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Highly efficient four-wave mixing via intersubband transitions in
InGaAs/AlAs coupled double quantum well structures
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We perform a time-dependent analysis of continuous wave (cw) four-wave mixing (FWM) in InGaAs/AlAs
coupled double quantum well (CDQW) structures via intersubband transitions. By using the coupled
Schrödinger–Maxwell approach, we obtain the corresponding explicit analytical expressions for the input
probe and FWM-generated signal fields. We calculated the dependencies of the efficiency of the FWM-generated
fields on cw pump fields and the depths of penetration into the CDQW sample. Such a nonlinear optical process
may be used to generate coherent short-wavelength radiation efficiently in the CDQW solid state system.
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The effects of quantum coherence and interference in

quantum and nonlinear optical phenomena in highly

resonant media have attracted significant interest in

the past decade due to interesting applications in

nonlinear optics. One of the interesting phenomena is

the multiwave mixing process. For example, Harris

et al. proposed a FWM scheme and showed that the

FWM efficiency could be greatly enhanced [1]; Zibrov

et al. investigated an efficient nonlinear process in

a four-level resonant atomic media with counter-

propagating fields and showed that such a process

can be used for generation of pairs of Stokes and anti-

Stokes fields [2]. Recently, Deng et al. studied the

optical coherent FWM with a weak probe wave based

on electromagnetically induced transparency (EIT) and

showed that such a scheme could lead to many

orders of magnitude enhancement in the amplitude of

the generated wave in a typical four-level atomic

system [3]. Later, Wu et al. analyzed and discussed

a FWM scheme in a five-level atomic system and

hyper-Raman scattering (HRS) in resonant coherent

media by the use of EIT, which led to the suppression

of both single-photon, two-photon and three-photon

absorptions in both FWM and HRS schemes and

enabling the four-wave mixing to proceed through

real, resonant intermediate states without absorption

loss [4,5]. Consequently, a robust three-photon des-

tructive interference between the two different excita-

tion channels occurs, resulting in a saturated FWM

production [6,7]. In addition, Kang et al. reported an

experimental study of resonant six-wave mixing in

coherently prepared four-level double-� Rb atomic

media and they also reported an experimental observa-

tion of resonantly enhanced slow-light four-wave

mixing in such cold Rb atomic media, which may

open up new opportunities for technological applica-

tions of these predicted phenomena [8].
It is easy to implement quantum coherence and

interference in optically dense atomic samples in the

gas phase, but it is more difficult to observe them in

solid-state media because of short coherence times in

solids. However, it is more advantageous at least from

the view point of practical purposes [9]. Over the past

few years, the similar phenomena involving EIT and

ultraslow propagation of optical pulses via intersub-

band transitions (ISBT) in semiconductor quantum

well systems have also attracted great attention due to

the potentially important applications in optoelectro-

nics and solid-state quantum information science

[10–35]. In fact, the analogies between coherent non-

linear phenomena in atomic system and semiconductor

models have been successfully exploited. For example,

coherently controlled photocurrent generation [21],

EIT [24], and gain without inversion [15–17], multi-

wave mixing [32], have been extensively investigated in

semiconductor quantum well systems. In particular,

quantum tunneling to a continuum from two resonant

subband levels in asymmetric double quantum wells

may give rise to Fano-type interference [12,13]; several

authors have studied all optical switching based Fano

interference in quantum wells [27,34]. In contrast,

devices based on the intersubband transitions in the
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semiconductor quantum wells have many inherent

advantages in quantum information processing, such

as large electric dipole moments due to the small

effective electron mass, high nonlinear optical coeffi-

cients, and a great flexibility in device design by

choosing the materials and structure dimensions.

Furthermore, the transition energies, dipoles, and

symmetries can be controlled at will.
In this paper, we demonstrate the efficient genera-

tion of coherent light in an asymmetric semiconductor

double quantum well by using ISBT as shown in

Figure 1, where a four-level coupled double quantum

well (CDQW) interacts with two continuous pump

fields (1) and (4) and a weak-pulsed field (2), and

a pulsed FWM field (3) can then be generated

efficiently. In the following analysis we assume that

the CDQW structure with low doping are designed

such that electron–electron effects have very small

influence, as a result, many body effects arising from

electron–electron interactions are not considered.

