |b) <
|c) are denoted as Ay = wye — vi and Ay = wpe — Vo,
respectively. For simplicity, in the following calculations
we will note Ay = Ay, = A.

In the interaction picture, with the rotating-wave approxi-
mation and the electric-dipole approximation, the Hamil-
tonian describing the atom-field interaction for the system
under investigation can be written as (taking h = 1) [40-
43]

Vi=Ala){a|+ A|b)(b] + (—Q|a) (b| + g1aq |a) (c| + g2a; |b) {c| + H.c.), (1
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where the symbol H.c. denotes the Hermitian conju-
gate. In obtaining the Hamiltonian (1), we have taken the
ground state |c) as the energy origin. Q = |Q]exp (i¢)
describes the Lamor frequency of the microwave driving
field with ¢ the phase of the field. The parameters g4 and
g, are used for describing the corresponding atom—field
coupling intensities. a; (af) is the anntihilation (creation)
operator of the corresponding cavity modes.

Considering the vacuum damping of the atom and the cav-
ity modes, the reduced density equations of the cavity
fields can be obtained from the Hamiltonian (1) by taking
a trace over the atom degrees of freedom [44],

pf = _[Tratom[vlr P] + Tratom(l—fp + Lup)

2

= —igi[a], pac] — igalal, poc] + D ilaj, praf]+ H.c.,
j=1

2)

with
2
Lip =ZK1[0/'P0f]+ H.c., (3)
j=1
Lap =Vi[Scas PSac] + Va[Scbs pSbe] + Vi2([Scar PSbe]
+ [Scb, pSac)) + H-c., (4)

where Lip, L,p are the damping of cavity modes and
atomic excitation, respectively. In the above equations,
y1 and y, are used to describe the decay rates from the
excited states |a) and |b) to the ground state |c), respec-
tively. The parameter «; (j = 1,2) denotes the damping
constants of two cavity modes. It should be noted that
yi2 = P./viy2 describes the spontaneously generated
interference effect, which comes from the cross coupling
between the transitions |a) <> |c) and |b) <> |c). The pa-
rameter P = b—)m'b_)zn/( b_)ac ’b_)bc
strength of spontaneously generated interference, where
the values P = 0 and P = 1 correspond to no interfer-
ence and perfect interference, respectively. Here, b, and
by, represent the atomic dipole polarizations and 6 is the

) = cos O represents the

angle between the two dipole moments. From the above
expressions for the parameter P and yj,, one can find
that the spontaneously generated interference is depen-
dent on the angle between the two dipole moments. The
interference effect disappears (P = 0) when the two dipole
moments are perpendicular to each other, and reaches its
maximum (P = 1) when they are parallel to each other.
Based on the standard methods of laser theory [44], and
considering the spontaneous decay of the atom, p,. and
Prc can be evaluated to the first order in the coupling
constants gy and g, as

- Qpbc

ipuc = - i)/1 Pac — iY12sz + Apac

0
— g1pfar — gapliaz + graipl?, (5)
ipbc = - iy2pbc - iV12pac + Apbc - Q*puc
0 0
— giphaar — gaphaz + g2a2p, (6)

where the density matrix elements pg.)) can be obtained by
the corresponding zeroth-order equations

. . 0 0 0 ()
—2iv1p) — ivia(plh + Pig) — Qphy + Qply + Qapr,

/)
)

.. (0 . 0 . 0 % (0] 0
iphy = —2ivaphy — ivia(phy + pi) — Pl + Qph, (8)

.. (0 . 0 . 0 0
ipl) = —i(vi + v2)pl) — ivia(p®) + i) — Qi) + QpY,

9)
ipys = —i(v1 + v2)pi — ivia(p) + i) + Q" pls) — P2,
(10)

()

.. (0
iphy =

ip =0.

