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By embedding a P7 -symmetric (pseudo-Hermitian) system into a large Hermitian one, we disclose the
relations between P7 -symmetric quantum theory and weak measurement theory. We show that the weak
measurement can give rise to the inner product structure of P7 -symmetric systems, with the preselected

state and its postselected state resident in the dilated conventional system. Typically in quantum information

theory, by projecting out the irrelevant degrees and projecting onto the subspace, even local broken

PT -symmetric Hamiltonian systems can be effectively simulated by this weak measurement paradigm.

DOI: 10.1103/PhysRevLett.123.080404

Introduction.—Generalizing the conventional Hermitian
quantum mechanics, Bender and his colleagues established
the parity-time (P7) symmetric quantum mechanics in 1998
[1]. With the additional degree of freedom from a noncon-
servative Hamiltonian, as well as the existence of exceptional
points between unbroken and broken P7 symmetries,
optical P7 -symmetric devices have been demonstrated with
many useful applications [2-7]. Although calling for more
caution on physical interpretations, especially on the con-
sistency problem of local P7 -symmetric operation and the
no-signaling principle [8], P7 -symmetric quantum mechan-
ics has been stimulating our understanding on many inter-
esting problems such as spectral equivalence [9], quantum
brachistochrone [10] and the Riemann hypothesis [11].

Compared with the Dirac inner product in conventional
quantum mechanics, P7 -symmetric quantum theory can
be well manifested by the #-inner product [12,13]. In the
broken P7 -symmetry case, the #-inner product of a state
with itself can be negative, which makes the broken P7 -
symmetric quantum system a complete departure from
conventional quantum mechanics. While in the unbroken
PT -symmetry case, the n-inner product presents a com-
pletely analogous physical interpretation to the Dirac inner
product, giving rise to many similar properties between
PT -symmetric and conventional quantum mechanics.
Recent works also show that the n-inner product is tightly
related to the properties of superposition and coherence in
conventional quantum mechanics [14].

Despite the original motivation to build a new framework
of quantum theory, researchers are aware of the importance
of simulating P7 -symmetric systems with conventional
quantum mechanics. It will help explore the properties and
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physical meaning of P7 -symmetric quantum systems. On
this issue, one should answer the question in what sense a
quantum system can be viewed as P7 symmetric. One
approach, initialized by Giinther and Samsonov, is to
embed unbroken P7 -symmetric Hamiltonians into higher
dimensional Hermitian Hamiltonians [15-17]. By dilating
the system to a large Hermitian one and projecting out the
ancillary system, this paradigm successfully simulates the
evolution of unbroken P7 -symmetric Hamiltonians. Such
a way, inspired by Naimark dilation and typical ideas in
quantum simulation, endows direct physical meaning of
PT -symmetric quantum systems in the sense of open
systems. However, the simulation of broken P7 -symmetric
systems is still in suspense, due to its essential distinctions
with conventional quantum systems.

In this Letter, we illustrate the simulation for broken P7 -
symmetric systems based on weak measurement [18]. For a
system weakly coupled to the apparatus, the pointer state
will be shifted by the weak value when a weak measure-
ment is performed. The weak value, tightly related to the
nonclassical features of quantum mechanics, such as the
Hardy’s paradox [19], three box paradox [20], and Leggett-
Garg inequalities [21], can take values beyond the expected
values of an observable, and even be a complex number.
The weak measurement theory has provided new ways to
measure geometric phases [22-25] and non-Hermitian
systems [26,27], as well as to amplify signals as a sensitive
estimation of small evolution parameters [28—30]. Our aim
is to propose a concrete scenario in which the quantum
system can be viewed as P7 symmetric by utilizing the
weak measurement. Our result reveals the connections
between P7 symmetry and the weak measurement theory,
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providing the important missing point for the simulation
problem of broken P7 -symmetric quantum systems.

Generalized embedding of PT-symmetric systems.—
Consider n-dimensional discrete quantum systems, on
which operators are denoted by calligraphy letters P, 7,
‘H, while their matrices by capital letters P, T, H. A linear
operator P is said to be a parity operator if P?> = I, where I
denotes the n x n identity matrix. An antilinear operator 7
is said to be a time reversal operator if 7T = [ and
PT = TP, where T (P) stands for the complex conjugation
of T (P). A Hamiltonian H (H) is said to be P7 (PT)
symmetric if HPT = PTH [31]. H is called unbroken PT
symmetric if it is diagonalizable and all of its eigenvalues
are real. Otherwise, H is called broken P7 symmetric.

