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We conducted a theoretical investigation of the optical steady-state behavior in N four-level Y-type atoms driven
coherently by a probe laser and a single elliptically polarized field (EPF) by means of a unidirectional ring cavity. It
was found that the optical bistability can be observed for a wide regime of frequency detuning of the probe field,
intensity of the EPF, and the atomic cooperation parameter. Interestingly, in principle the optical steady-state
behavior can be switched from optical bistability to multistability or vice versa by adjusting the phase difference
between two components of the polarized electric field of the EPF if the perfect spontaneously generated coher-
ence of atoms is included. Our results illustrate the potential to utilize EPF for all-optical switching in atomic
systems through the phase control, as well as provide guidance in the design for possible experimental

implementations. © 2014 Optical Society of America
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1. INTRODUCTION

The spontaneous emission effect of excited atoms is a general
process in light-matter interactions. It is responsible for many
important physical phenomena that have been discovered in
quantum optics [1]. Over the past few decades, many efforts
have been put into finding an approach for the reduction and
cancellation of spontaneous emissions of an excited atomic
system. However, now it is well known that the closely lying
levels of the excited atom can produce new types of coher-
ence via interaction with the vacuum of the radiation field
[2-10]. This coherence, called spontaneously generated
coherence (SGC), can modify the transient and steady-state
response of the medium. In these regards, we note that the
effects of SGC on the optical steady-state behaviors in atomic
systems have been widely analyzed, and such studies have in-
vestigated gain without population inversion [11,12], the evo-
lution of the dark state [13], and the enhanced nonlinearity
[14-16]. Especially, it should be noted that the behaviors of
optical bistability (OB) and multistability (OM) in atomic sys-
tems also can be modified by the SGC effect [17-26], such as
the threshold and the shape of the bistable hysteresis cycle.

On the other hand, the relative phase of coherent driving
fields has been widely used for controlling several important
processes in atomic, molecular, and solid-state systems [27—
31], which is usually termed phase control. Recently, intensive
interest has been given to the phase control of steady-state
behaviors in the presence of the SGC effect. Menon and Agar-
wal [6] have shown that the SGC brings about quantitative
changes in line profiles of absorption and dispersion, and this
leads to the dependence of line shapes on the relative phase
between the two applied fields when the two applied fields are
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both strong enough. Wu and Gao [11] have found that the in-
versionless gain will be related to the relative phase between
the probe and the coherent driving fields when an incoherent
process is used to pump a A atomic system. Furthermore, the
phase effect on the optical steady-state behaviors including
OB and OM have also been studied in atomic systems con-
fined in an optical ring cavity [19-21]. For example, Gong
and co-workers [19,20] showed that the phase fluctuation
of the control field leads to OB even when both fields are
in resonance with the three-level atoms, and the threshold in-
tensity can be controlled by changing the bandwidth of the
control field. Hu and Xu [21] have suggested a method for
achieving phase control of the amplitude-fluctuation-induced
OB with two-photon resonance in such three-level atoms.

In this paper, we analyze the optical steady-state behaviors
via SGC in N four-level Y-type atoms driven coherently by a
probe laser and a single elliptically polarized field (EPF) by
means of a unidirectional ring cavity. Our results show that
the intensity of the EPF driving field and the atomic co-
operation parameters can efficiently modify the threshold
and the shape of the bistable hysteresis cycle even in the ab-
sence of a perfect SGC effect. Moreover, adjustments of the
frequency detuning of the probe laser can be used to switch on
or off the OB phenomenon. More interestingly, our results also
reveal that the conversion between OB and OM can be real-
ized by adjusting the phase difference between the two com-
ponents of the polarized electric field of the EPF in the
presence of a perfect SGC effect. Different from the relative
phase between the probe and control fields, the phase differ-
ence between the two electric components of the EPF can be
changed easily by using the wave plates.

