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a b s t r a c t

We analyze the absorption-dispersive properties of a weak probe laser field based on the ISBT in a triple
semiconductor quantum well (SQW) structure driven coherently by two control laser fields. It is shown
that the system can produce anomalous and normal dispersion regions with negligible absorption by
adjusting the intensities of the control fields and the Fano-type interference. More interestingly, the
dispersion can be changed between normal and anomalous simply by adjusting the relative phase
between two coherent control fields due to the existence of the Fano-type interference. Thus the relative
phase can be regarded as a switch to manipulate light propagation with subluminal or superluminal.
In addition, the temporal and spatial dynamics of the probe laser pulse with Gaussian-type envelope are
analyzed.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

In the past few decades, much attention has been paid to
controlling the group velocity of light pulses [1–13] due to the
potential applications in optical communications and quantum
information processing. Especially, subluminal and superluminal
propagations of the light pulses have gained considerable interest
for their wide applications from optical clock distribution, beam
steering to radio frequency (RF) phased array antennas, and
realizing an all-optical buffer [14]. Recently, the subluminal and
superluminal phenomena have been observed in many fields of
physics, such as cold atomic vapor and alexandrite crystal. Many
experimental observations are based on the fact that quantum
coherence and interference [15,16] lead to a dispersion profile
with a sharp derivative (positive or negative) near the line center
[17]. On the other hand, optical transitions between electronic
states within the conduction bands of semiconductor quantum
wells (SQW) have proved to be a promising candidate for the
realization of optical devices and solid quantum information
sciences [18,19], and large number of efforts has been devoted to
the investigations of both quantum coherence and interference in
quantum wells.

Due to strong electron–electron interactions, the two-dimensional
electron gas behaves effectively as a single oscillator with atomic-like

intersubband transition (ISBT) responses [18]. In these solid-state
systems, the large intrinsic dipole matrix elements may give rise to a
fast Rabi oscillation in the time domain, which allows coherent
processes to occur on the time scales shorter than the typical ISBT
dipole dephasing time. Moreover, the ISBT energies and electron
wave-function symmetries can be engineered. Due to this unique
flexibility, which can be hardly found in other systems, a large
number of theoretical schemes have been proposed and some
experimental realizations have been reported, such as gain without
inversion [20–23], coherently controlled photocurrent generation [24],
electromagnetically induced transparency [25], slow light [26], quan-
tum interference and coherence [27–31], optical bistability [32–34],
photon switch [35–37] and solitons [38–40].

It is usually believed that the population decay process for
intersubbands due to longitudinal optical phonon emission can
destroy the coherent properties. Nevertheless, population decay can
be used to produce quantum interference between the discrete state
and continuum component in SQW systems [20,21]. This kind of
interference is called Fano-type interference [20,21], which will lead
to nonreciprocal absorptive and dispersive profiles. More recently, we
have also studied the slow optical soliton formations based on the
Fano interference with a three-level system of electronic subbands in
an asymmetric double quantum well (GaAs/AlGaAs) structure in
which the interference between the absorption paths through two
resonances to the continuum leads to a linear rapidly varying refrac-
tive index change with a reduction in the group velocity [38]. Besides,
we should note that the relative phase of applied laser fields has been
widely used for the coherent control of ISBT in SQW systems [41].
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This method, which is called phase control, has been applied for
the coherent manipulation of population dynamics and absorption-
dispersive properties in SQW systems [42]. All the mentioned char-
acteristics offer a feasible platform for the realization of phase
control of the group velocity.

In this paper, we analyze the absorption-dispersive properties of
a weak probe laser field based on the ISBT in a triple semiconductor
quantum well (SQW) structure driven coherently by two control
laser fields. It is shown that the absorption-dispersive properties of
the probe field can be controlled efficiently through the intensities
of the two control fields and the Fano-type interference. Due to
the existence of the Fano-type interference, the dispersion and the
absorption are very sensitive to the relative phase between two
coherent control fields, and the dispersion can be changed between
normal and anomalous simply by adjusting this relative phase. This
leads to the group velocity of the probing field switching between
subluminal and superluminal. Our results illustrate the potential to
utilize relative phase of the coherent fields for controlling group
velocity of the light pulse in SQW systems, as well as a guidance in
the design for possible experimental implementations.