In quantum mechanics, a Hamiltonian H gives rise to a
unitary evolution of the system. Let ¢; and ¢, be two
states. One can introduce a Hermitian operator # to define
the n-inner product by (¢;[¢,), = (¢:[n]¢,). With respect
to the n-inner product, H presents a unitary evolution if and
only if H'y =nH [12,13,32-34], where H' denotes the
conjugation and transpose of H. Here, # is said to be
the metric operator of H. Moreover, for a generic P7 -
symmetric operator H and its metric operator #, there
always exists some matrix V' such that ¥/'-'HY¥' = J and
Wiy = S, where

J=diag[J,, (A1, 41), T, (Apsdp) oI (A1) oo T (4)],
(1)

= Jo (4
T G ) = ( ké k)Jnk(()ﬂ_k)>’ Ju,(4;) are the Jordan blocks,
Als ..., 4, are complex numbers, and 1,4, ..., 4, are real

numbers,

S = diag(Ss,. - S2 € Sy 1o ooer €0, (2)

n; denote the orders of Jordan blocks in Eq. (1), i.e.,

Ny

1
Sk -
1 kxk

and €; = £1 is uniquely determined by 5 [16,35]. For
convenience, we only consider the situations in which
€; = 1. In this case, S is a permutation matrix and S* = .
Note that S can be equal to [ if and only if A is unbroken
PT symmetric [16]. Henceforth we always assume S =/
in the unbroken case. The following theorem gives an
important property of P7 -symmetric Hamiltonians.
Theorem 1.—Let H be an n x n P7 -symmetric matrix
and 7 be the metric matrix of H. Let J and S be matrices in
Egs. (1) and (2). Then, there exist n x n invertible matrices
¥, =, ¥, and a 2n x 2n Hermitian matrix A such that for

¥ = (¥) and @ = (¥), the following equations hold,

=

OP=5  OHY=S3J. (3)

Proof—As was discussed, there exist a matrix ¥’
such that ¥~'HY = J and ¥''y¥ = S [16,35]. Since
WY > (), there always exists a positive number ¢ such
that 2™ > 1. Set ¥ =c¥. Since YW >1>S§,
YWY — S is invertible.

Let E be an n xn invertible matrix. Taking X =
(E)1(S— W), n=(P)ISY, H,=qH, H,=
(PH~'(2)" and Hy = —H}WYE"' — (ZH)~'W H,, one can
directly verify that

i (H ? H, )
H, H,
is Hermitian and Eq. (3) holds. [
Theorem 1 actually gives out the inner product structure
of H in a subspace. Note that the matrix ¥ in Theorem 1
can be written as ¥ = (|y,), ..., |w,)), where the column

vectors {|y;)} form a linear basis of C". Similarly, E =
(&), 1¢,)) and £ = (loy), ... GHZ). Correspondingly
we have W = ([jr1).....[0,)) and @ = (|¢1).....|¢.)),
where |i;) = ('"’5’;) and |¢,) = (‘l‘gf) Moreover, ®S =
(). o [1)) = (Do) o [ where S is the per-
mutation matrix in Theorem 1, and s is the permutation
induced by S. Similarly, we can write WS = (|p), ..., [#,)),
where |u;) = |yy;)). From the definition of |f;), we
have (;[ip;) = (S®"P); and (g,|H|j;) = (SO'HY),;.
According to Eq. (3), we have

’

<ﬂi|ll7j> = 51‘,.,‘, <ﬂi|1:1|ll7j> =Jij (4)
where J; ; is the (i, j)th entry of J.

On the other hand, note that the metric matrix # of H is
(P7)~'S¥-!. Thus we have the following relations between
the Dirac and x-inner products:

<ﬁi|‘i’j> = </"i|l//j>117 (5)
(@ Hlry) = (il Hlw ), (6)

where (u;|Hly;), = (u;lnH|y;). The results show that
there exist two different bases with the same projections
onto the subspace of the P7-symmetric system, with
respect to the z-inner product. When confined to the
subspace, the Hermitian Hamiltonian A in large space
has the same effect as a P7 -symmetric Hamiltonian H, in
the sense of this #-inner product.

Simulation of PT -symmetric Hamiltonian systems.—To
infer a quantum system is P7 symmetric, it is sufficient to
identify the Hamiltonian and its inner product structure. In
the weak measurement formalism, one starts by preselect-
ing an initial state |@;). The target system is coupled to the
measurement apparatus, which is in a pointer state |P).