Besides, we assume that all subbands have the same

effective mass and the cw pump fields are strong

enough.
The CDQW sample considered here could be very

similar to the one reported in [36], where we can choose

the proper parametric conditions. As a rule, the sample

contains 100 coupled quantum wells and each coupled

quantum well consists of 10 and 7 mono-layer (ML)

In0.5Ga0.5As quantum wells separated by a 3ML thick

AlAs layer as shown in Figure 1. The sample can be

designed to have desired transition energies, i.e. E13 in

the range of 128meV, E14 in the range of 182meV, E23

in the range of 142meV, and E24 in the range of

168meV. By adopting the standard approach [37],

under the rotating-wave and electro-dipole approxima-

tions the interaction of the structure with fields can be

described by the Schrödinger equation in the interac-

tion picture,

i�h
@  
�� �
@t

¼ H  
�� �

, ð1Þ

where the Hamiltonian (H¼H0þHI) reads

H0

�h
¼

0 0 0 0

0 ��!1 0 0

0 0 ��!2 0

0 0 0 ��!3

0
BBBBBB@

1
CCCCCCA
, ð2Þ

where �!2¼!2� �3/�h, �!1¼!2�!1� �2/�h, and

�!3¼!2�!1þ!4� �4/�h are the single-photon, two-

photon, and three-photon detunings, respectively, and

�j is the energy of the subband-level j ji ( j¼ 2, 3, 4,

taking �1� 0 for the ground state), and 2O1,2,3,4 are the

Rabi frequencies of the relevant fields, i.e. O2¼�31E2/

(2�h), O1¼�32E1/(2�h), O4¼�42E4/(2�h), and O3¼�41E3/

(2�h) with �ij being the dipole moment between

subbands jii and j ji, the kj is the wave vector.
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Figure 1. (a) A schematic diagram of a CDQW structure with two 2.3 nm wells separated by a 1.4 nm barrier, the purple lines for
the symmetric states marked j1i, j3i and the blue lines for the anti-symmetric ones marked j2i, j4i. (b) A schematic diagram of the
energy level arrangement for the CDQW structure under study, the arrows indicate the allowed transitions of the j1i$ j3i,
j1i$ j4i, j2i$ j3i, and j2i$ j4i. (The color version of this figure is included in the online version of the journal.)
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Let us assume the electronic wave function of the
form

 
�� � ¼ ðA1,A2 exp½iðk2 � k1Þ � r�,A3 expðik2 � rÞ,

� A4 exp½iðk2 � k1 þ k4Þ � r�ÞT, ð4Þ
where Ai(i¼ 1, 2, 3, 4) are the time-dependent prob-
ability amplitudes of finding the electron in subbands
jii, and T present transpose. The equations of the
motion for the probability amplitude of the electronic
wave functions can be readily obtained as

@A2

@t
¼ �iO�

4A4 � iO�
1A3 þ ði�!1 þ �2ÞA2, ð5Þ

@A3

@t
¼ �iO1A2 � iO2A1 þ ði�!2 þ �3ÞA3, ð6Þ

@A4

@t
¼ �iO3 expð�k � rÞA1 � iO4A2 þ ði�!3 þ �4ÞA4,

ð7Þ
where �j ( j¼ 2, 3, 4) is the total decay rate of the
subbands j ji, which is added phenomenologically in
the above coupled amplitude equations. Also, we have
introduced the k-wavevector mismatched condition
�k¼ k3� k2þ k1� k4. It should be noted that, in
semiconductor quantum wells, the total decay rates �i
of subbands jii comprises a population-decay con-
tribution � il as well as a dephasing contribution �id, i.e.
� i¼ �ilþ � id. The former � il is due primarily to
longitudinal optical (LO) photon emission events at
low temperature. The latter � id may originate not only
from electron–electron scattering and electron–phonon
scattering, but also from inhomogeneous broadening
due to scattering on interface roughness.
The population decay rates can be calculated by
solving the effective mass Schrödinger equation. And
as we know, the initially nonthermal carrier distribu-
tion is quickly broadened due to inelastic carrier–
carrier scattering, with the broadening rate increasing
as carrier density is increased. For temperatures up to
10K and the carrier density smaller than
6� 1011 cm�2, the dephasing decay rates �dphij can be
estimated according to [13,26].