© 2014 Optical Society of America
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2. MODEL AND MOTION EQUATIONS

Let us consider a four-level Y-type atomic system driven by a
linear-polarized probe field and a single EPF, as shown in
Fig. 1. The linear-polarized probe field £}, (with angular fre-
quency w,) couples the electric dipole transitions between
levels |2) and |3) (with transition frequency wy3). A single
EPF E, (with angular frequency w,) drives the electric dipole
transitions between levels |1) and |2) (with transition fre-
quency wis) and between levels [4) and |2) (with transition
frequency wg). The utilization of a quarter-wave plate
(QWP) can obtain the s-polarization of the EPF [32]. An initial
o-polarized field £, with a rotating angle ¢ can be elliptically
polarized after entering into the QWP. Thus, the EPF can be
decomposed as E, = Ef 6t + E; o~ with the unit basis vectors
o~ and ot, where E} = (E,/~/2)(cos ¢ + sin $)e'? and
E; = (E,/v2)(cos ¢ —sin ¢)e~*. The amplitudes and the
phase difference between two components of the polarized
electric field, which is denoted by the rotating angle ¢ for con-
venience, can be modulated by the QWP.

Inspecting the system, we find that states |3), |2), and |4) are
in a typical three-state cascade-type scheme while |3), |2), and
|1) compose another cascade-type scheme. Hence, the Y-type
system is composed of two cascade-type configurations, and
both of them share the ground state |3) and lower excited
state |2). The medium is subject to an applied longitudinal
magnetic field B that removes the degeneracy of the states
|1) and [4), whose Zeeman shift is determined by A, =
ugmpgrB/h, where up is the Bohr magneton, g is the gyro-
magnetic factor, and my = +1 is the magnetic quantum num-
ber of the corresponding state.

By choosing Hj= ®,|2)(2] + (o, + @,)|1){1| + (@, +
p)|4)(4] and taking level |3) as the energy origin, under
the dipole and rotating-wave approximation, the interaction
Hamiltonian of the present atomic system is given by (7 = 1):

Hing = (Ac + Ap)[1)(1] + (A, = A-)[4) (4] + A, [2){2] - [€2,[2)(3]
+QF1)(2] + Q;[4)(2] + Hel, ¢))
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Fig. 1. Four-level Y-type atomic system interacting with a linear-
polarized probe field Q, (with angular frequency w,) and a single
elliptically polarized control field Q. (with angular frequency w,).
The frequency detunings of the system are correspondingly defined
by A, and A,. A realistic candidate for the proposed atomic system
can be found in 8’Rb atoms with the designated states chosen as
follows: |5S1/2,F = l,mp = 0) as |3)7 |5P1/2,F = 2.mp = O) as |2),
|5D3)3, F = 2,mp = -1} as |4), and |5D3,5, F = 2, my = 1) as [1).
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where A, = wy3 - w, is the frequency detunings of the
probe field. The symbol H.c. represents the Hermitian
conjugation. QF = —uEf /h = Q.(cos ¢ + sin ¢p)e’¥ and
Q; = —upkE; /h = Q,(cos ¢ —sin p)e”® are the half Rabi
frequencies of the two components of the EPF, where
Q. = —uE,//2h. Q, = uE), /2 is the half Rabi frequency of
the probe field with u; = u denoting the dipole matrix mo-
ment for the relevant optical transition from level |7) to level
[7). Then, the density matrix equations of the system can be
obtained under the standard approach [1]:

. . . n
11 = —11pu +IQ pa — Q) pra - B V11721 + par)s (2
P22 = —73paz + 71P11 + Vopaa + UQE) P12
—1QF par + 1Qpp39 — 1Qppa3

+ Q) paz — 1QF pas + n/1172(pa1 + p1a), (3)

. C s n
Pas = —Y2Pas + 102y — 1(2) paz — PRAEL (prs +p11), @

2 2
L n
-5 p14 — o V1T2Pa2, ®)

. 4 7 . ; 1
P1o = _(—1 + 83y zAC)mz —1QF (p11 - p22) — 113

. Y1 . . . n
P13 = —[5 + (A, + Ap)}ﬂm +1Q7 pag — 1Qpp13 — 5 V1r2Pas:
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. Y1 Y2 . .+ .= %
P14 = —(E t5 zmc)/’m + Q8 pay — 1(Q7)*p12
n
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. rs . ) . .
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+ () *pass ®
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e n
+ Q0 (poz — pas) - o V11r2P12, €))