2. The system and the density matrix equations

As shown in Fig. 1, the proposed quantum well structure
includes a deep well and two shallow wells coupled by tunneling
to a common continuum of energies through a thin barrier. This
triple SQW band structure and related level configurations are
shown in Fig. 1(a) and (b), respectively. The present SQW structure
is the same as that in Ref. [22] and it can be obtained by coupling
two shallow 6.8-nm-thick Al0.2Ga0.8As wells separated by a 2.0-nm
-thick Al0.4Ga0.6As barrier and a deep 7.1-nm-thick GaAs well to a
common continuum (Al0.165Ga0.835As) through a 0.7-nm-thick
Al0.4Ga0.6As Al barrier. The deep well and its adjacent shallow
well are separated by an Al0.4Ga0.6As barrier 2.5 nm thick. The
electronic wave functions of the ground state of deep well and
three excited states are denoted by j1〉, j2〉, j3〉, and j4〉. A probe
field with Rabi frequency Ωp and angular frequency ωp is applied
to the transition j1〉2j2〉; while the transitions j1〉2j3〉 and
j1〉2j4〉 are mediated by coherent control fields with Rabi fre-
quency Ωc and angular frequency ωc and Rabi frequency ΩL and
angular frequency ωL.

By adopting the standard approach [18], the density-matrix
equations of motion in dipole and rotating-wave approximations
for this system can be written as follows:

i
∂ρ33

∂t
¼ iγ3ρ11þΩceiϕρ13�Ωn

c e
� iϕρ31
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¼ ðΔc� iγ13Þρ13�Ωn

c e
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Le
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∂ρ21

∂t
¼ ðΔp� iγ21Þρ21þΩceiϕρ23þΩpðρ11�ρ22Þ
�ΩLρ23�ΩLρ24e

� iϕ� iκ32ρ13� iκ24ρ41 ð9Þ
with ρij ¼ ρn

ji ði; j¼ 1;2;3;4; ia jÞ. Actually, these density matrix

equations (1–9) are to be supplemented by the population con-
servation condition, ρ11þρ22þρ33þρ44 ¼ 1. The half Rabi fre-
quencies associated with the field driving the transitions are
defined as Ωk ¼ μijEk=2ℏ i,j¼1,2,3,4, ia j, and k ¼ p,c,L), with Ek

and μij being the corresponding electric field amplitude and the
relative dipole matrix element induced on the transition ji〉2jj〉,

Fig. 1. (a) Schematic band diagram of the SQW structure consisting of a deep well and two shallow wells coupled by tunneling to a common continuum of energies through
a thin barrier. The ground states of two shallow wells and the first excited state of the deep well mix to create three excited states of the system. Related energy level and the
corresponding wave functions are denoted by dashed and solid lines, respectively. (b) Schematic of related energy levels, where electronic wave functions of the ground state
of deep well and three excited states are labeled as j1〉, j2〉, j3〉, and j4〉.
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respectively. ϕ¼ϕc�ϕL is the relative phase between the two
control fields, which only depends on the initial phases ðϕc;ϕLÞ of
the two control fields. Δp ¼ ðε2�ε1Þ=ℏ�ωp, Δc ¼ ðε3�ε1Þ=ℏ�ωc