We choose the two fields !2 and !1 to propagate in
the same direction and so do the other two fields !3

and !4. More strictly speaking, the FWM generated
field propagating in the opposite direction to field !2

does not satisfy the phase-matching condition and
hence is much smaller than the FWM-generated field
propagating in the same direction as the field !2. Then
we can take k2� k1 and k3� k4, leading to �k� 0. In
the limit of a weak probe signal (O1	O2, O4	O3),
almost all electrons will remain in the subband level j1i
due to the fact that the electron–field interaction is

weak and hence we may assume that A1� 1. Under this

assumption, we can then obtain straightforwardly the

steady-state solutions of Equations (5)–(7) as follows:

A2 ¼ D3O�
1O2 þD2O�

4O3

ðD3D1 � O4j j2ÞD2 �D3 O1j j2 , ð8Þ

A3 ¼ ðD3D1 � O4j j2ÞO2 þ O1O�
4O3

ðD3D1 � O4j j2ÞD2 �D3 O1j j2 , ð9Þ

A4 ¼ ðD2D1 � O1j j2ÞO3 þ O�
1O4O2

ðD3D1 � O4j j2ÞD2 �D3 O1j j2 , ð10Þ

where D1¼�!1þ i�2, D2¼�!2þ i�3, and

D3¼�!3þ i�4. According to the polarizations of

fields Pjðz, tÞ ¼ ð1=2Þ"0Pjs expðikj � r� i!jtÞ þ c:c:
( j¼ 2, 3), the slowly varying parts Pjs of the polariza-

tion of the input probe field (2) and the FWM

generated field (3) can be derived as

Pjs ¼ N�41A4A
�
1

"0

¼ N�31�41O�
1O4

2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2 E2 þ �ð!3ÞE3,

ð11Þ

Pjs ¼ N�31A3A
�
1

"0

¼ N�31�41O1O�
4

2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2 E3 þ �ð!2ÞE2,

ð12Þ
where N is the electron density in the conduction band

of a quantum well. Here the linear susceptibilities are

�ð!3Þ ¼ N �41j j2ðD2D1 � O1j j2Þ
2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2 , ð13Þ

�ð!2Þ ¼ N �31j j2ðD3D1 � O4j j2Þ
2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2 : ð14Þ

As a result, under the slowly varying amplitude

approximation, the input probe and generated FWM

fields propagating along the ‘z’ direction evolve

according to

@O3

@z
¼ i

!3

2c

N �41j j2O�
1O4O2

2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2
�

þ N �41j j2ðD2D1 � O1j j2ÞO3

2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2
�
, ð15Þ

718 W.-X. Yang et al.



@O2

@z
¼ i

!2

2c

N �31j j2O1O�
4O3

2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2
�

þ N �31j j2ðD3D1 � O4j j2ÞO2

2�h"0ðD3D1 � O4j j2ÞD2 �D3 O1j j2
�
: ð16Þ

Equations (15) and (16) can be readily solved under the
boundary conditions O3(z¼ 0)¼ 0 and O2(z¼ 0) 6¼ 0
with further assumption that pump fields O1,4 are the
constants. The general solutions of Equations (15) and
(16) are given by

O3ðzÞ ¼ O2ð0Þ2i expðiGSþÞ !3

!2

� �1=2

� �41O�
1O4

�31 O1O4j j
sin ð4þ S2

�Þ1=2G
� 	
ð4þ S2�Þ1=2

, ð17Þ

O2ðzÞ ¼ O2ð0Þ expðiGSþÞ

� cos ð4þ S2
�Þ1=2G

� 	þ iS�
sin ð4þ S2

�Þ1=2G
� 	
ð4þ S2�Þ1=2

" #
,

ð18Þ
with

G ¼ Nð!2!3Þ1=2 �31�41O1O4j jz
8�hc"0 ðD3D1 � O4j j2ÞD2 �D3 O1j j2
 � , ð19Þ

S
 ¼ !3

!2

� �1=2 �41O1

�31O4

����
���� D2D1 � O1j j2

O1j j2
� �


 !2

!3

� �1=2 �31O4

�41O1

����
���� D3D1 � O4j j2

O4j j2
� �

, ð20Þ

where Equations (17) and (18) are the main results of
the present study. Based on the definition of [8], the
efficiency of the generated FWM field can be derived,
i.e. � ¼ jEðoutÞ