‘ o o e
g = _[EZ +i(A, - Ac):|p43 + 1Q pog — a2 - 5 V11213
(10)

together with p;; = pJ; and Z?:l pji = 1, where the total decay
rates of the above density matrix equations that are added
phenomenologically are denoted by y;(i = 1-3). It is worth-
while to point out that the SGC effect is taken into account
in the present system, since the dipole moments u4 and
U112 are not orthogonal and can be obtained from the mixing
of the levels arising from internal fields or external microwave
fields [2-10] and the energy space between the two lower
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levels is very small, which is necessary for the existence of the
SGC effect. The term (1/2) (/7172(n = pazpr2/|iazll12]) in the
above equations denotes the SGC effect between the sponta-
neous transitions [4)<|2) and |1)<|2). If the two induced
dipole moments u45 and p;, are orthogonal, there is no inter-
ference and n = 0. But, if the two dipole moments 45 and ;s
are parallel, the interference is maximum and n = 1.

Now, we consider a medium of length L composed by the
atomic sample described above, which is embedded in a uni-
directional ring cavity (see [33] p. 71 and references therein),
as shown in Fig. 2. For simplicity, we assume that both mirrors
3 and 4 have a 100% reflectivity, and the intensity reflection
and transmission coefficients for mirrors 1 and 2 are R and
T (with R+ T = 1), respectively. The propagation of the
pulsed probe field in such a medium is governed by Maxwell’s
wave equation:

. 1E 1 #P
V2E62_02

Ao gy o2’

(11
with

P = Nliiggpspe’ ™) + (flyopar + figpa) @& + c.cl,
12)

where only the probe field E), circulates inside an optical cav-
ity, and then under the slowly varying envelope approxima-
tion, Maxwell’s equation can be reduced to the first-order
equation. Thus, we can obtain the relevant propagating equa-
tion characterizing the probe field [1]:

10E, OE, . o,
ST T P p 13
c ot + 0z z2C€0 (@), (13)

where the parameters c and ¢, represent the velocity of light in
a vacuum and the vacuum dielectric constant, respectively.
P(w,) = Npus3pss is the slowly oscillating term for the induced
polarization in the transition |2)«|3), with N the atom number
density in the atomic sample. In the steady-state case, the time
derivative in Eq. (13) 0E,/dt can be neglected, thus the am-
plitude of the probe field E,, can be described by

oE, on
— =1—P . 14
P 2ce, (@p) ad

e
Sanjple
|

Fig. 2. Schematic setup of the unidirectional ring cavity containing
an atomic sample with the length L. Ef, and E7 are the incident and
transmitted fields, respectively. E, represents the EPF control field
that is not circulating inside the cavity.
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Note that if a set of reasonable parameters for the ring cavity
can be found, the input field E;’, and the transmitted field E;
will meet the conditions [33]

E} = VTE, (L), (15)
E,(0) = VTEL(L) + RE,(L), (16)

where the term RE,(L) in Eq. (16) represents a feedback
mechanism that results from the reflection of the mirror
M, and is the main reason for the production of OB or
OM. By normalizing the fields (x = /423E§ /AT and y =
/423E’§,/h\/7) and using the mean-field approximation [33],
the input—output relationship equation can be described by

y =2 —1iCps3, (17

where C = LN wpﬂgg /2hce(T is the cooperation parameter for
atoms. We should note that the term ¢Cps3 in Eq. (17) is very
important for the OB or OM to occur. From Eq. (17), we find
that the expression po3 is a complicated fractional form of two
polynomials. Thus, it is difficult to get a straightforward rela-
tionship between the cavity input and output intensities.
Therefore, we will solve the density matrix Egs. (2)-(10) to-
gether with the input-output Eq. (17) in the following section.

3. NUMERICAL RESULTS AND PHYSICAL
ANALYSIS

In this section, we present typical numerical results for the
steady-state solution of the output field in terms of field
intensities for different corresponding parameters. As men-
tioned in the above section, a realistic candidate for the pro-
posed atomic system can be found in 8’Rb atoms with the
designated states chosen as follows: [5S;,.F = 1,mp = 0)
as [3), |5Py 2, F = 2,mp = 0) as |2), |5Dg)5, F = 2, mp = -1)
as |4), and 5D, F' = 2, mp = 1) as |1) [34]. To give a clear
illustration, we selected A, = 7 MHz = 0.9y, y; = 72 = 7, and
y3 = 0.01y, and all the parameters used in the following
numerical calculations are in the unit of y. For simplicity, we
assume QF = Q; = Q.. Subsequently, as shown in Figs. 3-7,
we obtained a few numerical results for the steady behavior
of the input-output field intensity with different values of
the relevant parameters to illustrate that controllable OB
and OM can be achieved in the present four-level Y-type
atomic system by means of a unidirectional ring cavity.

