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With the interaction among one optical probe field and pairs of standing microwaves in the configuration of
Rydberg-dressed electromagnetically induced transparency, we study theoretically the sub-microwave wavelength
localization of Rydberg superatoms in two and three dimensions. Composited by an ensemble of Rydberg atoms
with strong dipole–dipole interactions, a superatom can be localized within the microwave wavelength through
the position-dependent atom–field interaction. By measuring the absorption spectrum from the optical probe
field, a single position of Rydberg superatoms with high precision can be obtained, depending on the probe field
detuning and phase shifts associated with the standing microwaves. © 2018 Optical Society of America

https://doi.org/10.1364/JOSAB.35.002588

1. INTRODUCTION

With potential applications as the atom–light interfaces for
quantum information processing, Rydberg atoms have demon-
strated remarkable properties such as long excitation lifetime
and large polarizability [1–11]. Due to the dipole blockade ef-
fect, i.e., suppression in the excitations of more than one atom
into Rydberg state, superatoms can be formed within a large
volume [12–15]. These superatoms account for the collective
enhancement of Rabi oscillations in multiple or single pairs of
atoms [16–18], which can be further excited at the single pho-
ton level [19–21]. Moreover, the Rydberg ensemble as a whole
can also be excited in the crystalline structures with chirped
laser pulses [22].

Similar to neutral atomic systems of electromagnetically in-
duced transparency (EIT), Rydberg-dressed EIT has attracted
much attention over the last decade both experimentally and
theoretically, due to the strong, long-range interactions among
Rydberg atoms [23–28,15]. In particular, Petrosyan and
Fleischhauer developed a theory to study EIT in an ensemble
of strongly interacting Rydberg atoms with the mean-field
approximation by introducing two-photon correlations [26].
When each superatom has at most one Rydberg excitation
within the blockade volume, such a coarse-grained treatment
on an ensemble of superatoms is valid within the weak
probe-field approximation [27]. These Rydberg superatoms
can also be used to realize parity-time �PT �-symmetry in
atomic systems [29], or coupled to hybrid optomechanical sys-
tems [30,31].

In this work, we propose a scheme for the atomic localiza-
tion of Rydberg superatoms in two dimensions (2D) and three
dimensions (3D). As the size of Rydberg superatoms is in the
unit of micrometers, we use standing microwaves to confine
superatoms, but reveal the precision in atomic localization
to the sub-optical wavelength of the probe field. Even though
the idea to use standing waves has already been applied for
atomic localization at the sub-wavelength scale for the one-
dimensional setting [32–40], as well as for 2D [41–49] and
3D space [50–53], until now only a single atom has been stud-
ied. Here, we consider the localization of an ensemble of
Rydberg atoms with a strong dipole–dipole interaction in
2D and 3D space. In the 2D setting, we consider that the
Rydberg superatom is interacting with the superposition of
two pairs of orthogonal standing microwaves acting along
the x- and y-directions, while in 3D, the superatom interacts
with three pairs of orthogonal standing microwaves aligned
in the x-, y-, and z-directions, respectively. The information
about the position of one superatom can be obtained by mea-
suring the absorption spectrum from the optical probe field.
We show that within a microwave wavelength, one can obtain
the position information of the Rydberg superatom through the
frequency detuning and phase shifts of the probe field.

2. THEORETICAL MODEL

We consider an ensemble of cold 87Rb atoms with allowed
transitions in the cascade configuration, through the interac-
tion with the probe and control fields, as shown in Fig. 1(a).
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Here, each atom has the energy levels denoted as jgi, jei, and
jri, respectively. An optical probe field at the frequency ωp
drives the transition between jgi and jei, with the correspond-
ing dipole moment μge , and Rabi frequency Ωp. Instead, the
control field has a position-dependent Rabi frequency
Ωmw�l�, which drives the transition between jei and jri with
the dipole moment denoted by μer. Here, the spatial coordi-
nates may be l � x, y for the 2D or l � x, y, z for the 3D case,
respectively. For example, the setting for the 3D case is illus-
trated in Fig. 1(b). The control field excites the atoms to the
Rydberg state jri, where the atoms at the positions ri and rj
interact with each other via the van der Waals (vdW) interac-
tion potential, V �ri − rj� � C6∕jri − rjj6, with the vdW coef-
ficient denoted by C6 [26].