3 =EðinÞ
2 j2, where EðoutÞ

3 is the electric field E3

of the FWM-generated field at the exit z¼L and E
ðinÞ
2

is the electric field of the probe field at the entrance
z¼ 0. According to Equations (17–20), the efficiency
has the form,

� ’ !3�1�2 O1j j2 O4j j2expð�2 Im ½�ð!3Þ�LÞ
!2ð �1 O1j j2 � �2 O4j j2�� ��2 þ 4�1�2 O1j j2 O4j j2Þ

, ð21Þ

with �1¼ 2N!3j�14j2/�hc and �2¼ 2N!2j�13j2/�hc. Based
on the result of Equation (21), the dependence of the
efficiency of the generated FWM field on both the
strengths of the cw pump fields (4), (1) and the depths
of penetration into the CDQW sample. The related
results are illustrated in Figure 2. Figure 2(a) shows
that the efficiency versus the strength of the cw pump
field (4) for two different strength values of another cw
pump field (1). The result from the plot shows that
even for the depths of penetration into the CDQW
sample as �L¼ 30meV, with appropriate cw pump
field strengths, the efficiency (�4 40%) indeed can be
achieved. In addition, the maximum efficiency � is
achieved with the same strength of the cw pump fields,
i.e. jO1j ¼ jO4j. In Figure 2(b), the efficiency is plotted
for different depths of penetration into the CDQW
sample for different strengths of cw pump fields (1) and
(4) with always the same value of the two cw pump
fields (jO1j ¼ jO4j). The result from the plot shows that
even for jO1j ¼ jO4j � 15meV, the efficiency (�4 30%)
could be obtained with appropriate CDQW para-
meters (i.e. �z). Besides, Figure 2(b) also shows that the
efficiency � reaches an invariable value and is
independent of the depth of penetration into the
CDQW sample. This interesting result is produced by
the combination of a constructive interference (induced
by coupling excitation) and a destructive interference
(induced by back-coupling excitation). When the
generated-FWM field is sufficiently strong, the back-
coupling excitation produces the destructive interfer-
ence pathway, leading to the suppression of the
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Figure 2. (a) Dependence of the FWM efficiency � on the cw pump field (4) strength jO4j for another cw pump field strength
jO1j ¼ 15, 20meV with �L¼ 30meV; (b) dependence of the FWM efficiency � on the depth z of penetration into the CDQW
sample with jO4j ¼ jO1j ¼ 15, 20meV. Other fitting parameters are �!1¼�!2¼�!3¼ 0, �3¼ �4¼ 8meV, �2¼ 5meV, and
!3¼ 1.25!2. (The color version of this figure is included in the online version of the journal.)
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strength of FWM fields. The results of Figure 2(a) can
be verified in Figures 3(a) and (b). Figure 3(a) shows
the three-dimensional plot of the dependence of the
FWM efficiency � on the strengths of two cw pump
fields. The contour lines are shown in Figure 3(b),
which indicates a locus of achieved maximum
efficiency.

In summary, by using the coupled Schrödinger–
Maxwell equations in a four-level system of electronic
subbands, we have proposed and analyzed a novel
scheme to achieve parametric generation of a new laser
radiation with high conversion efficiency in CDQW
structures based on ISBT, which is much more
practical than that in an atomic system because of its
flexible design and the controllable interference
strength. We obtain the corresponding explicit analy-
tical expressions for both the probe field and the
FWM-generated field. Except for the inherent impor-
tance, our scheme may also open a new possibility for
technological applications in the CDQW solid-state
system.

Before ending, it is worth noting that we have used
the one-dimensional model in analysis, and corre-
spondingly, the momentum-dependency of subband
energies was ignored. In fact, there is no large
discrepancy between the reduced one-dimensional
calculation and the full two-dimensional calculation,
and the related theoretical discussions can be found in
[23,24]. Besides, in order to obtain simple analytical
expressions, we have adopted the Schrödinger formal-
ism with adding decay rates phenomenally. There have
been some works discussing theoretically the equiva-
lence between the Schrödinger-formalism adding phe-
nomenal decay rates with the density matrix formalism
in dealing with the dephasing processes [6,9]. One can
readily check by numerical computations that the
results of our treatment are essentially the same as
those from the usual density matrix formalism in the

case that almost all the electrons remain in the subband
level j1i (ground state).
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