In the absence of the SGC effect n = 0, we analyzed how
the frequency detuning of probe field A, and the intensities
of the EPF modify the steady-state behavior. In Fig. 3(a),
we show the curve diagrams of the input—-output field intensity
with different frequency detuning A,, of the probe field in ab-
sence of the SGC effect (i.e., # = 0), in which the OB behavior
can be obviously observed and can be manipulated by the fre-
quency detuning. From Fig. 3(a), it is shown that the bistable
threshold and the area of the bistable curve are controllable
via changing the frequency detuning A,. It was found that
the OB disappears when the probe field is in resonance
with the corresponding transition (A, = 0). In contrast, we
can see that with increasing A, from y to 2y, the bistable
threshold increases progressively and the area of the bistable
curve becomes wider when all other parameters are kept
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(a) Curve diagrams of the input-output field intensity with different frequency detuning A, with Q. = y. (b) Curve diagrams of the input—

output field intensity with different intensities of the elliptically polarized field Q. with A, = y. Other values of the parameters were chosen as

yi1=v2=1v, 73 =001y, A, =09y, C =100y, and n = 0, ¢ = 0.

fixed. The physics mechanism is rather clear and can be quali-
tatively explained as follows. By applying the EPF to driving
the transitions |1)«<»|2) and |4)«<|2), the absorption of the
probe field applied to the transition |2)«|3) and the Kerr non-
linearity of the atomic system can be modified, which leads to
a change in the behavior of OB. Thus, it is illustrated here that
the absorption-dispersion of the probe field can be modified in
the present four-level Y-type atomic system. In Fig. 3(b), we
display the effects of the intensity of the EPF Q. on the OB
behavior without considering the SGC effect (i.e., n = 0).
The data show that the bistable threshold and the area
of the bistable curve decrease markedly as the amplitude
of the EPF Q, increases, which can also be attributed to
changes of the absorption-dispersion property resulting from
the increases of Q.. By applying an increasing intensity of the
control field, the absorption of the probe field on the transi-
tion |2)«|3) can be reduced to an extreme extent. Thus, it is
even easier for the absorption saturation of the ring cavity to
take place.

The observation of the above steady-state behaviors can be
interpreted with perturbation theory as follows [1]. First, we
can obtain the expression of the first-order solution for ps5 in
the steady-state case and the weak probe limit [1,35-40] (i.e.,

o _ (0 _
L, pil =pa

pf&) = 0). The first-order solution of p,3 is given by

Q, < Q, with the assumption of pgg) ~

n _

becomes transparent to the weak tunable probe field by in-
creasing the intensity of the control field Q,, which can ex-
plain why the OB disappeared under A, = 0 at resonance.
In addition, with a certain frequency detuning of the probe
field, Fig. 4 also demonstrates that the absorption of the probe
field on the transition |3)«<|2) and the Kerr nonlinearity can be
modified when one increases the control field between the
transitions |2)«|1) or |2)«|4). As we can see in Fig. 3(b), a
smaller threshold intensity comes from the reduction in the
effective saturation intensity due to the increasing intensity
of the EPF.

It is worth noting that the cooperation parameter C in
Eq. (17) is linearly proportional to the atom number density
N. One can easily find from Eq. (17) that the cooperation
parameter will affect the input-output curves. Thus, we
should consider the effect of the cooperation parameter C
on the OB behavior. Here, we present how the cooperation
parameter C affects the OB behavior for the case of n = 0.
Figure 5 illustrates that the bistable threshold is reduced
dramatically as C decreases. From the term C = LNw,u3;/
2hceyT, it can be seen that C changes with N proportionally.
Therefore, the decrease of the bistable threshold intensity
originates from the probe absorption of the sample, which
is enhanced with increasing N. Furthermore, we can optimize
the optical switching process for controlling the OB behavior
by choosing the electron sheet density of the corresponding