and ΔL ¼ ðε4�ε1Þ=ℏ�ωL are the detunings of probe field and two
coherent control fields, respectively, and εjðj¼ 1–4Þ is the energy
of state jj〉. The decay rates are included phenomenologically in the
above equations. The total decay rates γijðia jÞ are given by γ21 ¼
ðγ2þγdph21 Þ=2, γ32 ¼ ðγ2þγ3þγdph32 Þ=2, γ31 ¼ ðγ3þγdph31 Þ=2, γ41 ¼ ðγ4þ
γdph41 Þ=2, γ42 ¼ ðγ2þγ4þγdph42 Þ=2, and γ43 ¼ ðγ3þγ4þγdph43 Þ=2, where
the population scattering rates γjðj¼ 2;3;4Þ are primarily due to
the longitudinal optical phonon emission events at low tempera-
ture [43] and the pure dipole dephasing rates γijdph are assumed to
be a combination of quasi-elastic interface roughness scattering or
acoustic phonon scattering [23,29,44]. The population decay rates
can be calculated by solving the effective mass Schrod̈inger
equation. For the temperatures up to 10 K, the dephasing decay
rates γdphij can be estimated according to Refs. [22,45,46]. For our

SQW system considered, they turn out to be γ2¼1.32 meV,
γ3¼1.72 meV, γ4¼2.24 meV, and γdph21 ¼ γdph31 ¼ γdph41 ¼ γdph32 ¼ γdph42 ¼
γdph43 ¼ 1:65 meV. A comprehensive treatment of the decay rates
would involve incorporation of the decay mechanisms into the
Hamiltonian of the system. However, we have adopted the phenom-
enological approach of treating the decay mechanisms just as done in
Ref. [18–44]. A more fully two-dimensional treatment taking into
account these processes has been investigated quite thoroughly by
some authors (for example [47,48]). κij ¼ ðp=2Þ ffiffiffiffiffiffiffiffiffiffiffiffi

γi1γj1
p

denotes a cross

coupling term between the excited states ji〉 and jj〉, due to the Fano-
type interference in the electronic continuum [21]. It is noted that p
represents the strength of Fano-type interference, where the values
p¼0 and p¼1 correspond to no interference and perfect interference,
respectively.

3. Numerical analysis for controlling the group velocity

In this section, we mainly focus on controlling the group velocity
of the weak probe field applied to the transition j1〉2j2〉. The group
velocity is defined by vg ¼ c=ng with ng and c being the group
refractive index and vacuum light speed, respectively. ng is related
to the susceptibility χ21 for the transition j1〉2j2〉 as follows:

ng ¼ 1þ1
2
χ 0
21þ

1
2
ωp

∂χ 0
21

∂ωp
; ð10Þ

where χ 0
21 is the real part of χ21, which is related with ρ21 by

χ21 ¼
2Njμ21j2
ℏε0Ωp

ρ21ðtÞ; ð11Þ

where N is the electron density in the conduction band of quantum
well and ε0 is the vacuum dielectric constant. Our main interest is the
dispersion and the gain-absorption characteristics of the probe field,
from which we can simply demonstrate the possible effects of the
relative phase, the control fields and the Fano-type interference on
the group velocity. When the dispersion curve is very steep and
normal, the group velocity is significantly reduced and the subluminal
exhibits. On the other hand, when the dispersion is anomalous and
steep, the group velocity is increased or even becomes negative and
the superluminal exhibits. In the limit of a weak probe, the dispersion
and gain-absorption coefficients for the probe field are governed by
the real and imaginary parts of the susceptibility χ21pρ21ðtÞ. In the
following, we will directly examine the transient dispersion–absorp-
tion property of the weak probe field by numerically integrating
Eqs. (1–9) with a given initial condition. With the initial conditions
ρ11ð0Þ ¼ 1, ρ22;33;44ð0Þ ¼ 0 and ρijð0Þ ¼ 0 for ia j (i, j ¼ 1, 2, 3, 4), we

solve the time-dependent equations (1–9) by a standard fourth-order
Runge–Kutta method.

