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e 1st Exam on Oct. 30th, (10:10AM - 1:00 PM, Friday), covering Chap. 1 and Chap. 2.

e Assignment: for the Quiz on Oct. 28th

1. Let V be a finite-dimensional vector space, and let T :V =V be linear.
(a) If rank(7) = rank(72), prove that R(7) N N(T) = {0}.

(b) Deduce that V = R(T) & N(T).
(¢) Prove that V = R(T*) @ N(T*) for some positive integer k.

2. Let j and E be n X n invertible matrices. Prove that
(a) AB is invertible.
(b) (AB)~' = B-1A-1L,

3. Let

V:{(a a+b> :a,b,ceF}
0 ¢

Construct an isomorphism from V to F3.

4. For each matrix A and ordered basis B, find [La]s and an invertible matrix 5 such that [La]s = Q*lm.

(a)

N

~(11) o= {(3)(3))
(34D = (O 0)



From Scratch !!

The product of imxn and Enxp, denoted as ﬁmxp, s.t.

Theorem 2.11: [?;{'72]1 = [a]“/ [72][3
Theorem 2.12:

™

(AB)1; (B
(AB)2; | (B2 B
;= =A = AT (5)
(AB)m; (B)mj
Theorem 2.14: For each u € V,
[T(@) = [T1} [d)s (6)
Definition: Left-multiplication transformation, Li:F*— F™,
La(@) =Az (7)

Theorem 2.15:
1 [La]y = A
2. La=1Lgpiff A=B.
3. Laoyp=La+ Lp and Loa =alLa foralla € F.
4. If 7 : F™ — F™ is linear, 3! an m X n matrix Cst. T= Lec. In fact C = [ﬂg
5. Ifﬁ is an n X p matrix, then ﬁAE = ]:AﬁE,
6. If m = n, then len = ?Fn.

Theorem 2.16: matrix multiplication is associative, j(B:C) =( B)E
Definition: A function U : W — V is said to be an inverse of T : V — W if
TU =TIy and UT =1y (8)
Definition: If 7" has an inverse, then T is invertible.
Theorem 2.17: T W = Vis linear. -
Definition: A, xn is invertible 3 B, x, s.t. AB = BA =1.
Theorem 2.18: T is invertible iff [T]} is invertible, [I'~']5 = ([T]3)~".
Definition: V is isomorphic to W if there exists a linear transformation T :V — W that is invertible.
Theorem 2.19: V is isomorphic to W iff dim(V) = dim(W).
Theorem 2.20: The function ® : L(V, W) — ﬁmxn(F), defined by ®(T") = [T]g for 7' € L(V, W) is an isomorphism.
Definition: standard representation of V with respect to § is the function ¢g : V — F", defined by ¢3(Z) = [Z]g for each
reVv.
Theorem 2.21: For any finite-dimensional vector space V with ordered basis 3, ¢5 is an isomorphism.
Theorem 2.22: 5 = [Iv]g/ is invertible, for any ¥ € V, [0]s = 5[17]5,, i.e., compared to the bases: & = " | Qi;Ti.

. =1 . =
Theorem 2.23: linear operator [T]g = Q [1]Q

R pu—

Definition: Ean is similar to ann if 3 an invertible matrix 5 s.t. E =Q AQ.



