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Syllabus (Spring '2"01 2

\I Basu:s of Numerical Methods: 4 weeks (z.tzs 3/6, 3/13 3/20 3127 4/3)
| 1. Floating-Point Representation and Errors, ' ' © .7, I |
‘ . Roots of Equations, 1 19.2, N3
. Interpolations, 119.3, T19.4, N4
. Numerical Differentiations, 1 19.5, N4
- Numerical Integrations, 119.5, N5
- Numerical Linear Algebra, 120, N7, N&
7. Runge-Kutta methods for ODEs, T21.1, T21.2, T21.3, N10, N11
Il. Numerical Methods for PDEs: 5 weeks (4/10, 4/17, 4/24, 5/1, 5/8)
1. PDEs and Finite-Difference method, T12, N15, A6
2. Crank-Nicolson method fro Parabolic problems, 7T21.6, N15.1
3. Lax-Wendroff method for Hyperbolic problems, T21.7, N15.2 ...,
4. Gauss-Seidel method for Elliptic Problems,
T20 3, T21 4, T21 5 N15 3
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PDES: Definition

e An equation containing partial derivative(s) of an unknown functlon u
with two or more independent variables. E.g. |

Ou(t,r) Ou(t,x)
O et O e

or written in short Mgl

= = - L

.H dlstrlbutlon in an atom) are fully descrlbed by four varlables.

| eElectrostatics (Poisson theory),

*EM waves (Maxwell's equations),
equantum mechanics (Schrodinger's equation),
eheat transfer (heat equation).
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3. Linearity: PDEs are either linear or nonlinear,

T
=

e nonlinear ODE: e.g. time4iﬁdepéndén‘t"ﬁéﬁiiﬁéa’r' Schrédinger equa-
tion, = S

a2
2m d 2

T(z) + V(@)U () + |U(@)]>T(z) = 0,
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Hyperbolic: B? — 4AC’ > O descrlbeﬁ jv:lb{:ati

s 82, , ~ ...-,‘_ . 3
V2E(z,y, 7, t Cr—h =Rt
( y ) .MO 08t2. £

3. Elliptic: B? AR 0, describe steady;state phénomje'na, il.e. eigenmodes
of Laplacian equations,
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PDE5: Heat Equation, Initial-Boundary-Value Problem

W

Initial-boundary-value problem:

Up = QO Uy, O<ax< L, and 0<t

{ uz(0,t) = Ky (t)
uz (200,1) = Ko(t)

s 0 =<F{T =g <

0<t
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where o, 3, 77, and § are constants (boundary conditions of thi
are called linear homogeneous BCs)
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ide of this equation by a2X

2 X" (x)

T'(¢)
Q2T (1)

ide each s
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and obtain what is call separated variables.
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Review of ODEs =
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e The total solution for u(z,t) = X (x) T(t)
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needs to enforce B = 0 and

e We have an infinite number of functions, =

un(z,t) = A, e~ (nma)’t Sin(nmrx), TR be ity

which is called the fundamental solution (an infinite number).




e Luckily, Sin(nrz) is ortho-' nal for

1

= 50mn, by Sin(z)Sin(y) = 5[Cos(z—y)—Cos(z+y)].
0 . sl an i |
e By multiply Sin(mmx), we obtain | s

Sin(mmx)Sin(nmrr)dx = =9

) |
A = 2/ ¢(z)Sin(mrz)d x
0




o If ko =[5 = 0, one has Dlrlchlet B C | ‘ h
o [hp=slT = (), one has Ncumann B._C.
o If kl = 12 =0 or ]{‘2 — ll — O, one has Mixed (Robin) B.C.
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The norm || y,, || of ym(x) is defined by i

b. :
| (@) J= \/ / r(@)y2 (z) dr,
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PDE5: Heat Equation, Separation of Variables, Dirichlet BCs '

2

B e o 0 1L U= 0 U O<ax< L, 0<t<oo
u(0,t) =0 and wu(L,t)=0, 0<t< o0
: S cfor 0w <L/2
i u(x’o)_{l)—x gL < [

u (exact solution) u, (only fundamental mode)
.