First of all, we analyze the effects of intensities of two control
fields on the dispersion and gain-absorption properties of the
probe field in this SQW system. The detuning of the fields, the
strength of Fano-type interference, the relative phase and the
intensity of the probe fields are ΔL ¼Δc ¼ 0, p¼0.9, ϕ¼0 and
Ωp ¼ 0:1 meV, respectively. We plot in Fig. 2 the real and imagin-

ary parts of ρ21 as a function of the detuning Δp for different values

ofΩc andΩL with fixed relative phase (i.e., ϕ¼0). The parameters
are chosen as (a) ΩL ¼Ωc ¼Ω¼ 1:5 meV; (b) ΩL ¼Ωc ¼
Ω¼ 10 meV. As shown in Fig. 2, the susceptibility of the probe
field depends so sensitively on the Rabi energies of the two control
fields that the corresponding profiles are quite different. Specifi-
cally, as shown in Fig. 2(a), a positive steep dispersion can be
observed and is accompanied by a transparency window around
Δp ¼ 0 between two absorption lines. The positive dispersion
curve corresponds to a normal dispersion and leads to a slowing
down of the group velocity. Contrarily, as shown in Fig. 2(b), the
real susceptibility for the probe exhibits anomalous dispersion
accompanied by transparency at Δp ¼ 0 between two closely
spaced gain line, and superluminal behavior occurs. That is, the
group velocity of the probe field can be changed from subluminal
group velocity to superluminal group velocity by varying the
intensities of the control fields. Therefore, the control fields can
be used as a switching to manipulate the group velocity of the
probe field. And this optical switching provides an efficient and
convenient way to achieve slow- and fast-light.

Similarly, the effects of the strength or quality of the Fano-type
interference on the dispersion–absorption responses of the probe
field are illustrated in Fig. 3. The strength of the Fano-type
interference is chosen as (a) p¼0.1; (b) p¼0.8. As can be seen
from Fig. 3, the susceptibility of the probe field also depends
sensitively on the parameter p. For the case p¼0.1, the absorption-
gain curve exhibits two gain peaks with a transparency window at
probing resonance Δp ¼ 0. The dispersion presents steep and
positive slope for the probe filed, which leads to subluminal
propagation of the probe field. However, for the case p¼0.8, the
curves of the Fig. 3(b) exhibit a negative slope accompanied by
negligible absorption around probing resonance, which corre-
sponds to superluminal propagation of the probe field. More
interestingly, the parameters of the electron subbands in SQW
structures can be engineered to give a desired strength of inter-
ference by utilizing the so-called structure coherent control in
design [18]. Thus we may provide a newmethod to manipulate the
group velocity and the gain-absorption of the probe field in solid-
state system.

We should consider the relative phase ϕ between the two
control fields, which is one of the most interesting characters of
this SQW system. We show in Fig. 4(a) and (b) the variations of the
real and imaginary parts of ρ21 versus the probe detuning Δp with
different values of ϕ without including the Fano interference (i.e.,
p¼0). The relative phase between the two control fields is chosen
as 4(a) ϕ¼0; 4(b) ϕ¼π. Both Fig. 4(a) and (b) show that a positive
and steep dispersion with a transparency window at probing
resonance between two gain peaks. The positive dispersion
corresponds to a subluminal propagation of the probe field. From
Fig. 4(a) and (b), one can find that the effect of the relative phase
on the dispersion can be ignored when the effect of Fano inter-
ference is not considered, i.e., in this case, we cannot manipulate
the group velocity of the weak probing pulse from subluminal to
superluminal or vice versa by adjusting the relative phase ϕ.
By including the Fano interference (i.e., p¼0.9), we plot in Fig. 4
(c) and (d) the real and imaginary parts of ρ21 versus the probe
detuning, respectively. As shown in Fig. 4(c), a negative and steep
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Fig. 3. The real (solid line) and imaginary (dotted line) parts of ρ21 as a function of the detuning of the probe field Δp with different strength of the Fano-type interference:

(a) p¼0.1; (b) p¼0.8. The other values of the parameters are chosen as ϕ¼0, ΔL ¼ Δc ¼ 0, γ2 ¼ 1:32 meV, γ3 ¼ 1:72 meV, γ4 ¼ 2:24 meV, γdph21 ¼ γdph31 ¼ γdph41 ¼
γdph32 ¼ γdph42 ¼ γdph43 ¼ 1:65 meV, ΩL ¼Ωc ¼Ω¼ 10 meV and Ωp ¼ 0:1 meV.