The total Hamiltonian for such a photon–atom interaction
in the cascade configuration can be written in the form
H � Ha �Haf �H vdW , with

Ha � −ℏ
XN
j

�Δpσ
j
ee � Δ2σ

j
rr �, (1)

Haf � −ℏ
XN
j

�Ωpσ
j
ge �Ωmw�l�σjer �H:c:�, (2)

H vdW � ℏ
XN
i<j

σirrΔ�ri − rj�σjrr , (3)

where σjαβ � jαijjhβj�jαi, jβi � jgi, jei, orjri� is the transition
operator for the atom at position rj. Here, we also introduce the
one-photon frequency detuning for the probe and control
fields: Δp � ωp − ωeg and Δc � ωmw − ωre , and two-photon
detuning: Δ2 � Δp � Δc . Based on the Hamiltonian given
in Eqs. (1)–(3), one can have the equations of motion for
the atomic transitions:

_σjge � �iΔp − γge�σjge � iΩp�σjgg − σjee� � iΩmw�l��σjgr , (4)

_σjgr � �i�Δ2 − S�r�� − γgr �σjgr � iΩmw�l�σjge − iΩpσ
j
er , (5)

_σjer � i�Δp −S�r�−γer�σjer� iΩmw�l��σjee −σjrr �� iΩ�
pσ

j
gr , (6)

where γge , γgr , and γer are dephasing rates. Here, S�r� accounts
for the total vdW force-induced shift of Rydberg state jri for an
atom at the position r, i.e.,

S�r� �
Z

ρ�r 0�V �r − r 0�σrr�r 0�d3r 0, (7)

with the atomic density denoted by ρ�r�. Without considering
the vdW interaction, the steady-state solutions for Eqs. (4)–(6)
can be obtained in the low-excitation limit, i.e.,

σjge �
i�γgr − iΔ2�Ωp

�γieg − iΔp��γrg − iΔ2� �Ω2
mw�l�

, (8)

σjgr � −
ΩcΩp

�γge − iΔp��γgr − iΔ2� �Ω2
mw�l�

: (9)

Nevertheless, when the vdW interaction is taken into consid-
eration, in general, it is difficult to solve Eqs. (4)–(6) due to
integration over all the volume. However, when each supera-
tom has at most one Rydberg excitation within the blockade
volume, we can apply a coarse-grained treatment on an ensem-
ble of superatoms within the weak probe-field approximation
[26,27]. By considering γg ≪ γeg and Δp < γeg , the steady-
state population of Rydberg state hσrri � σrg :σgr is

hσrri ≈
jΩc j2jΩpj2

jΩc j4 � Δ2
2γ

2
eg
: (10)

Next, we discuss the vdW shift and consider that an atom is in a
Rydberg state induces a van der Waals shift on another atom.
When the vdW interaction suppresses the excitation of all the
atoms in a small volume, V SA, we refer these atoms forming a
superatom due to the Rydberg blockade effect. The number of
atoms in such a superatom is defined as nSA � ρ�r�V SA, where
ρ�r� is the atomic density. There is only one Rydberg excited
atom in each superatom. The total medium can then be treated
as the collection of superatoms, and the number of superatoms
in volume V is N SA � ρSAV . Then, the total vdW shift at
position r can be written as

S�r� �
XN SA

j
V �r − rj�ΣRR�rj� � V̄ ΣRR�r� � s�r�: (11)

The first term in the right-hand side shows the excited supera-
tom at the position rj � r, i.e., ΣRR�r� → 1. It means that the
excited superatom induces a divergent vdW shift when we aver-
age over the superatom volume, i.e., V̄ ≅ 1

V

R
V Δr

0d3r 0 → ∞,
with the volume of superatom V. As for the second term in the
right-hand side of Eq. (11), it gives us the vdW shift outside the
volume, which can be approximated as hs�r�i � w