Example:| g,

m

ﬁSqutlon ,4

ZA e LG tSm(%x)

4L 1y m=1)/2 [ AL SR : 5
AP [ ]Sin(n_ﬂ) B { ( 1) [nzwg] if n is odd Y

0 . if n is even

~ o




PDES: Heat Equation, separati !

eparation of Variables, Neumann BCs
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Frgistis PDE: Up = O Uy, O<z<L, 0<t<oo
ﬂ» , [ BCs: u(0,t) =0 and wu,(lL,t)=0, 0<t< o0
: e Sfors e 2
IC: u(a:,O)—{ e

Slafe s ey < ]

ﬁSqution:
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PDE5: Heat Equation, Separation of Variables, Mixed BCs E

W
x| e U = 0,5, 5l e ki Sul e s
ﬁ , » PAEe BCs: u(0,t) =0 and wu,(L,t)+hu(l,t)=0, 0<t<o0
: Sracfead: , for 0<z<L/2
= u(x,O)—{ L—x ; for L/2<z<L

ﬂsgl_ﬁtion:ﬂ
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e IFrom the BCs:

Xn(x) = Sin(kpx), where tan(k,L)=——.

e The total solution:

A = Z A, e~ kna)’t Sin(k,x),

=1,

e By the orthogonality of X, (x) in [0, L] (for the spatial ODE is a Sturm-
Liouville problem):

Ty :
/ Sin(k,x)Sin(k,x)dx = [£ — Sm(anL)]&nn =
0 2 4k,

g[l — Sinc(2k, L)]0mn,

where
A

%
AL = I =0, Sinc(Zk.L)] /0 o(x)Sin(k,x)d z.




PDE5: Heat Equation, Initial-Boundary-Value Problem E

Initial-boundary-value problem:

ut:aQum, O<ax< L, and 0<t

{ uz(0,t) = Ky (t)
uz (200,1) = Ko(t)

s 0 =<F{T =g <

0<t
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£PDES: Forward Time Centered Space ;

.——M
For a 1st-order PDE:

9, 0
EA(%??) o K%A(flfat),

this equation can be approximated by

ATl An no AN
J J 2 Jj+1 Jod 2
A7 + O(At) =~ K e + O(Azx?).
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By finite difference,

0 %, i
—A(x,t) = k—A(x,t l
A1) = = Al 1 s
this equation is approximated by ;
Fully Implicat
A”@—I—l S An An—l—l An—l—l
J Y, | O(At) ~ K it
AN 2Ax
For diffusion equation:
QA(:L’ b= /ﬁla—ZA(ZC t)
O 012
which is approximated by
n—+1 n n+1 n—+1 n—l—l
A SR A% A=A j A

- O(AL) ~ kL |

At AN

This is a implicit scheme, but also with first-order accuracy.
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PDES: Implicit Crank-Nicholson mehtod i

W

Crank-Nicholson
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~ |Example

E = - L .'-r : - --_-. 31 -, .-_k . :.- :
then the original h

-". ,"._" webn t "._h.' B, Yo ?"S.J:':é'qﬂi‘" ‘ .:
at equation with lateral lo
PDE; . L =l e O Sulie s Qi
BCs: O -_ and : w(L, :t-) = ._0,'_' 0 =t = 00

IC: w(z,0) =¢(z), 0< |

£l
=, L at®
.

i
—
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with the solutions already known, i.e.

2 - | nmwo \2
T g E/qu(s)Sin(n%S)ds g o
r=1 Ty

tSin(fa:).
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U(0,t) = | |
: 0<t<oo
BCs U(L,6) =0 °
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AR ~ "-.r'!'”:h ;:.-r.; ‘1‘
The rod is supphed Wlth an mternal heat fSOHfCﬁ
rod and for all time ¢). e T LR ‘;jf:-’g b e B
e Diffusion-convection equation: e = 2t

Up = A Ugy

A Vu:c.