−30 −20 −10 0 10 20 30
−8

−6

−4

−2

0

2

4

6
x 10−4

Δ
p
(meV)

ρ 21

Re(ρ
21

)

Im(ρ
21

)

−30 −20 −10 0 10 20 30
−8

−6

−4

−2

0

2

4

6
x 10−4

Δ
p
(meV)

ρ 21

Re(ρ
21

)

Im(ρ
21

)

−30 −20 −10 0 10 20 30
−2

−1.5

−1

−0.5

0

0.5

1
x 10−3

Δ
p
(meV)

ρ 21

Re(ρ
21

)

Im(ρ
21

)

−30 −20 −10 0 10 20 30
−1

−0.5

0

0.5

1

1.5

2
x 10−3

Δ
p
(meV)

ρ 21

Re(ρ
21

)

Im(ρ
21

)

Fig. 4. The real (solid line) and imaginary (dotted line) parts of ρ21 as a function of the detuning of the probe field Δp with different cases: (a) ϕ¼0, p¼0; (b)ϕ¼π, p¼0;

(c) ϕ¼0, p¼0.9; (d) ϕ¼π, p¼0.9. The other values of the parameters are chosen as ΔL ¼ Δc ¼ 0, γ2 ¼ 1:32 meV, γ3 ¼ 1:72 meV, γ4 ¼ 2:24 meV, γdph21 ¼ γdph31 ¼ γdph41 ¼
γdph32 ¼ γdph42 ¼ γdph43 ¼ 1:65 meV, Ωc ¼ΩL ¼Ω¼ 10 meV, and Ωp ¼ 0:1 meV.
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γdph21 ¼ γdph31 ¼ γdph41 ¼ γdph32 ¼ γdph42 ¼ γdph43 ¼ 1:65 meV, p¼0.9 and Ωp ¼ 0:1 meV.
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dispersion is accompanied with transparency at probing resonant
position Δp ¼ 0 between two gain peaks, which presents the
anomalous dispersion. This leads to the superluminal propagation
of the probe field. When the relative phase ϕ is switched into π,
one can find in Fig. 4(d) that the slope of dispersion becomes
positive with transparency at probing resonant position Δp ¼ 0
between two absorption peaks, which presents the anomalous
dispersion. That is, subluminal behavior occurs. In other words,
due to the existence of the Fano interference, we can efficiently
control the behavior of the dispersion and the group velocity of
the weak probe field can be switched from superluminal to
subluminal or vice versa by adjusting the relative phase ϕ
between the two control fields.

For a better insight into the effects of the relative phase of the
two control fields on the group velocity of the probe field, we now
focus on the effects of the relative phase on the group index ng.
The present triple-coupled GaAs/AlGaAs SQW structure has been
studied in several previous works [22,45,46]. The electron sheet
density takes value N¼ 1012 cm�2. The value ensure that the
system is initially in the lowest subband, so that the initial
conditions can be satisfied in our numerical calculations (i.e.,
ρ11ð0Þ ¼ 1, ρ22;33;44ð0Þ ¼ 0). The dipole matrix element can be given
as μ21 ¼ e� 3:4 nm. Fig. 5 plots the curves of the group index ng
versus the relative phase ϕ under the condition of probing
resonance, and it demonstrates that the group index has a strong
dependence on the relative phase of the two control fields when
pa0. In the presence of the Fano-type interference, we can find
from Fig. 5 that the curves of group index oscillate between
positive values and negative values periodically as the relative
phase changes, which implies that the group velocity of the weak
probe field can be switched between subluminal and superluminal
periodically. In addition, Fig. 5 clearly illustrates that oscillating

amplitude of the phase-dependent group index is enhanced as Ω
or p increases. In other words, low Rabi frequencies of the control
fields and strength of the Fano interference induce less phase
modulation of the group index, which can be well explained using
the perturbation theory. Besides, we note that the period of phase
dependence is approximately 2π.