8 hΣRR�r�i by
considering a Lorentzian function of population in the Rydberg
state, with the half-width in the spectrum denoted by w. To
find the analytical expression for ΣRR�r�, the ground and single
collective Rydberg excited states of a superatom can be
expressed as

(a)

(b)

Fig. 1. Schematics for our scheme to realize the localization of
Rydberg superatoms at sub-microwave wavelength. (a) The intermedi-
ate state jei is coupled to the ground state jgi and highly excited
Rydberg state jri via a weak optical probe field Ep and pairs of standing
microwave fields Emw�l�, l � x, y, and l � x, y, z for 2D and 3D
localizations, respectively. Here, VvdW represents the van der Waals
interaction between the atoms in the Rydberg state jri. (b) Illustration
of 3D localization with three standing-wave fields Emw�x�, Emw�y�,
and Emw�z� propagating perpendicularly to each other, while a weak
optical probe field Ep propagates along the z-direction.
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jGi � jg1, g2, g3…, gnSA i, (12)

jR�1�i � 1ffiffiffiffiffiffiffinSA
p ×

XnSA
j

jg1, g2, g3…rj…, gnSA i: (13)

By considering that initially superatom in state jGi, we then
obtain superatom operator ΣRG � jGihR�1�j as

ΣRG �
ffiffiffiffiffiffiffinSA

p Ωmw�l�ΩpΣGG

Δ2�iγeg � Δp� − jΩmw�l�j2
: (14)

Using the relation ΣGG � ΣRR � 1, the final expression for
ΣRR � ΣRG:ΣGR takes the form

ΣRR � nSAjΩmw�l�j2jΩpj2
ϒ� γ2geΔ2

2

, (15)

with ϒ � jΩmw�l�j2jΩpj2nSA � �jΩmw�l�j2 − ΔpΔ2�2.
As the optical susceptibility �χp� of probe field can be cal-

culated from the transition dipole σge , we have

χp � β

�
ΣRR

iγeg
γeg − iΔp

� �1 − ΣRR �

×
iγeg

γeg − iΔp � jΩmw�l�j2�γgr − i�Δ2 − hsi��−1
�
, (16)

with the coefficient β � njμge j2
ℏϵ0γge

and the number density of

atomic medium n. In the following, through the absorption
spectrum of the probe field, i.e., Im� χ�, one can find the prob-
ability distribution of the superatom.

3. RESULTS AND DISCUSSION

As a possible candidate to realize our scheme, we take 87Rb
atoms as our atomic species. By taking the transitions jgi �
5S1∕2jF � 2,mF � 2i, jei � 5F 3∕2jF � 3,mF � 3i, and
jri � 60S1∕2, we have the parameters γge � 3 MHz, γgr �
0.02 MHz, and C6 � 1.4 × 1011 s−1 μm6. Moreover, if all
the atoms are considered as a single superatom [31], one
can further set the small frequency shift to zero, i.e., hsi � 0.
Based on Eq. (16), when the control field is a position-
dependent function, we can retrieve the corresponding position
information of Rydberg superatoms. In particular, pairs of
standing waves are applied as the position-dependent function
for the control field.

A. 2D Localization

In this section, we analyze the conditional position probability
distribution of the Rydberg superatom in 2D space, i.e., the x–y
plane. To have 2D localization of Rydberg superatoms, the
control microwave wave is applied in the standing-wave func-
tion, which is a superposition of two orthogonal standing waves
along the x- and y-directions. Here, the position-dependent
Rabi frequency Ωmw�x, y� for the control field has the form

Ωmw�x, y� � Ω1�x� �Ω2�y�, (17)

with

Ω1�x� � Ω1�sin�κ1x � ζ� � sin�κ2x��, (18)

Ω2�y� � Ω2�sin�κ3y � ξ� � sin�κ4y��, (19)

where κi � 2π∕λi�i � 1, 2, 3, 4� is the corresponding wave
vector at the wavelength λi�i � 1, 2, 3, 4�. Moreover, the
parameters ζ and ξ are the associated phase shifts.