E.g. a pollutant is carried along in a stream moving with velocity v

e Nonhomogeneous material: u; = o?(2)uz, + f(x,y)

r6: aio%g the*




Where )r andg Xﬁ(;c; o fg
Sturm—Llouvﬂle prbblem
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e For non-homogeneous problem f (x t) 75 O we try the Shghtly more gen-

eral form, 3
= NI () X (),
e '




e Substitute thls expanéldn"'in“i::() the pf:f_)bIéﬁl
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e The second term represents Steady state beha{\'f__l_or due to the r1ght hand
side of the PDE (non—homogeneous term) e




PDE: up = a? ="t N O<zx<a 0<y<b 0<t<oo
BCs: u(0,y,t) = u(a,y,t) =0 and wu(x,0,t) =u(z,b,t) =0, 0<t< oo
IC: u(z,y,0) = co, O<z<a 0<y<b.

where o and ¢y are both constants.
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PDE5: Heat Equation, Separation of Variables, 2D
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5 Homework 6: Heat equation {

The votal solution for our problem is

1

u(x,t) e_(m‘)QtSin(’ﬂx) |

(3ma)?
transient -+

11— e_(?’m‘)Qt]Sin(?mx)

steady state
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Numerical solution of 1-D parabolic equation
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flaplace Transform: ODE with IVP, tample

f-space s-space

Given problem Subsidiary equation
(s2-1)Y=s+1+ 1/s?

Y

Solution of given problem Solution of subsidiary equation

y(t) = et + sinh ¢ — ¢ e —_
= — +
s—1 g2




JO Here we must a;ssum
has some finite Value

e This assum ption is usually satlsﬁed m a: heéf%miié”
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PDE5: Wave Equation, Semi-infinite media, Ch. 12.11 E

W
wtt:(:me, 0 < oesand s iaeoo
sint ; for 0<t<2nw
AL e { 0 . otherwise

w(x,0) = w(z,0) =0, 0<z< o0

lim w(z,t) =0, t>0 Asymptotic Condition.

T —r 00




we have the general solution (homogeneous), o

W (x,s) = e1e°7/° + ce=7/°,




PDES: Wave Equation, semi-infinite media, cont. ;

W
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ﬂSqution:ﬂ
e From the AC, we have ¢; = 0.

e From the BS:

W(0,s) = ca = L[f(2),

we have the coefficients,

u(e,t) = flt=—Jult =)
e f) ”




I L_ :
P g!»?l vvave EQLM!L!JM yemi-infinite media, cont




= ——
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u(€n) = $(n) + Y ()
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PDE: Wave equation, Spherical wave E

e spherical wave:

A

[ — 79

ELbir s exp(—ik|r — rol),

where k|r — rg| = constant, wavefronts resemble sphere surfaces,

e Intensity:




e then by integrating from zg toz,

where K is an integration constant.
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e D’Alembert’s solution:
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After factoring out the complex expoehigi'al fiserm, ' =

A e

Ut = (A—x) - (e i ej‘@“) P i
cAt =
— cos(wAt) = (A—a:) [cos(kAz) — 1] + 1.
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Magic Time Step
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For a 1st-order PDE:
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The corresponding amplification factor is
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Homework 7: Wave equation ¢t
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PDES: Wave Equation, without Periodic BC




The Fourler methodud-o the .eX
the Fourier domam 2% s

A

exp(hD)A(z,t) = {F~ 1expE zw)]F}A{g};??*’ Sy

where F denotes the Fourier-transform operatlon We replace the differential
operator 0/0t by iw.
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VWave equation: Fleimholtz and

Anything in common ?
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e This solution is proportional to the impulse response function (Fresnel
kernel),

h(gj’y’ Z) e ée_jk[($2+y2)/2z]’

ie. Vah(z,y,z) — 2jk% =

e For paraxial waves, /22 + 12 < z,

2 2
SR/ PP S
2z
e the spherical waves can be approximated by,
A A —ik(x? :
Ulr) = Zexp(—ik - 7) ~ = exp(—ikz)exp(— %; vy
r 2z

x2—|—y2

5= — 1s paraboloid,

e for the wavefront, constant phase plane,
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FPlane wave Ray model actually
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1 ne solution of the scalar paraxial wave equation is,