4. The temporal and spatial dynamics of the probe pulse

Up to now, we have discussed how to control the group velocity
of the probe field by adjusting some system parameters in the
present SQW system. As illustrated in Figs. 2–5, the dispersion can
be modulated from positive to negative values or vice versa by
adjusting these parameters. At the same time, we can find that the
absorption of the probe field can be negligible for a certain range
of the probe detuning. Accordingly, the group velocity of the pulse
propagating can be switched between subluminal and super-
luminal with transparency. In order to further study the pulse
propagation in the present SQW system driven by the two
coherent control fields, we now examine the propagating behavior
of the probe pulse with a Gaussian-type envelope.

For a Gaussian pulse with pulse duration τp [11], the Maxwell
wave equation under the slowly varying envelope approximation
along the propagating direction z can be given as [38–40]

∂Ωpðz; tÞ
∂z

þ1
c
∂Ωpðz; tÞ

∂t
¼ iκρ21ðtÞ; ð12Þ

where κ21 ¼NΩpjμ12j2=ð2ε0ℏcÞ. For the convenience of analysis
and numerical calculation, we take Ωpðz; tÞ ¼Ωpgðz; tÞ withΩp the
real constant describing the maximal value of Rabi frequency and
gðz; tÞ a dimensionless spatiotemporal pulse-shape function
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normalized by its peak value. By defining ξ¼z and η¼t�z/c, Eq.
(12) governing the pulsed probe field evolution can be written as

∂gðξ;ηÞ
∂αxi

¼ � i
γ21
Ωp

ρ21ðξ;ηÞ; ð13Þ

where the propagation constant on the left-hand side of the above
equation is given by α¼Nωpjμ21j2=4ℏε0cγ21. In addition, the
equations of motion for the density matrix elements ρijðξ;ηÞ can
be rewritten according to Eqs. (1–9). Now we numerically solve
Eqs. (13) and the density matrix equations with the same initial
condition as in Fig. 4(c) and (d) and the boundary condition that
the pulsed probe field is assumed as a Gaussian-type pulse at the
beginning of the SQW system ξ¼0. In Fig. 6, we show the result of
numerical simulation on the Gaussian wave shape jgðξ;ηÞj2 with
pulse duration τp ¼ 10 meVð�1Þ versus the time η and distance αξ.
It can be found from Fig. 6(a) that the SQW system is transparent
to the resonant probe field which propagates over sufficiently long
distances. The corresponding group velocity of the probe field can
be calculated as vg ¼ c=ng ¼ �5:7� 104 m=s. When keeping all
other parameters fixed but changing the relative phase ϕ from
0 to π, Fig. 6(b) illustrates that the absorption of the probe field
increases slightly as the propagation distance increases. Accord-
ingly, we obtain the group velocity of the probe field vg ¼ c=ng ¼
5:4� 104 m=s. Thus the pulsed probe field with Gaussian-type
envelope can propagate through the present SQW system of
length 16/α with negligible distortion. Besides, the group velocity
of the pulse propagation can be switched from superluminal to
subluminal or vice versa via adjusting the relative phase between
the two control fields. It is worth noting that the pulse distortion
will appear as the propagation distance increases. However, the
distortion-free propagation of the probe pulse can be also realized
when the nonlinear effects of the system are included [38–40].

5. Conclusion

In conclusion, we have investigated the dispersion and the
absorption of a weak probe pulse based on the ISBT in a triple
semiconductor quantum well (SQW) structure driven coherently
by two control laser fields. It is shown that the Fano-type
interference and the Rabi frequencies of the control fields can
modify the optical properties of the SQW structure. As a result, by
properly tuning these parameters of the system, the group index
of the probe pulse can be controlled efficiently and the group
velocity of the light propagation can be switched between sub-
luminal and superluminal. More interestingly, when the strong
Fano-type interference is present, the dispersion and absorption
properties become very sensitive to the relative phase of the two
control fields. By adjusting this relative phase, the dispersion can
be modified from positive to negative or vice versa, which leads to
the propagation status of the pulse changing between subluminal
and superluminal. Our calculations provide a guideline for opti-
mizing and controlling the optical switching of the group velocity
in the SQW solid-state system, which is much more practical than
that in atomic system because of its flexible design and the
controllable interference strength.
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