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! Time: T5T6R5R6 (1:10PM-3:00PM, Tuesday and Thursday)

! This course is one of "Engineering (Applied) Mathematics":
‣ Vector Calculus (required), [Textbook] PART B 
‣ Linear Algebra (required), [Textbook] PART B

‣ Ordinary Differential Equations, ODEs, [Textbook] PART A 
‣ Partial Differential Equations, PDEs, [Textbook] PART C

‣ Fourier Analysis (moved to "Singnals and Systems," required)
‣ Complex Analysis, [Textbook] PART D

‣ Numeric Analysis, [Textbook] PART E 
‣ Optimization and Graphs, [Textbook] PART F

‣ Probability and Statistics (required), [Textbook] PART G

! 3 Credits, but  4 Hours

 Course Description:
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! No background, but ”Calculus” is required.

! Teaching Method: in-class lectures with examples.

! Textbook: 

Erwin Kreyszig, “Advanced Engineering Mathematics,” 9th Ed. 
John Wiley & Sons Inc., (2006).

! Office hours: T78R78 at R523, EECS bldg.

3

 Textbook:
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! Course description and Introduction, 9/14
1. Ordinary Differential Equations: 4 weeks
‣ First-order ODEs, Ch. 1: 9/16, 9/21
‣ Second-order ODEs, Ch. 2: 9/23, 9/28, 9/30, 10/5, 10/7
‣ Higher-order ODEs, Ch. 3: 10/12
‣ Systems of ODES, Ch. 4: 10/14
‣ 1st EXAM, 10/15 (Friday night)

2. Transform Methods:  4 weeks
‣ Laplace Transforms, Ch. 6: 10/19 - 11/11
‣ 2nd EXAM, 11/12 (Friday night)

3. Series and Complex Variables: 9 weeks
‣ Power Series, Ch. 5: 11/16, 11/18
‣ Fourier Series, Ch. 11: 11/23, 11/25, 11/30, 12/2
‣ 3rd EXAM, 12/3 (Friday night)
‣ PDE by Fourier Series, Ch. 12, 12/7 - 12/22
‣ 4th EXAM, 12/23 (in Class)
‣ Taylor and Laurent Series, Ch. 13-16: 12/28, 12/30
‣ Complex and Residue Integrations, Ch. 16: 1/4 - 1/13
‣ 5th EXAM, 1/14 (Friday night)
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 Syllabus:
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  3 Credits = 17 Weeks*4 Hours + Homework (>12) + 5 EXAMS
+ ......

1. Homework: 30%
2. EXAMS: 70%
‣ 1st EXAM: 20%, 10/15 (Friday night)
 Ordinary Differential Equations, [Textbook] Ch.1 - Ch. 4
‣ 2nd EXAM: 15%, 11/12 (Friday night)
 Laplace Transforms, [Textbook] Ch. 6
‣ 3rd EXAM: 10%, 12/3 (Friday night)
 Power and Fourier Series, [Textbook] Ch. 5, Ch. 11
‣ 4th EXAM: 10%, 12/23 (in class)
 Partial Differential Equations, [Textbook] Ch.12
‣ 5th EXAM: 15%, 1/14 (Friday night)
Complex Variables, [Textbook] Ch. 13 - Ch. 16 

3. Bonus: 10%
‣Quiz and Questions in the classroom
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 Evaluation:
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 Engineering (Applied) Mathematics

9

Modeling Solving Interpretation

•Analytical approach
•Numerical approach
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• Gauss’s law for the electric field:

∇ ·E =
ρ

�0
⇐⇒

�

S
E · dA =

q

�0
,

• Gauss’s law for magnetism:

∇ ·B = 0 ⇐⇒
�

S
B · dA = 0,

• Faraday’s law of induction:

∇×E = − ∂

∂ t
B ⇐⇒

�

C
E · dl = − ∂

∂t
ΦB ,

• Ampére’s circuital law:

∇×B = µ0(J+
∂

∂ t
D) ⇐⇒

�

C
B · dl = −µ0(I+

∂

∂ t
ΦD)

 Maxwell’s equations :
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d
dxf(x)

�
f(x), dx

∇2f(x, y, z)
�

f(x, y, z) dxdydz

 QUIZ: Differential or Integral Equations?