i(4be - n*7H)Q,

Pz =

where a = (y3/2) +14,, b= I(ry/2)+1i(A,-4,), and
¢ = (r1/2) + (A, + A;). From Eq. (18), one can also find
the tedious and intricate expressions for the solutions, but
without clear insight into the physics. In order to clearly show
how the intensity of the EPF Q. and the frequency detuning A,
affect the OB behavior with neglecting the SGC effect (i.e.,
n = 0), according to Eq. (18), the density plot of the probe ab-
sorption Im(py3) versus Q, and the frequency detuning A, is
shown in Fig. 4. Specifically, this figure displays the absorp-
tion of the probe field on the transition |2)«|3). As illustrated
in Fig. 4, for the case of A, = 0, the absorption of the probe
field can be completely suppressed and the atomic system

iy} ~ 4n(cos(2¢))*1Q% + dlabe + (b + ©)QZ + (b - 0) sin2H)QE]’

(18)

system properly [41-46]. We noticed that some works [47-49]
reported the influence of the enhanced dipole coupling param-
eter g+/N (with g being the atom-cavity coupling strength) on
the OB behavior of multiwave mixing signals in coupled sys-
tems consisting of a specific ring cavity and a four-level atom
assemble. Those results showed that the OB threshold de-
creases and the bistable region of the multiwave mixing signal
becomes narrow as g+/N increases [47], which is different
from the influence of the cooperation parameter C on the
OB behavior.

As shown in Figs. 3-b, we have demonstrated the creation
of the OB and studied the influences of parameters on the
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the detuning A, with Q, = Q5 = 0.01y. Other values of the parameters
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bistable behavior in the present atomic system under consid-
eration without including the SGC effect (i.e., # = 0) and the
effect of the phase difference between the two components of
the polarized electric field (i.e., ¢ = 0). However, we should
examine the influence of the phase difference ¢ between the
two components of the polarized electric field on the optical
steady behavior, which is one of the most interesting charac-
teristics of the present atomic system driven by the EPF. In
Fig. 6, we present numerical results for the analyses of the
SGC effect n and the phase difference between two compo-
nents of the polarized electric field ¢ on the steady-state of
the output field amplitude |x| as a function of input field am-
plitude |y| for different cases. In contrast to the results of
Fig. 3(a), Fig. 6(a) shows that OB output can still be achieved
in the presence of the perfect SGC effect (i.e., n = 0.9) even if
the probe resonance condition is satisfied A, = 0. However,
the OB phenomenon disappears again when the phase differ-
ence ¢ is tuned from ¢ = 0 to ¢ = 27/3. For the general case,
Fig. 6(b) shows that the bistable threshold increases with an
increasing SGC effect n when the phase difference ¢ is equal
to zero and the frequency detuning is changed from A, = 0 to
A, =y, which demonstrates that the SGC effect can effec-
tively modify the threshold intensity and the hysteresis loop
of OB. For fully understanding the influence of the phase dif-
ference ¢ on the OB behavior, we plotted Figs. 6(c) and 6(d).
As shown in Fig. 6(c), in absence of the SGC effect (i.e.,
n =0), one can find that the OB disappears when the fre-
quency detuning A, and the phase difference ¢ are both equal
to zero, which is consistent with the results of Fig. 3(a) (solid
line). In contrast, the bistable threshold increases progres-
sively with increasing ¢ from /3 to 2z/3 when all other

30
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Fig. 6. (a) Curve diagrams of the input—-output field intensity for different values of the SGC effect  and different phase differences ¢ between two
components of the polarized electric field of the EPF with A, = 0. (b) Curve diagrams of the input-output field intensity for different values of the
SGC effect n with A, = y and ¢ = 0. (¢) Curve diagrams of the input—output field intensity for different phase differences ¢ with A, = 0 and n = 0.
(d) Curve diagrams of the input—output field intensity for different phase differences ¢ with A, = y and n = 0.9. Other values of the parameters
were chosen as y; =y, =7y, y3 = 0.01y, A, = 0.9y, C = 100y, and Q, = y.
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Fig. 7. Density plot of the probe absorption Im p»3 versus the detun-
ing A, and the phase difference ¢ between two components of the
polarized electric field of the EPF. Other values of the parameters
were chosen as y; =ys =7y, y3 =0.01y, A, =0.9y, Q. =y, n=10.9,
and Q, = 0.01y.