By inserting the steady-state solution of pg)) into Egs. (5-
6), we can obtain the steady-state solutions for p,. and
Pbe, Which have the form:

(12)
(13)

(g1pac = Q11pra1 + a12p102,

(g2ppe = Q21pra1 + 022p702,

with the explicit expressions for the coefficients a;; given
in Appendix A. By substituting Eqs.(12-13) into Eq. (2),
the corresponding reduced master equation governing the
evolution of the cavity field can be obtained as

pr =— an(a] prar — pyara]) — any(af pray — prazal)
— an(al pras — prazal) — ax(al pray — praral)

+ K1(a1pfa1T — pfarcn) + Kz(azpfa; — pfa;az) + H.c..
(14)

Here we should note that we only consider the second
order in the coupling constants g1, g, and retain all orders
in the Lamor frequency of the microwave driving field Q,
because the coupling constants of the two cavity modes
are smaller than other system parameters in our scheme.
Thus we can ignore the saturation effects and operate in
the regime of linear amplification [29].

3. Entanglement of the cavity fields

According to Ref. [19], an inseparability criterion is pro-
posed for continuous variable systems with the aid of the
total variance of a pair of Einstein-Podolsky-Rosen (EPR)
type operators, and the criterion provides a sufficient
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condition for entanglement of any two-party continuous-

variable states. In this section, we use the sufficient in-

separability criterion [19] to study the entanglement prop- -1or
erties of the two cavity modes. Based on the spirit of this -20¢
criterion, the system is said to be in an entangled state if 30}

the sum of the quantum fluctuations of the two EPR type
operators 00 = & + X, and ¥ = pq + p, of the two modes
satisfies the following inequality

601
((A0) + (AD)?) < 2, (15) e
-80
with & = (a;+a])/V2 and p; = —i(a;—a]) V2 (j =1,2) o
the quadrature operators of the two cavity modes 1 and 1002
2. For a general state, this is a sufficient criterion for
entanglement and furthermore, as demonstrated in Ref. o
[19], for all Gaussian states, this criterion turns out to be
a necessary and sufficient condition for inseparability. By
substituting X; and p; into Eq. (15), we can obtain the
total variance for the operators & and ¥ in terms of the o'l
operators a; and af. That is
s
((AFJ)2 + (AO)2> =21+ (afm) + (azraz) +{a1az) + (a{az)
— (@) (a]) = {02) (a]) — {a1) (@2) ol
—{aVal ——P-0
(a7 )a3)]- (16) — — _p_03
0 P=0.7
= = P=0.98
With the help of Eq. (14), we can obtain the equations 1020 = ™~ oy o 0
of motion for the expectation values of the field operators gt

shown in Eq. (16) as
Figure 2. (a) The time evolution of ((Ad)2 + (A?)2), and (b) the total

aJ mean photon numbers (), for different values of P. Here,
—{a1) = —(a11 + k1 ){a1) — ar2{az), (17) the cavity field is initially in the coherent state |10, —10).
(?; Other parameters used are k1 = x; = 0.001g, y1 = y2 =
=g, Q] =109, Ay = Ay = A =g, yo = 5g, and
a((Jz) = —(C(zz —+ Kz)((]z) — (3{21(01), (18) ;: ﬂg/Z.l ‘ g, 2 g, Y g
a . "
a(‘ﬁ): —(af +K1)<a1f>_a12<af>r (19)
g
a _
—+al) = —(a3 + ko)(a]) — axn(a), 0 glman = —an{ma) —an{mo)
0 — (a1 + o + kK1 + K2){araz), 25
&<017L01> :—(0(11 +C(1*1 +2K1)<0IG1)—C{12(G1T(12> 9 ( B 2 ! 2)< ! 2> ( )
—a* <a1aT>—(c{11 +a* ) (21) E(Gﬂh} = —2(&11 +K1)(0101>—2a12<0102>, (26)
12 2 1)
d
a el - _ _
a(a;az) =—(o2 + a5 + 2K2)<G;02) - a}}(a?az) 6t<0202> = —2(0 + k2){a202) — 2021(a1a2), (27)
. 9, t.t N
—0(21<01U§>—(0’22+‘722)' (22) E("H a;) = —ag{aja;) — aix(aya;)
a * *
E(afaz) = —an(ala)) — ajy(aay) — (ay + a3, + k1 + Kk)(alal), (28)
a . *
— (a1 + @ + K1 + Kk)(a] a2) — (o + ), a(ﬂzaﬁ = —2(af; + ki)(a]a]) — 2aiy(afa]),  (29)
@) G
o . . 5;(00a)) = ~2a3, + k)(ala]) = 2a3(ala]).  (30)
5l@102) =~ {ayar) — anxfazaz)
—(an + &y + k1 + k2){aq a;) — (on2 + a3), In order to make clear whether entanglement between two
(24) modes of the field can be generated, we calculate the time
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evolution of various moments (N} = (ala;) + (ala,) and