Differential v.s. Integral
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Differential Integral
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Newton’s mechanics: m�a = �F , i.e.,

dvy
dt

= −g, ⇒ vy(t) = v0 − gt.

 Modeling: Projectile motionTopic 1 | Projectile Motion with Air Resistance 

A Case Study in Computer Analysis

In our study of projectile motion, we assumed that air-resistance effects are negli-
gibly small. But in fact air resistance (often called air drag, or simply drag) has a
major effect on the motion of many objects, including tennis balls, bicycle riders,
and airplanes. In Section 5.3 we considered how a fluid resistance force affected
a body falling straight down. We’d now like to extend this analysis to a projectile
moving in a plane.

It’s not difficult to include the force of air resistance in the equations for a pro-
jectile, but solving them for the position and velocity as functions of time, or the
shape of the path, can get quite complex. Fortunately, it is fairly easy to make
quite precise numerical approximations to these solutions, using a computer.
That’s what this section is about.

When we omitted air drag, the only force acting on a projectile with mass m
was its weight w ù mg. The components of the projectile’s acceleration were simply

The +x-axis is horizontal, and the +y-axis is vertically upward. We must now
include the air drag force acting on the projectile. At the speed of a tossed tennis
ball or faster, the magnitude f of the air drag force is approximately proportional
to the square of the projectile’s speed relative to the air:

(T1.1)

where v2 = vx
2 + vy

2. We’ll assume that the air is still, so µ is the velocity of the pro-
jectile relative to the ground as well as to the air (Fig. T1.1a). The direction of f is
opposite the direction of µ, so we can write f ù –Dvµ and the components of f are

Note that each component is opposite in direction to the corresponding compo-
nent of velocity and that The free-body diagram is shown in
Fig. T1.1b. Newton’s second law gives

and the components of acceleration including the effects of both gravity and air
drag are

(T1.2)

The constant D depends on the density of air, the silhouette area A of the
body (its area as seen from the front), and a dimensionless constant C called the
drag coefficient that depends on the shape of the body. Typical values of C for
baseballs, tennis balls, and the like are in the range from 0.2 to 1.0. In terms of
these quantities, D is given by

(T1.3)D 5
rCA

2

r

ax 5 2 1D/m 2vvx  ay 5 2g 2 1D/m 2vvy

SFx 5 2Dvvx 5 max  SFy 5 2mg 2 Dvvy 5 may

f 5"fx
2 1 fy

2.

fx 5 2Dvvx fy 5 2Dvvy

f 5 Dv2

ax 5 0 ay 5 2g

(b)

v

w ! mg

x

y

fx

fy

f

T1.1 (a) A projectile in flight with velocityµ relative to the ground. (b) Free-body dia-
gram for the projectile. In still air, the air
drag force f is always directed opposite µ .

v

(a)
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dvy
dt

= −g ⇒ vy(t) = v0 sin θ − g t,

dvx
dt

= 0 ⇒ vx(t) = v0 cos θ,

• Analytically approach:

x(t) =

� t

0
vx(t) dt = x(0) + v0 cos θ t

y(t) =

� t

0
vy(t) dt = y(0) + v0 sin θ t−

1

2
g t2,

• Numerical approach:

– Solve Differential Eq.: Finite-Difference, Finite-Element methods,
. . .

– Solve Integral Eq.: Finite-Volume, Moment methods, . . .

 Solving: Projectile motion without Air Resistance

13
������	����
�



Topic 1 | Projectile Motion with Air Resistance 

A Case Study in Computer Analysis

In our study of projectile motion, we assumed that air-resistance effects are negli-
gibly small. But in fact air resistance (often called air drag, or simply drag) has a
major effect on the motion of many objects, including tennis balls, bicycle riders,
and airplanes. In Section 5.3 we considered how a fluid resistance force affected
a body falling straight down. We’d now like to extend this analysis to a projectile
moving in a plane.

