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I.  Introduction

Optical light pulse propagation in dispersive media has been 
investigated by many researchers [1–8]. In particular, sub-
luminal (slow light) or superluminal (fast light) phenomena 
have been revealed in a single atomic system theoretically 
and experimentally [9–19, 20]. It was observed that the group 
velocity of a traveling light pulse through the medium can 
be affected not only by the intensity of the driving fields [11, 
18], relative phase of the driving fields [12], and intensity of 
the incoherent pumping field [13], but also by the spontane-
ous generated coherence [14, 22]. For example, the experi-
mental work done by Kim et al is prominent [16], and they 
observed superluminal behavior with a negative group veloc-
ity along with induced absorption for a weak coupling power. 
The behavior of light pulse propagation can be changed 
from super- to subluminal when the strength of the laser is 
increased. The sub- and superluminal light pulse propagations 
have also been observed experimentally using an incoherent 
pump field, based on electromagnetically induced transpar-
ency [20]. Later on, a four-level atomic system was introdcued 
[21], where the effect of incoherent pumping on dispersion 
and absorption were studied.

In addition to a gaseous atomic medium, studies on the light 
pulse propagation in solid materials are attractive for their 
potential applications. For example, sub- and superluminal 
light propagations have been investigated in photonic crystals 
(PCs) [23, 24], as well as optical-phase conjugation mirrors 
[25]. Wang et al investigated sub- and superluminal light 
pulse propagation in the reflected and transmitted beam for 
the first time by doping two- or three-level atoms within a slab 
[26]. Since then, several investigations have been proposed 
and studied for sub- and superluminal light pulse propagations 
[27–33]. In these proposals, different atomic configurations 
are doped within a slab, such as a duplicated two-level atomic 
configuration [34]. The control of sub- and superluminal light 
pulse propagation is demonstrated by changing the phase shift 
φ between the probe and control fields. Such a duplicated two-
level atomic medium has also been used for coherent control 
of the negative and positive Goos–Hänchen shift [35], and 
for the relevant optical bistability by turning absorption into 
amplification without inversion of the multi-photon resonance 
condition [36].

In this article, based on earlier investigations [26–33], we 
investigate the control of group velocity from sub- to super-
luminal and vice versa in the reflected and transmitted pulses 
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passing through a slab doped with atoms in a duplicated two-
level configuration. The motivation comes from the coherent 
control of group velocity in a gaseous atomic medium via 
the phase shift between the control and probe fields [34, 36]. 
However, the behavior of light pulse propagation through the 
gaseous medium is definitely different from that in the slab 
medium. Specifically, the existence of doped atoms changes 
the dispersive properties of the media. For many, applications 
of light pulse propagation through a solid-state medium is 
appreciated. Moreover, one can control the sub- and superlu-
minal pulse propagations via the phase difference φ, as well 
as by adjusting the slab thickness.

II.  Model for a slab system

We consider a Gaussian-shaped pulse having a temporal 
width τ0 and center frequency ω0, which is incident on a 
slab system from vacuum normally, see figure 1. Duplicated 
two-level atoms are doped with a slab, which is extended in 
the z-direction from z  =  0 to z  =  d. The electric field and its 
Fourier components of the Gaussian pulse at z  =  0 can be rep-
resented as
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where a0 and τ0 are the amplitude and temporal width of the 
incident pulse.

The transfer matrix of a TE plane wave for the electric and 
magnetic components of a monochromatic wave of frequency 
ω through the slab can be written as [26, 27]
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where ( )ω = εn p p is the refractive index of the slab, which 
is doped with duplicated two-level atoms, whereas εp is the 
permitivity of the doped slab and can be expressed as

( )χ ω= +ε ε ,pp b� (3)

where εb is the background permitivity of the slab and ( )χ ωp  is 
the optical susceptibility of duplicated two-level atomic sys-
tem. To calculate the reflection and transmission coefficients 
of monochromatic light, we use the transfer matrix method as 
[26, 27]
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where d is the thickness of the slab. The thickness of the 
slab for the resonance and off-resonance conditions can be 

expressed ( )= λ
ε

d m2
4

0

b
 and ( )( )= + λ

ε
d m2 1

4
0

b
, respec-

tively, where m and λ0 are the integer and central wavelength 
of the pulse, respectively.