((Ad)? + (AD)?) by use of the equations of motion given
in Egs. (17-30). However, the exact analytical results are
rather complicated in this situation. Since we mainly focus
on examining the influence of the spontaneously gener-
ated interference on the property of the CV entanglement,
we show the typical numerical results for the time evo-
lution of various moments (N} = (arm) + (azfaz> and
((AFJ)2 + (AO)2> for different values of parameters P, y
and A. Note that the two cavity modes are assumed to be
in the coherent state |10, —10). For simplicity, all the pa-
rameters used here are scaled with g, and we let ¢ = 7/2
during our numerical calculations.

We first analyze the influences of the spontaneously gen-
erated interference strength on the property of the CV
entanglement when the cavity field is initially in the co-
herent state |10, —10). Here the cavity loss rates, atomic
relaxation rates, intensity of the microwave driving field,
the detuning, and the incoherent pumping are chosen as
kK1 =k =0.001g, yy=y2=y=g,1Q =109, A =g,
and y, = 5g. We plot in Fig. 2, the variable moment
((AD)? + (AD)?) and the mean photon number (N) as a
function of the time gt for different values of the spon-
taneously generated interference strength P, ie, P =0
(solid curve), P = 0.3 (dashed curve), P = 0.7 (dotted
curve), and P = 0.98 (dash-dotted curve). From Fig. 2(a),
one can see that the intensity and period of entanglement
increase slightly with the increase of the value of P when
the cavity field is initially in the coherent state. However,
as shown in Fig. 2(b), the maximum mean photon num-
ber (N) can be enlarged by increasing the spontaneously
generated interference strength P with the same set of
the parameters. As a result, a perfect spontaneously gen-
erated interference is needed for obtaining a long entan-
glement time interval, entanglement intensity, and large
mean number of photons.

Choosing a certain strength of the spontaneously gen-
erated interference (i.e, P = 0.5), we now analyze the
effects of different atomic relaxation rates on the prop-
erties of the CV entanglement with the cavity field ini-
tially in the same coherent state as Fig. 2. As shown
in Fig. 3, we plot the time evolution of the variable mo-
ment ((Ad)? + (A?)?) and the mean photon number (N)
for different values of the atomic relaxation rates vy, ie.,
y = g (solid curve), y = 1.5g (dashed curve), and y = 2¢g
(dotted curve). From Fig. 3, one finds that the intensity
and period of entanglement can be enhanced significantly
without decreasing the maximum mean photon numbers
(N)) as the spontaneous emission decay rate of the atom
increases. The physical interpretation of these results is
rather clear. The spontaneous emission rates of the atom
play a constructive role in the spontaneously generated

(AuP+(av)?
o
a

-300 1
-350 1
400 1| —— y=1g 1
—450H ~ T —v=1.5¢9 1
o y=2g
_500 T . . . .
0 5 10 15 20 25 30
gt
10°
10*}
2
10°}
— =19
- — —y=1.5¢g
) =29
10 . . n
0 50 100 150 200

at

Figure 3. (a) The time evolution of ((Ad)2 + (AD)2), and (b) the total

mean photon numbers (/N), with different atomic decay
rates y (yi = y2 = y). Here the cavity field is initially in
the coherent state |10, —10). Other parameters used are
ki =Ky =0.001g, P =05, Q| =10g, A1 =N\, = A= g,
Yo =5g,and ¢ = n/2.

interference yi,. For a given value of the parameter P,
Y12 increases with increasing spontaneous emission rates
;. As illustrated in Fig. 2, the entanglement intensity
and time interval can be enhanced by the spontaneously
generated interference; as a result, the intensity and pe-
riod of entanglement can be increased accordingly when
the atom spontaneous emission rates increase. In other
words, we can achieve the optimal combination of a long
entanglement time interval and enhanced entanglement
intensity by properly controlling the atom’s spontaneous
emission rates.