It’s not difficult to include the force of air resistance in the equations for a pro-
jectile, but solving them for the position and velocity as functions of time, or the
shape of the path, can get quite complex. Fortunately, it is fairly easy to make
quite precise numerical approximations to these solutions, using a computer.
That’s what this section is about.

When we omitted air drag, the only force acting on a projectile with mass m
was its weight w ù mg. The components of the projectile’s acceleration were simply

The +x-axis is horizontal, and the +y-axis is vertically upward. We must now
include the air drag force acting on the projectile. At the speed of a tossed tennis
ball or faster, the magnitude f of the air drag force is approximately proportional
to the square of the projectile’s speed relative to the air:

(T1.1)

where v2 = vx
2 + vy

2. We’ll assume that the air is still, so µ is the velocity of the pro-
jectile relative to the ground as well as to the air (Fig. T1.1a). The direction of f is
opposite the direction of µ, so we can write f ù –Dvµ and the components of f are

Note that each component is opposite in direction to the corresponding compo-
nent of velocity and that The free-body diagram is shown in
Fig. T1.1b. Newton’s second law gives

and the components of acceleration including the effects of both gravity and air
drag are

(T1.2)

The constant D depends on the density of air, the silhouette area A of the
body (its area as seen from the front), and a dimensionless constant C called the
drag coefficient that depends on the shape of the body. Typical values of C for
baseballs, tennis balls, and the like are in the range from 0.2 to 1.0. In terms of
these quantities, D is given by
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T1.1 (a) A projectile in flight with velocityµ relative to the ground. (b) Free-body dia-
gram for the projectile. In still air, the air
drag force f is always directed opposite µ .

v

(a)

m
dvx
dt

= −|�FD
x (vx, vy, t)|,

m
dvy
dt

= −mg − |�FD
y (vx, vy, t)|.

 Modeling: Projectile motion with Air Resistance

Assumption 1:
&��&�&��$���)�%&%�� ���$��$����!$����
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• Assume that the magnitude of the air drag force �FD is approximately
proportional to the square of the projectile’s speed relative to the air, i.e.,
|�FD| ≈ v2, or

�FD ≡ C |v|�v = C
�
v2x + v2y�v,

where the constant C depends on the density ρ of air, the silhouette area A
of the body (its area as seen from the front), and a dimensionless constant
Cd called the drag coefficient that depends on the shape of the body, i.e.,
C = Cd ρA.

dvx
dt

= −C

m
|v| vx = −C

m

�
v2x + v2yvx,

dvy
dt

= −g − C

m
|v| vy = −C

m

�
v2x + v2yvy,

 Modeling: Projectile motion with Air Resistance, cont.

Assumption 2:
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dv

dt
= −C

m
v2,

dv

dt
= −C

m
v,

dv

dt
= −C

m

√
v,

 Modeling: Projectile motion with Air Resistance, cont.

Assumption 2:

16

Model 1:

Model 2:

Model 3:

Model 4: dv

dt
= −C(t)

m
f(v),

QUIZ: Which model supports the longest projectile motion distance?
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Step 9: Increment the time by ∆ t:

Step 10: Stop.

If you are using a spreadsheet, the following notation may be useful. Let x(n),
y(n), vx(n), and vy(n) be the values at the end of the nth interval. These values
appear across the nth line of the spreadsheet. The initial values are x(1), y(1),
vx(1), and vy(1). Then Eqs. (T1.4) and (T1.5) become

In Eqs. (T1.6) and (T1.7) we compute ax(n) and ay(n) by substituting the values
vx(n) and vy(n) into Eq. (T1.2).