III.  Atom–field interaction

We consider a duplicated two-level atomic configuration 
doped with a slab, as presented in figure 1(b). In this atomic 
configuration each individual system is excited by two 
fields having orthogonal polarizations, i.e. π-polarized and  
σ-polarized. The proposed atomic system was first suggested 
by Hashmi and Bouchene for coherent control of the effective 
susceptibility [34]. They considered the excitation of the tran-
sition →= =S F P F1/2 1/22

1/2
2

1/2  of 6 Li at 671 nm by two 
co propagating fields. Here, the control field πE  couples the 
transitions with identical mF i.e. ⟩ ↔ ⟩| |a c  and ⟩ ↔ ⟩| |b d , while 

Figure 1.  (a) Schematics of the light incident on a slab, (b) the energy-level configuration doped with the slab.
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the probe field σE  couples the energy levels with different mF, 
i.e. ⟩ ↔ ⟩| |a d  and ⟩ ↔ ⟩| |b c . In the proposed atomic system, the 
atomic transition forms a closed loop i.e. the parallel and non-
parallel states coupled via the phase shift φ. The manipulation 
of the phase shift leads to coherent control of the optical sus-
ceptibility of the doped atoms.

The effective Hamiltonian for the atom–field system under 
the rotating wave approximation can be written as

( 〉〈 〉〈 〉〈
〉〈 ) ( 〉〈 〉〈 )

= −Ω | | +Ω | |−Ω | |
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e
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where Ωπ and Ωσ are the Rabi frequencies corresponding to the 
pump and probe field, respectively. The detuning parameter is 
defined as ω ω∆ = − 0. Using the density matrix approach, 
the resulting rate equations are shown in [34, 35].

The expression for the optical susceptibility of the doped 
atomic system can be derived by observing the modification in 
the probe field using the coherence ρ ρ ρ= +σ cb da [34]

( )
( )

χ ω
α

=
− Γ
∆+ Γ

φ

k

2

i
e ,p

d

d

2i� (7)

with

α ω= Γε�ND c/2 ,d
2

0 0� (8)

where D is the dipole matrix element, φ is the phase shift 
between the control and the probe fields and N is the atomic 
density.

IV.  Results and discussion

We consider a dielectric slab doped with duplicated two-level 
atoms. The expression for the optical susceptibility ( ( )χ ωp ) of 
the doped atoms shows that the response of the medium is 
independent of the control field intensity. The atomic medium 
can be manipulated by the phase shift between the probe and 
control fields, which leads to control of the group velocity of 
the medium. The optical susceptibility of the duplicated two-
level atomic medium has previously been studied in a gaseous 
medium [34]. It has been shown that the medium behaves as 
an absorber with superluminal characteristics when the phase 
shift φ = 0; however, the medium turns into an amplifier for 
the phase shift φ π= /2 and exhibits subluminal characteris-
tics. Here, we dope the duplicated two-level atomic medium 
with a slab and investigate the control of group velocity in 
the reflected and transmitted pulses. The control of the group 
velocity is the phase shift φ between the probe and control 
fields. In the following discussion, we concentrate on the sub- 
and superluminal light pulse propagation in the reflected and 
transmitted pulses. We follow Agarwal’s reciprocity theorem 
[37], which states that the peak in the curve of reflected and 
transmitted pulses corresponds to subluminal pulse propa-
gation. However, the dip in the curve of the reflected and 
transmitted light pulses corresponds to superluminal pulse 
propagation.

First, we consider an off-resonant condition of the thick-
ness slab and plot the reflectivity = | |R r 2 and transmitivity 
= | |T t 2 curves versus probe field detuning ∆ for two different 

cases i.e. φ = 0 and φ π= /2. Previously, sub- and superlu-
minal pulse propagation in a gaseous atomic medium has 
been observed for φ π= /2 and φ = 0, respectively [34]. In 
figure 2 we plot the reflectivity and transmitivity versus probe 
field detuning by considering the phase shift φ = 0. The plot 
shows that both the reflectivity and transmitivity curves have 
dips, which means that superluminal light propagates through 
the medium, simultaneously. In figure 2 one can note that the 
sum of reflection and transmission is less than unity, which 
shows that our proposed system acts like an absorber when 
we consider the phase shift φ = 0 between control and probe 
fields. Similar behavior has also been investigated ina gase-
ous atomic medium consisting of duplicated two-level atoms 
[34]. Further, we change the phase from φ = 0 to φ π= /2 
and again plot the reflectivity and transmitivity versus probe 
field detuning. The behavior of reflected and transmitted pulse 
propagation through the medium changes dramatically. In this 
time we investigate peak curves of the reflectivity and trans-
mitivity simultaneously, see figure 3. The peak curves of the 
reflectivity and transmitivity lead to subluminal light propaga-
tion through the medium. It is noted that the sum of reflec-
tion and transmission is greater than unity, which reflects that  
the medium becomes an amplifier for the phase φ π= /2. 
For the off-resonant condition of the slab system it is noted 
that the superluminal light is reflected and transmitted from 
the slab simultaneously when the phase φ = 0 is considered, 
whereas subluminal light is reflected and transmitted from a 
slab simultaneously by considering φ π= /2 between the con-
trol and probe fields.