To investigate the effect of detuning in the probe frequency
Δp and phase shifts in the microwave standing waves on the
precision position measurement of superatoms, we start our
analysis by considering all the standing waves having the same
wavelengths, i.e., κ1 � κ2 � κ3 � κ4 � κ, and setting the
phase shifts equal to zero, i.e., ζ � ξ � 0.

In Fig. 2, we plot the 2D conditional position probability
distribution, defined as W �x, y� ∝ Im�χ�, which can be ob-
tained through the absorption in the probe field; see
Eq. (16). In terms of the normalized coordinates κx and κy,
four different values of probe field detuning are depicted, i.e.,
(a) and (b) Δp � 0, (c) and (d) Δp � 10Γ, (e) and (f )
Δp � 20Γ, and (g) and (h) Δp � 24Γ, with the scaling param-
eter Γ setting to 1 MHz. Here, one can find the intensity plots

Fig. 2. Conditional position probability distributionW �x, y� in the
normalized coordinates x and y for different values of probe detuning:
(a),(b) Δp � 0; (c),(d) Δp � 10Γ; (e),(f ) Δp � 20Γ; and (g),
(h) Δp � 24Γ. Here, the intensity plots are shown in the left panel,
while the corresponding contour plots are shown in the right panel.
Other parameters used are Ω1 � Ω2 � Ω � 6Γ, Ωp � 0.1Γ,
Δc � 0, κ1� κ2� κ3� κ4� κ, ζ � ξ � 0, γge � 3Γ, γgr � 0.02Γ,
and nSA � 15, respectively.
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shown in the left panel and the corresponding contour plots in
the right panel.

When the probe detuning is zero Δp � 0, we can see that
the superatom is uniformly distributed on the diagonals of four
quadrants, as shown in Figs. 2(a) and 2(b). In this scenario, the
2D conditional position probability distribution W �x, y� can-
not give us any information about the position of superatoms.
However, as the probe field detuning increases to Δp � 10Γ,
while keeping the other parameters fixed, the location of maxi-
mal values in W �x, y� changes accordingly. In particular, the
superatom will be mainly localized in the first and third quad-
rants in this x–y plane when Δp � 10Γ; see Figs. 2(c) and 2(d).
As shown in Figs. 2(e) and 2(d), two crater-like structures appear
in the first and third quadrants when Δp � 20Γ. Now, the
superatom is localized along the rings of these crater-like struc-
tures. However, the position information of superatoms is still
ambiguous. The precision in position information can be en-
hanced by further increasing the probe field detuning. When
the probe detuning is Δp � 24Γ, as shown in Figs. 2(g) and
2(h), we have spike-like patterns located at the first and third
quadrants. It means that one can obtain two well-defined posi-
tions of superatoms at the position �κx, κy� � �	π∕2, 	 π∕2�.

Based on the results shown in Fig. 2, one can see that the probe
field detuning plays an important role in the precision of position
measurement on Rydberg superatoms. Nevertheless, due to the
periodicity associated with standing waves, there are always
two possible positions of superatoms with the same maximal value
in a single measurement. To obtain a single maximal value on the
position information of superatoms, we borrow the results from
previous studies [40,47–49]. It is known that the phase shifts also
play an important role in the reduction of localization peaks.
Then, in Fig. 3, we study the phase shifts of standing waves
on the 2D conditional position probability distribution
W �x, y�. We also assume slightly different wavelengths of the
two standing-wave fields having wave vectors κ1 and κ3. The cor-
responding frequencies will also change and the fields will slightly
detune from the transition. The position-dependent Rabi

frequency takes the form Ωmw�x,y��Ω 0
1e

δ1t sin�κ1x�ζ��
Ω1 sin�κ2x��Ω 0

2e
δ2t sin�κ3y�ξ��Ω2 sin�κ4y� with δ1 �

ω1 − ωre and δ2 � ω2 − ωre the detunings of the first and third
microwave fields. The net detuning is defined as Δc �
ωmw − ωre , where ωmw � �ω1 � ω1�∕2. We consider small
change in wavelength and hence δ1, δ2, and Δc are very small
and their overall impact on the system is negligible. Therefore,
in the following discussion we ignore δ1, δ2, and Δc .