Figure T1.2 shows the trajectory of a baseball with and without air drag. The
radius of the baseball is r = 0.0366 m, and A = pr 2. The mass is m = 0.145 kg, and
we have chosen the drag coefficient to be C = 0.5 (appropriate for a batted ball or
pitched fastball) and the density of air to be = 1.2 kg/m3 (appropriate for a ball-
park at sea level). In this example the baseball was given an initial velocity of 
50 m/s at an angle of 35° above the +x-axis. You can see that both the range of the
baseball and the maximum height reached are substantially less than the zero-drag
calculation would lead you to believe. Calculating a baseball’s trajectory and
ignoring air drag is quite unrealistic. Air drag is an important part of the game of
baseball!

r

t 5 t 1 Dt

x (m) 2500

y 
(m

)

50

Without drag

With drag
T1.2 Computer-generated trajectories of 
a baseball with and without drag. Note that
different scales are used on the horizontal
and vertical axes.

(T1.6)

(T1.7)vy 1n1 12 5 vy 1n2 1 ay 1n2Dt  y 1n1 12 5 y 1n2 1 vy 1n2Dt1
1
2

ay 1n2 1Dt2 2

vx 1n1 12 5 vx 1n2 1 ax 1n2Dt  x 1n1 12 5 x 1n2 1 vx 1n2Dt1
1
2

ax 1n2 1Dt2 2

 Interpretation: Projectile motion with drag
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QUIZ: The projectile angle to support a farest projectile motion is the 
same as the case without a drag resistance?
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y�(x) ≡ d

dx
y(x)

 Terminologies:
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Ordinary Differential Equation, 
ODE

Partial Differential Equation, 
PDE

ONE 
independent 

variable

More than ONE 
independent 

variable

Ch. 1 - 5

Ch. 12fx ≡ ∂

∂x
f(x, y, . . . )
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• Explicit form:
y� = f(x, y)

• Implicit form:
F (x, y, y�) = 0

• If the nth derivative y(n) = d
n y/dxn of the unknown function y(x) is the

highest occurring derivative, it is called an ODE of nth-order:

F (x, y, y�, · · · , y(n)) = 0, where y(n) =
d
n y

dxn
,

• Linear nth-order ODE:

y(n) + pn−1(x)y
(n−1)

+ · · ·+ p1(x)y
�
+ p0(x)y = r(x),

 First-order ODEs: Order
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y� =
dy

dt
= ±γy,

• General solutions:
y(t) = c e±γt,

• ±γ denotes the growth/decay rate.

• c is an arbitrary constant.

• y(t) = c e±γt is a family of solutions.

• Initial value problem, y(t = 0) is given.

• Boundary value problem, y(t1) is given.

 Family of solutions:

20
������	����
�



y� = −0.2 y

 Family of solutions: Exponential Decay
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y� = f(x, y) = f1(x) f2(y), or equivalently

g(y) d y = f(x) dx,⇒
� y

y0

g(y1) dy1 =

� x

x0

f(x1) dx1.

y� = 1 + y2

y = tan(x+ c) or y = tanx+ c ?

Integrals:
�

1

a2 + x2
dx =

1

a
tan−1 x

a
,

�
1

a2 − x2
dx =

1

a
tanh−1 x

a
,

 First-order ODEs: Separable equations

22

Example:

Solution:

Hint:

������	����
�



2xyy� = y2 − x2

x2 + y2 = cx

1. Divide the given equation by 2xy.

2. Define the new variable u ≡ y
x ,

then reduce the Eq. into a separable form.

 First-order ODEs: Reducible to Separable Form

23

Example:

Solution:

Hints:

Integrals:
�

1

a2 + x2
dx =

1

a
tan−1 x

a
,

�
x

a2 + x2
dx =

1

2
ln(a2 + x2),
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1. (25%) Solve

y y� = (x− 1)e−y2

, y(0) = 1. (1)

2. (25%) Solve

y� =
2
√
xy − y

x
, Hint: try y = ux. (2)

3. (25%) Solve

(cosx sinx− xy2) dx+ y(1− x2
) dy = 0, y(0) = 2. (3)

4. (25%) Show that any equation which is separable, that is, of the form:

M(x) +N(y)y� = 0, (4)

is also exact.

 Homework #1: 

24
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Deadline Sep. 21 (next Tuesday), 1:00PM 
before the class!!