V2 12+ y?

oo (2, Y, 2) = ﬁwewp(jcb)exp(— —5 —Jezp|

beam width: w?(z) = 22(1 + i—j) = w3[l + (25)7],

7'("UJO

radius of phase front: pr = 2 = =y

phase delay: tan¢ = 7 =

TwE /A’

with the minimum beam radius wg = Vv Qbk.
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e even though the momentum unéei';cé,inty (Aﬁ2> i'é-_'-presef{fed,
e the position uncertainty increases as time develops,

h5t2
4m*(Aqg)*

(AG* (1)) = (A§)? +
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EPOWEI’ Serles Legendre s Polynomials, cont. % ;

Legendre’s polynomial of degree n :

Po(z) =1 - Pi(e) =2
Polm)=w(3nk=i1y < Pa( Y = (bt =g
Pilri= %(35:54 — 30z £ 3 Bl = %(633:5 — 70x° + 15x)

to meet the boundary condition
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g Poisson equation: Finite difference approximation)

(x,y —k) !

(a) Points in (5) and (6) (b) Points in (7) and (8\?23




E Poisson equation: Finite difference approximation)

(x,y—h)

(b) Points in (7) and (8) (¢) Notation in (7%) /. are




12 X

u =100 u =100

(a) Given problem (b) Grid and mesh points
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£ Jacob iteration m

A

x0 = [0 0] ’;

jacobi(A, b, x0, 20)

X

cobi Iteration meth
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od, with
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. 3333
(778
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GO

5000
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. 9999
. 0000

d,with Matlab .
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Matlab
-0.6667]° %02
-0.8889] ’ %04
-0.9630] %06
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g Gauss-Seidel Iteration method E

W

x1 — 0.25x9 — 0.25x4 = 50
—0.25x¢ + Xo — 0.25x, = 50
—0.25x4 + xg — 0.25x4 = 25

— 0.25x9 — 0.25x5 + x4 = 25.

0.25x9 + 0.25x4 + 50

0.25x; + 0.25x, + 50

0.25x + 0.25x, + 25
0.25)(2 + 0.25X3 + 25




Gauss-Seidel 1teration method i

Use “old” values
(“New” values here not yet available)

l

+ 50.00 = 100.00
+ 50.00 = 100.00

+ 25.00 = 75.00

+ 25.00 =68.75

Use “new’” values




é Gauss-Seidel 1teration method ;I

0.25x5” + 0.25 + 50.00 = 93.750

0.25x + 0.25x5" + 50.00 = 90.625

0.25x % + 0.25x3" + 25.00 = 65.625

.Xl

0.25x5 + 0.25x5% + 25.00 = 64.062
“New”

y

L LX(m+ 1)
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converge more fast!




g Gauss-Seidel Iteration method, with Matla.b i

.....M

A= -[37247.1 215 b=t =
x 02 =030

gauseid(A, b, x0, 10)

X =
0.3333 -0.6667]° 701
(0.9259 -0.9630]° 703
0.9918 -0.9986]’ %05
(0.9991 -0.9995]° 707
(0.9999 -0.9999]° 709

0.7778 -0.8889]° 702
0.9753 -0.9877]°’ %04
0.9973 -0.9986]° %06
0.9997 -0.9998]° %08
1.0000 -1.0000]’ %10
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Homework 8: 2D Poisson equation Y}
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Numerical solution




g Elliptical PDEs, ADI method ;

. __ (2) (2)
(j=1) U9 — 4uiy + uqs

= 2) u(lzl) — 41,1(122) + Uqg

Uog — 4u(221) 4 u(zzz)
u(zzl) — 4u(222) + Ugq
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Isk ;

Mode 1 Mode 3
» = 1.0000000000 » = 1.5933405057

Laplace’s equationina D

Mode 6 Mode 10
A =2.2954172674 A =2.9172954551
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(a) Region R and boundary values (b) Grid (h=0.5) .




tical PDES, Irregular BCs !

u = 4x3 — 300x
u =-936

352
w =512 - 24y°

296