When we change the wavelength of the first standing wave
to κ1 � 0.8κ, along with the corresponding phase shift
ζ � π∕4, as shown in Figs. 3(a) and 3(b), now the symmetry
in the resulting conditional position probability distribution
breaks. As one can see, the height of the peak located at
�κx, κy� � �−π∕2, − π∕2� decreases considerably. Now, the
probability of finding the superatom in the first quadrant is
much higher than that in the third quadrant. Moreover, when
we choose κ1 � κ3 � 0.8κ and ζ � ξ � π∕4 [see Figs. 3(c)
and 3(d)], one can obtain a single position information of
superatom in the first quadrant at �π∕2, π∕2�.
B. 3D Localization

To extend our proposed scheme to 3D localization of Rydberg
superatoms, we utilize the control field in the superposition of
three orthogonal pairs of standing waves along the x, y, and z
directions. Explicitly, we define the Rabi frequency for the con-
trol field having the form

Ωmw�x, y, z� � Ω1�x� � Ω2�y� � Ω3�z�, (20)

where Ω1�x� and Ω2�y� are the same as those given in
Eqs. (18)–(19), while the third one Ω3�z� has the form

Fig. 3. Conditional position probability distributionW �x, y� in the
normalized coordinates x and y for (a),(b) κ1 � 0.8κ, ζ � π∕4; and
(c),(d) κ1 � κ3 � 0.8κ, ζ � ξ � π∕4. The other parameters used are
the same as those in Fig. 2(g).

Fig. 4. (a) 3D conditional position probability distribution
W �x, y, z� in the normalized coordinates x, y, and z, with the corre-
sponding 2D view in (b)–(d) along the x–y, x–z, and y–z cross sections,
respectively. The parameters used are κ1 � κ2 � κ3 � κ4 �
κ5 � κ6 � κ, ζ � ξ � ϕ � 0, Ω1 � Ω2 � Ω3 � 4Γ, Ωp � 0.1Γ,
Δp � 24Γ, Δc � 0, γge � 3Γ, γgr � 0.02Γ, and nsa � 15.
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Ω3�z� � Ω3�sin�κ5z � ϕ� � sin�κ6z��: (21)

Here, the phase shift ϕ is associated with the standing wave in
the wave vector κ5.

In Fig. 2(c), we obtained the two possible positions of the
superatom at �κx, κy� � �	π∕2, 	 π∕2� with the best spatial
resolution. To convert it into 3D, we plot the isosurfaces for
W �x, y, z� � 0.5 that corresponds to the full width at half-
maximum; see Fig. 4. The size of the sphere shows the prob-
ability of finding the superatom. As the scenario in 2D, the
position information of the superatom in 3D remains ambigu-
ous without the introduction of phase shifts, as illustrated in
Fig. 4. To have a single position information of superatoms,
we introduce phase shifts to the standing waves for slightly dif-
ferent wavelengths. As shown in Fig. 5(a), the values of position
probability distribution W �x, y, z� at �κx, κy, κz� � �−π∕2,
−π∕2, − π∕2� significantly decrease with a phase shift, i.e.,
for κ1 � 0.8κ and ζ � π∕4. With a suitable set of phase shifts,
such as κ1 � κ3 � κ5 � 0.8κ and ζ � ξ � ϕ � π∕4, we can
obtain an almost perfect single peak only located at
�π∕2, π∕2, π∕2� in 3D space, as shown in Fig. 5(b). Now,
the location of Rydberg superatoms can be achieved at the
sub-microwave wavelength scale.

4. CONCLUSION

In conclusion, by utilizing pairs of standing microwaves, we
study the 2D and 3D atomic localization of superatoms in
the configuration of Rydberg-dressed electromagnetically in-
duced transparency. With a suitable phase shift associated with
the standing microwaves, as well as the probe field detuning, a
single position of Rydberg superatoms can be obtained with the
precision at the sub-microwave wavelength by measuring the
absorption spectrum from the optical probe field. By taking
87Rb atoms as the candidate to implement, our results demon-
strate the possibility for atomic localization in the Rydberg
superatoms.
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