 Homework #1: 

25

1. Please do the homework Yourself !!

2. Homework is designed for your PRACTICE, Take It Easy ^.^

3. If you have any questions, please write an email to me or come 
to my office.

5. Please return the Homework by the Deadline:
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• If there is a function u(x, y) = c, then the total differential of u(x, y) is

du(x, y) =
∂u(x, y)

∂x
dx+

∂u(x, y)

∂y
dy = 0.

• Explicit form for a 1st-order ODE: y� = f(x, y) = −M(x,y)
N(x,y) .

• Re-write 1st-order ODE:

M(x, y) dx+N(x, y) dy = 0.

 First-order ODEs: Exact Eq.

26

The necessary and sufficient condition to have an exact differential equation
is

∂2u(x, y)

∂x∂y
=

∂M(x, y)

∂y
=

∂N(x, y)

∂x
.
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y� = x y

 Geometric meaning: Direction Field
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• One can rewrite y� = f(x, y) as

M(x, y) dx+N(x, y) dy = 0.

• If there is a function u(x, y) = c, then the total differential of u(x, y) is

du(x, y) =
∂u(x, y)

∂x
dx+

∂u(x, y)

∂y
dy = 0

• The necessary and sufficient condition to have an

exact differential equation is

∂2u(x, y)

∂x∂y
=

∂M(x, y)

∂y
=

∂N(x, y)

∂x
.

• Integrate M(x, y) or N(x, y) to get,

u(x, y) =

�
M(x, y) dx+ k(y), or

u(x, y) =

�
N(x, y) dy + h(x).

 First-order ODEs: Exact Equation

28
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cos(x+ y) dx+ [3y2 + 2y + cos(x+ y)] dy = 0

1. Test for exactness.

2. Integrate dx then dy, or Integrate dy then dx.

u(x, y) = sin(x+ y) + y3 + y2 = c

29

Example:

Solution:

Hints:

 First-order ODEs: Exact Equation, Example
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QUIZ: How to solve a non-exact equation?

• For the explicit form,

M(x, y) dx+N(x, y) dy = 0,

• If the test for exactness fails, i.e.,

∂M(x, y)

∂y
�= ∂N(x, y)

∂x
.

First-order ODEs: Non-Exact Equations

30
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• Multiply a given non-exact equation by a function F (x, y), an integrating
factor,

F (x, y)M(x, y) dx+ F (x, y)N(x, y) dy = 0,

• To result in a exact equation:

∂M(x, y)

∂y
�= ∂N(x, y)

∂x
, but,

∂F (x, y)M(x, y)

∂y
=

∂F (x, y)N(x, y)

∂x
.

• We can choose

F (x) = exp

�
[
1

N
(
∂M

∂y
− ∂N

∂x
)] dx, or

F (y) = exp

�
[
1

M
(
∂N

∂x
− ∂M

∂y
)] dy, or

F (x, y).

 First-order ODEs: Integrating Factor

31

QUIZ: Is there always an Integrating Factor to find?
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u(x, y) = ex + xy + e−y = 1 + e.

(ex+y + yey) dx+ (xey − 1) dy = 0, with y(0) = −1

• Find the Integrating factor,

F (x) = exp

�
[

1

xey − 1
(ex+y + ey + yey − ey)] dx, fails

F (y) = exp

�
[−1] dy = e−y.

32

 First-order ODEs: Integrating Factor

Example:

Solution:

Hints:
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• Linear ODE:

y� + p(x)y = 0, homogeneous

y� + p(x)y = r(x), non-homogeneous

• y(x) = 0 is the trivial solution for the homogeneous ODEs.

• Non-linear ODE:

QUIZ: Which one is a linear ODE?

� y� + 3x2y = 0,

� y� + 3x2y = 5 cos(x2
),

� y�2 + 3x2y = 5 cos(x2
),

� y� + 3x2
sin(y) = 5 cos(x2

). 33

 First-order ODEs: Linear ODEs
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QUIZ: Why Linear Systems are so important ?

1. Basis.

2. Vector space.

3. Matrix.

4. Superposition principle.

‣ Linear Algebra.

‣ Signals and Systems.
������	����
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QUIZ: Does superposition principle apply to?