parameters are kept fixed. Moreover, when the frequency de-
tuning is changed from A, = 0 to A, = y, and simultaneously
the SGC effect is changed from n = 0 to # = 0.9, it was found
from Fig. 6(d) that the phase difference ¢ plays an important
role in the steady-state behavior. Compared with the curves
(¢ = 0) in Figs. 6(a) and 6(b), Fig. 6(d) illustrates that the
OB phenomenon can still be observed and the corresponding
threshold increases slightly. When the relative phase is
changed from 0 to z/3, the threshold of OB becomes more
pronounced. In contrast to Fig. 6(c), it can be seen in Fig. 6
(d) that the OM phenomenon appears when the relative phase
¢ is tuned to 2z /3. In other words, in presence of the perfect
SGC effect, we can easily realize a switch from OB to OM or
vice versa just by adjusting the phase difference between the
two components of the polarized electric field. These phenom-
ena also demonstrate that the phase difference between the
two components of the polarized electric field can effectively
control the steady-state response in the present atomic sys-
tem, which leads to the appearance of OM.

To obtain a better understanding of how the frequency de-
tuning A, and the phase difference ¢ between the two com-
ponents of the polarized electric field of the EPF affect the
steady-state behavior, we drew a density plot of the probe ab-
sorption Im(py3) versus the frequency detuning A, and the
phase difference ¢ as shown in Fig. 7. The reason for these
interesting phenomena that were shown in Fig. 6 can be found
from the changes of the absorption properties illustrated in
Fig. 7. In the absence of the SGC effect (7 = 0), the probe field
can transmit through the medium without absorption at the
probing resonance position (A, = 0) when ¢ = 0. In other
words, the input field Efj is approximately proportional to
the output field E‘g , which results in the case without the ap-
pearance of the OB phenomenon. When the perfect SGC ef-
fect is included (7 = 0.9), the large absorption of the medium
at the probing resonance position results in the output of the
OB phenomenon with ¢ = 0. However, the probe absorption
is shown to be negligible when the phase between the two
components of the polarized electric field of the EPF ¢ is
tuned to 2z/3. Therefore, one can find from Fig. 6(a) that
the OB phenomenon disappears again. However, if the fre-
quency detuning A, of the probe field is tuned to A, =7,
from Fig. 7, we can see that the absorption of the medium
clearly increases, which leads to the appearance of the OB
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phenomenon as shown in Fig. 6(d). Especially, the corre-
sponding absorption is dramatically enhanced under the con-
dition of ¢ = 27/3, which causes the parameter y in Eq. (17)
to not be a cubic polynomial of the variable x, and thus the OM
phenomenon appears. Based on the absorption spectrum
shown in Fig. 4, the results shown in Figs. 6(b) and 6(c)
can also be understood clearly.

4. CONCLUSIONS

In conclusion, we have analyzed in detail the steady-state
behaviors in a four-level Y-type atomic system driven coher-
ently by a probe laser and a single EPF by means of a unidi-
rectional ring cavity. It was clearly shown that a controllable
OB can be achieved by adjusting different parameters in
the present atomic system. Under the steady-state condition,
the threshold intensity and related hysteresis cycle area
for the OB can also be modified by modulating the frequency
detuning of the probe field, the intensity of driving fields, and
the atomic cooperation parameter, as well as the phase differ-
ence between the two components of the polarized electric
field. To obtain the two components of the polarized electric
field QF and Q; of the control field, one can let the control
beam pass through 1/2 and 1/4 wave plates in turn properly
[32]. After passing through the 1/2 wave plates, the vertical
polarized beam can be obtained. The rotating angle ¢ can
be modulated by the 1/4 wave plate. Thus, one can obtain
the EPF containing the two components (i.e., Qf and Q).
More interestingly, we demonstrate the switch from OB to
OM with the existence of a perfect SGC effect. With these re-
sults, we believe that phase controlled OB and OM will pro-
vide another feasible approach for applications in quantum
information science.
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