Figure 2.  (a) Reflectivity and (b) transmitivity versus probe field 
detuning with the parameters γ = 1 MHz, γ αΓ = =, 0.015, φ = 0, 
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Further, we consider a resonant condition of the slab i.e. 

the slab thickness ( )( )= λ
ε

d m2
4

0

b
 and study the light pulse 

propagation in the reflectivity and transmitivity for two dif-
ferent cases. We plot the reflectivity and transmitivity versus 
probe field detuning and consider the phase shift between the 
control and probe fields φ = 0. We investigate a peak in the 
reflectivity and a dip in the transmitivity, simultaneously, see 
figure 4. Therefore, for the resonance condition of the slab, 
subluminal light is reflected from the slab, while superlumi-
nal light is transmitted through the slab when φ = 0 is con-
sidered and the medium behaves like an absorber. Previously, 
for the off-resonant condition, superluminal behavior was 
investigated in the reflected pulse, see figure 2(a). It is noted 
that by changing the slab’s thickness there is a switch-
ing from superluminal to subluminal in the reflected light, 
compare figures  2(a) and 4(a). Next, we change the phase 
shift from φ = 0 to φ π= /2 and plot the reflectivity and 
transmitivity versus probe field detuning, see figure  5. The 
plots show that there are peak curves in the reflectivity and 
transmitivity, simultaneously. It is also noticed that the sum 
of reflection and transmission becomes greater than unity, 
which clearly shows that the medium becomes an amplifier 
for transmitivity.

In the above discussion, we studied sub- and superlumi-
nal light propagation in the reflected and transmitted pulses 
for two different conditions i.e. off-resonant and resonant. In 
the following, we consider a Gaussian-shaped pulse that has 
a narrow spectral limit in the time domain. The reflected and 
transmitted pulses can therefore be written as

( ) ( ) ( )∫ ω ω ω= ω−E t E r0, 0, e di p p
t

pr
i p� (9)

and

( ) ( ) ( )∫ ω ω ω= ω−E d t E d t, , e di p p
t

pt
i p� (10)

The temporal width of the Gaussian pulse that we have con-
sidered is 1 μs. we study the peak delay time of the reflected 
and transmitted pulses, so first we define the phase delay time 
i.e.

τ ω= ∂Φ ∂/ ,r,t r,t� (11)

where, Φr,t are the phases of the reflection and transmission 
coefficients. The phase time delay is equivalent to the peak 

time delay, which can be represented by T r,t
peak of the reflected 

and transmitted pulses. The peak time delay can be measured 
from the shapes of the reflected and transmitted pulses. The 
peak of the reflected pulse <T 0r

peak  corresponds to superlu-
minal reflection of the pulse; the peak of the transmitted pulse 

<T d c/t
peak  corresponds to superluminal transmission of the 

pulse. In figure 6, we plot the normalized intensity profile of 
the incident (I0), reflected (Ir) and transmitted (It) pulses in time 
domain for the off-resonant condition of the slab. The incident 
pulse (I0) shows the reference pulse, i.e. the pulse that travels 
in free space with a distance d. For the phase φ = 0, the propa-
gation of reflected and transmitted pulses through the slab sys-
tem is simultaneously superluminal (see figure 2). In the case 
of simultaneous superluminal reflection and transmission, the 
peak times for the reflected and transmitted pulses are  −33 

Figure 3.  (a) Reflectivity and (b) transmitivity versus probe field 
detuning for the phase shift φ π= /2; the other parameters remain 
the same as those in figure 2.

Figure 4.  (a) Reflectivity and (b) transmitivity versus probe field 
detuning for the phase shift φ = 0 and resonant condition; the other 
parameters remain the same as those in figure 2.
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ns and  −39 ns, respectively, see figure 6(a). Next, we change 
the phase from φ = 0 to φ π= /2 and plot the intensity profile 
of the incident, reflected and transmitted pulses in the time 
domain, see figure 6(b). In the case of simultaneous sublumi-
nal reflection and transmission, the peak times of the reflected 
and transmitted pulses shift to the positive time domain. We 
calculate the peak times of the reflected and transmitted pulses 
which are  +43 ns and  +37 ns, respectively.