1.Homogeneous Linear ODEs?

2.Non-homogeneous Linear ODEs?

3.Non-linear ODEs?
1 + 1 �= 2
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 First-order ODEs: Nonhomogeneous & Linear
• Non-homogeneous Linear ODE:

y� + p(x)y = r(x),

• The general solution of the homogeneous ODE is

y(x) = ce−
�
p(x)d x ≡ ce−h(x),

• The solution for the non-homogeneous ODE is

y(x) = e−h(x)

�
eh(x1)r(x1) dx1 + ce−h(x) ,

= non-homogeneous solution + homogeneous solution

Total Output = Response to the Input + Response to the Initial Data .

������	����
�



• Let y(t) be the hormone level at time t.

• The removal rate is Ky(t).

• The input rate is A + B cos(2πt/24), where A is the average input rate
and B is the amplitude of a sinusoidal input with a 24-hour period.

• Modeling:

y� = −Ky +A+B cos(
1

12
πt),

• The initial condition for a particular solution is given by y(t = 0) = y0.

 First-order ODEs: Hormone Level Problem

37
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• Modeling:

y� = −Ky +A+B cos(
1

12
πt),

• Solving:

y(t) = e−Kt

�
eKt1 [A+B cos(

πt1
12

)] dt1 + ce−Kt,

=
A

K
+

B

144K2 + π2
[144K cos

πt

12
+ 12π sin

πt

12
] + ce−Kt .

• Steady-State solution.

• Entire solution is called Transient-State solution.

38

  Hormone Level Problem, cont.
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1. (25%) Solve the non-exact Eq.:

(3xy + y2) + (x2
+ xy)y� = 0. (1)

2. (25%) Solve the non-homogeneous Eq.:

x3y� + 3x2y = 5 sinh(10x), (2)

Problem 17 in the [Textbook], at p.p. 32.

3. (25%) Solve the Bernoulli’s Eq.:

2y y� + y2 sinx = sinx, y(0) =
√
2, (3)

Problem 23 in the [Textbook], at p.p. 33.

4. (25%) Solve a 1st-order ODE by using Richard’s method of iteration:

y� = y − 1, y(0) = 2, (4)

 Homework #2: 
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1. To solve an initial-value problem:

y� = f(x, y), y(x0) = y0.

2. Integrate both sides with respect to x directly, with the initial value, i.e.

y1(x) = y0 +

� x

x0

f(x, y0) dx,

3. Integrate both sides with respect to xdirectly again, but updating the
value of y(x)

y2(x) = y0 +

� x

x0

f(x, y1) dx,

4. Then you can find a sequence of unctions:

y1(x), y2(x), · · · , yn(x).

5. To the limit of yn(x) as n → ∞, we have the exact solution for the give
initial-value problem,

y(x) = 1 + ex.

This approach is called the Picard’s method of iteration.

 Homework #2: Richard’s method
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Deadline Sep. 23 (Thursday), 1:00PM 
before the class!!

 Homework #2: 
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1. Please do the homework Yourself !!

2. Homework is designed for your PRACTICE, Take It Easy ^.^

3. If you have any questions, please write an email to me or come 
to my office.

5. Please return the Homework by the Deadline:
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• Some nonlinear ODEs can be transformed to linear ODEs.

• Bernoulli equation:

y� + p(x)y = g(x)ya, a is a real number.

• If a = 0 or a = 1, it is linear; otherwise, it is nonlinear.

• Hint:

u(x) = [y(x)]1−a,

• The transformed ODE for u(x) is linear,

u�
+ (1− a)p(x)u(x) = (1− a)g(x).

43

 First-order ODEs: Bernoulli Equation
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Set u = y−1.

Logistic Equation (Verhulst Equation)

y� = Ay −By2,

y(t) =
1

ce−At + B
A 44

 First-order ODEs: Bernoulli Equation, cont.