Up to now, we have investigated the effect of atomic spon-
taneous emission and spontaneously generated interfer-
ence on the properties of CV entanglement by considering
the cavity field initially in coherent state. We now exam-
ine the effect of the frequency detuning between the cavity
modes and the corresponding atomic transition on the time
evolution of entanglement. By considering that the initial
state of the cavity field is the coherent state |10, —10), we
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Figure 4. (a) The time evolution of ((Ad)2 + (A?)2), and (b) the total
mean photon numbers (A}, for different detuning frequen-
cies A(A1 = A = A). Here, the cavity field is initially in
the coherent state |10, —10). Other other parameters used
arey1 = y» = g, K = k2 = 0.001g, P = 0.5, |Q| = 10g,
Yo = 5g,and ¢ = 7/2.

plot in Fig. 4 the time evolution of the variable moment
((AD)? + (AD)?) and the mean photon number (N) for dif-
ferent values of the detunings A, i.e, A = g (solid curve),
A = 2g (dashed curve), and A = 3g (dotted curve). It can
be easily seen from Fig. 4(a) that the intensity and period
of entanglement between the two cavity modes can be de-
creased markedly by augmenting the frequency detuning
A. On the other hand, it can be found from Fig. 4(b) that
the total mean photon numbers (N) increase significantly
with the increasing of the frequency detuning A and the
maximum mean number of photons for which the entangle-
ment criterion (15) is still satisfied. These results indicate
that one can obtain the entanglement of cavity modes with
a greater magnitude and a longer period by choosing the
near-resonant condition. Based on this interesting result,

it is possible to obtain the entanglement of cavity modes
with a low-Q cavity.

4. Conclusion

In conclusion, we have demonstrated the generation of
two-mode continuous-variable (CV) entanglement and an-
alyzed the properties of the entanglement in a V-type
three-level atom trapped in a doubly resonant cavity using
a microwave field driving a hyperfine transition between
two upper excited states. Our numerical results have indi-
cated that the CV entanglement with large mean number
of photons can be generated even in the presence of atomic
relaxation and cavity losses. Importantly, we have shown
that the intensity and period of entanglement can be en-
hanced significantly with increasing atomic relaxation due
to the existence of the perfect spontaneously generated in-
terference between two atomic decay channels. Moreover,
we have also shown that CV entanglement of cavity modes
with large mean photon numbers can be generated even
under near-resonant conditions, which implies that it is
possible to obtain the entanglement of cavity modes even
with a low-Q cavity.
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Appendix A: COEFFICIENTS

Here, we give the explicit expressions for the coefficients
Aijand Bj; (i,j =1,2) in Eqgs. (12-14),

a = —gi[(R + i&)Baq + (iQ — v12)Byal/ D1, (A1)
a2 = —g192[(R + iA)Bap + (iQ — v12) B |/ D1, (A2)
an = —G3(R + il)Byy + (i1Q° — v12)Bas)I D1, (A3)
a1 = —g1G2[(R + iA)Bpa + (iQ" — v12)Baal/ D1, (A4)
Boo = 2R? = vi, + |QI)Ryal D2, (A5)
Bob = (v12 + iQ)(v12 — iQ")Ry,/Ds, (A6)
Bab = —(v12 + iQ)(2R* — iy12Q — iy Q") Ry, /(2D,),
(A7)
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Boa = —(v12 — iQ*)(2R? + iy12Q + iv12Q")Ry4(2Dy),
(A8)

with

Dy = (R + iA)? — (iQ — y2)(iQ" — y12), (A9)
D, = 4R* + 4R*|Qf° — 4R’y — vH(Q + Q)?,  (A10)

where we have assumed y1 =y, =y =R.
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