To study the peak time delay for the resonance condition of 

the slab system, i.e. ( )= λ
ε

d m2
4

0

b
, we again plot the intensity 

profiles for incident, reflected and transmitted pulses in the 
time domain for φ = 0 and φ π= /2. For simultaneous sublu-
minal reflection and superluminal transmission for φ = 0, we 
plot the incident, reflected and transmitted pulses in the time 
domain, see figure 7(a). We calculate the peak times of the 
reflected and transmitted pulses which are  +638 ns and  −63 
ns, respectively. Then we switch the phase from φ = 0 to 
φ π= /2 and plot the intensity profile of the incident, reflected 
and transmitted pulses in the time domain. In the case of 
simultaneous subluminal reflection and transmission we cal-
culate the peak times  +784 ns and  +82 ns of the reflected and 
transmitted pulses.

Further, based on equation (11), consider the derivative of 
the phases in the reflected and transmitted light with probe 
frequency, which is consistent with Agarwal’s reciprocity 
theorem. For the off-resonant condition of the slab, we study 
the group delays in the reflected and transmitted light versus 

Figure 6.  (a) Normalized intensity profile of incident (I0), 
reflected (Ir) and transmitted (It) in the time domain for φ = 0 and 
(b) normalized intensity profile of incident (I0), reflected (Ir) and 
transmitted (It) in the time domain for φ π= /2; the other parameters 
remain the same as those in figure 2.

Figure 7.  (a) Normalized intensity profile of incident (I0), 
reflected (Ir) and transmitted (It) in the time domain for φ = 0 and 
(b) normalized intensity profile of incident (I0), reflected (Ir) and 
transmitted (It) in the time domain for φ π= /2; the other parameters 
remain the same as those in figure 2.

Figure 5.  (a) Reflectivity and (b) transmitivity versus probe field 
detuning for the phase shift φ π= /2 and resonant condition; the 
other parameters remain the same as those in figure 2.

Laser Phys. 26 (2016) 015205
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probe field detuning, as shown in figure 8 for φ = 0 and π /2, 
respectively. For φ = 0, we have the simultaneous negative 
group delays both in the reflected and transmitted light fields, 
see figures 8(a) and (b). By comparing figures 8(a) and (b) and 
figures 2(a) and (b), it is obvious that we have similar results 
for slow and fast light propagation. By switching the phase 
φ from 0 to π/2, a switch from superluminal light propaga-
tion to subluminal is demonstrated both for the reflected and 
transmitted light, see figures 8(c) and (d). By comparing fig-
ures  8(c) and (d) with figures  3(a) and (b), again, we have 
similar behavior for light pulse propagation.

For the resonant condition of the slab, the plots in fig-
ures 9(a) and (b) show that the group delays are positive and 
negative for reflected and transmitted light beams for φ = 0, 
respectively. This implies that the light pulse propagation in 
the reflected and transmitted beams are sub- and superluminal, 

respectively. By switching the phase φ from 0 to π/2, we have 
a positive group delay time in both the reflected and trans-
mitted light pulses (subluminal behavior), as shown in fig-
ures 9(c) and (d). Based on the results shown in figures 8 and 
9, we conclude that the behavior in light pulse propagation 
using equation (11) is similar to what we previously obtained 
using Agarwal’s reciprocity theorem.

V.  Conclusion

We doped duplicated two-level atoms with a slab and inves-
tigated the propagation of a light pulse incident into the slab. 
We considered the off-resonant and resonant conditions of the 
slab system and investigated sub- and superluminal light pulse 
propagation of the reflected and transmitted light in each case. 
For the off-resonant condition, we investigated superluminal 

Figure 8.  Group delay times in the reflected and transmitted light fields for off-resonant condition of the slab ((a), (b)) φ = 0 and ((c), (d)) 
φ π= /2; the other parameters remain the same as those in figure 2.

Figure 9.  Group delay times in the reflected and transmitted light fields for resonant condition of the slab ((a), (b)) φ = 0 and ((c), (d)) 
φ π= /2; the other parameters remain the same as those in figure 2.

Laser Phys. 26 (2016) 015205
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pulse propagation of the reflected and transmitted light simul-
taneously through the slab by considering the phase φ = 0. 
By switching the phase from φ = 0 to φ π= /2, the behavior 
of the light propagation of the reflected and transmitted pulses 
through the slab is changed, and subluminal light propaga-
tion of the reflected and transmitted pulses is investigated. For 
the resonant condition of the slab system, we investigated the 
sub- and superluminal pulse propagation of the reflected and 
transmitted pulses simultaneously, respectively for φ = 0. For 
φ π= /2, subluminal light propagation is investigated in both 
reflected and transmitted pulses simultaneously. Moreover, 
the peak times of the Gaussian pulse during reflection and 
transmission through the slab system are calculated. Such 
a doped slab may be a tool to control the group velocity in 
quantum information applications. It may also used to control 
the dispersion and transmission in different fields of applied 
photonics.
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