Example:

Solution:

Hints:
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• For linear 1st-order ODEs in the initial value problem,

y� = f(x, y), y(x0) = y0,

• f(x, y) is continuous and bounded at alo pints (x, y) in some rectangle,

R : |x− x0| < a, |y − y0| < b

• there is a number K such that,

|f(x, y)| ≤ K, for all (x, y) in R

• Then the initial value problem has at least one solution y(x) in the

sub-interval |x− x0| < a(b/K).

 First-order ODEs: Existence Theorem
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• For linear 1st-order ODEs in the initial value problem,

y� = f(x, y), y(x0) = y0,

• Let f(x, y) and its partial derivative fy = ∂f/∂y is continuous and bounded

at alo pints (x, y) in some rectangle,

|f(x, y)| ≤ K,

|fy(x, y) ≤ M, for all (x, y) in R

• Then the initial value problem, IVP has at most one solution y(x).

• Combine the Existence and Uniqueness theorems, the IVP has precisely

one solution in the sub-interval |x− x0| < α.

 First-order ODEs: Uniqueness Theorem
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y� = x− y + 1, y(1) = 2

Both f(x, y) = x− y + 1 and fy(x, y) = −1

are defined and continuous at all points (x, y),

The theorem guarantees a unique solution to the ODE

exists in some open interval centered at 1.

y(x) = x+ ce−x.

47

 Existence and Uniqueness Theorem, Example 1

Example:

Solution:

Hints:
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y� = 1 + y2, y(0) = 0

The theorem guarantees a unique solution to the ODE

exists in some open interval centered at 0.

y(x) = tan(x+ c),

which is defined for all x �= (2n+ 1)/π, n is an integer. 48

 Existence and Uniqueness Theorem, Example 2

Example:

Solution:

Hints: Both f(x, y) = 1 + y2 and fy(x, y) = 2y

are defined and continuous at all points (x, y).
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y� = 2y/x, y(x0) = y0

Both f(x, y) = 2y/x and fy(x, y) = 2/x

are defined and continuous at all points x �= 0.

The theorem guarantees a unique solution to the ODE

exists in some open interval centered at x0 �= 0.

y(x) = cx2,

• No solution if x0 = 0 and y0 �= 0;

• Infinitely many solutions if x0 = 0 and y0 = 0.
49

 Existence and Uniqueness Theorem, Example 3

Example:

Solution:

Hints:
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• Find the analytical solutions for the projectile motion,

dvy
dt

= −g,

dvx
dt

= 0,

with the initial velocity vx = v0 cos θ and vy = v0 sin θ.

• For a constant v0, find the projectile angle θ that gives the longest pro-
jectile distance.

• Based on Finite-Difference method, write a code to test your analytical
results.

 Homework #0: Projectile motion without Air Resistance
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d

dx
y(x)|x=xj ≈ y(xj)− y(xj−1)

xj − xj−1

• Taylor’s expansion:

u(xj+1) = u(xj) + u�(xj)∆x+
u��(xj)

2
(∆x)2 +

u���(xj)

3!
(∆x)3 + . . . ,

u(xj−1) = u(xj)− u�(xj)∆x+
u��(xj)

2
(∆x)2 − u���(xj)

3!
(∆x)3 + . . . ,

• Euler’s 2nd-order FD approximation:

u�(xj) =
u(xj+1)− u(xj−1)

2∆x
− u���(xj)

2 ∗ 3! (∆x)2 + . . . ,

≈ u(xj+1)− u(xj−1)

2∆x
+O(∆x2),

• 4th-order FD method:

• Runge-Kutta method:

• Differential matrix:

 Finite Difference Approximation
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ODEs






• 1st-order






�Modeling, Ch. 1.1
�Direction Fields, Ch. 1.2
� Separable Eq. Ch. 1.3
�Exact Eq. Ch. 1.4
� Integrating Factor, Ch. 1.4
�Linear ODEs, Ch. 1.5
�Non-homogeneous sol., Ch. 1.5
�Bernoulli Eq., Ch. 1.5
�Orthogonal Trajectory, Ch. 1.6
�Existence and Uniqueness, Ch. 1.7
�Numeric methods






• 2nd-order
•Higher-order
• Systems of ODEs

 First-order ODEs: Summary
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