Usually, |P) = (27A2)75 exp(—0?/4A%), a Gaussian state
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with A its standard deviation. Let A be an observable
of the system and M be that of the apparatus, conjugate
to Q [18]. The interaction Hamiltonian between the
system and apparatus is H;, = f(1)A @ M, with
interaction strength g = [ f(¢)dr. The state evolves as
lp;) ® |P) — e 94®M|p) @ |P). Now if the system
satisfies the weak condition that g/A is sufficiently
small, then for a postselected state |¢,) that (¢/|¢p;) # 0,

one has  (gs|e”"®M|g;)|P) % (plep;)e 9 WM |P) =

<(pf‘(pi>(27z'A2)_rll exp[_(Q - g<A>W)2/4A2]’ where <A>w =
({pr|Al@:) /{@fl@;)) is called the weak value. That is, the
state is shifted by g(A),. Thus the weak value (A),, can be
read out experimentally, as a generalization of the eigen-
values in Von Neumann measurement [36].

From Eq. (4), we have 1 =J;; = (i;|Hp,) =
((ii;| H ;) / (ji;|7;)). Therefore, the eigenvalues of H can
be obtained via a weak measurement, by preselecting the
vector [7;) and postselecting the vector |f;). This obser-
vation implies that one can use weak measurement to
simulate the measurements on a 7 -symmetric system.

In conventional quantum mechanics, the expectation
value of a Hermitian Hamiltonian Hy = ) ; 4;|u;) (u;| with
respect to a state |wo) = >_;d;|u;) is given by the inner
product (wo|Holwo). For a PT-symmetric Hamiltonian
system with the metric matrix #, the expectation value of a
Hamiltonian H with respect to a state |u) = >, a;|y;) is
instead given by (u|H|u), Given two vectors |v) =
>7ibilu;) and |w) =7, ¢;ly;) of the PT-symmetric sys-
tem. Let |9) = >, b;|ji;) (unnormalized for convenience)
and |[Ww) = Y, ¢;|;) be two vectors in the extended system.
It follows from Eq. (6) that (v|H|w), = (B|H|W). Assume
that |u) satisfies the condition (u|u), = +1. Now take two
states [it) = > _; ayplii;) and |ity) =37 a;|y;), whose
projections to the P7-symmetric subspace are both |u).
Then we have

(iy]itp)

(uH u),

(uu),

Therefore, confined to the P7 -symmetric subspace, a weak
measurement can completely describe the expectations
of H.

In conventional quantum mechanics, when an eigenvalue
is detected, the measured state collapses to the correspond-
ing eigenstate. However, the problem in a P7 -symmetric
system is subtle. According to Eq. (5), (y;|y;), # O only if
i = s(i). This observation makes it reasonable to assume
that for any vector [u) = ), a;|y;) satisfying (ulu), # 0, if
a; #0, then ay; # 0. That is, if <u|u),7 # 0, its vector
components of [y;) and |y(;)) take zero or nonzero values
simultaneously, while the eigenvalues associated with y;
and y ;) are either equal or complex conjugations. In this
case, one can generalize the detection of an eigenvalue of 4;

in conventional quantum mechanics to the following. For
lu) =", a;ly;), if the value of

aiaspnAi + aiagiyk;

a;ag () + a;dg(;)
is detected [37], the state |u) will collapse to

a;ly) + aplw)

- T
la;dqy + az a2

Apparently, when i = s(i), the state |u) will collapse to
lw;), similar to the case of conventional quantum mechan-
ics. Note that i = s(i) only if the system is unbroken P7
symmetric, for which it is analogous to conventional
quantum mechanics and such an analogy in state collapse
is not unexpected.

By pre- and postselecting the states, we see that the
weak measurements can successfully simulate an arbitrary
n-inner product. Furthermore, when confined to the sub-
space, the measurement results actually extract the same
information as a P7 -symmetric Hamiltonian system. Such
information helps us eventually infer that the subsystem is
PT symmetric.

Discussions and conclusion.—We further discuss the
mechanism and physical implications related to the weak
measurement paradigm, by comparing it with the embed-
ding paradigm [15,16]. The essence of the embedding
paradigm is to realize the evolution of a P7 -symmetric
Hamiltonian, by evolving the state under the Hermitian
Hamiltonian in the large space and then projecting it to the
subspace. The key to this paradigm can be mathematically
described as follows [16]: For a given n x n unbroken P7 -
symmetric Hamiltonian H, find a 2n x 2n Hermitian matrix
H, n x n invertible matrices ¥, = so that ¥7¥ = I and the
following equations,

e~ — Yot/ e—itH\p — =it (8)
hold, where ¥ = (¥). The equations are actually equivalent
to the following conditions [38]:

Yy =, HY =W, HY =%J. (9)
Equation (8) ensures that the unitary evolution U(t) gives
the evolution U(z) of a P7 -symmetric Hamiltonian H in a
subspace. In this sense, the embedding paradigm gives a
natural way of simulation. Nevertheless, in the broken P7 -
symmetric case, the solutions do not exist [16]. In fact,
Eq. (3) is mathematically a generalization of Eq. (9) [39].
Like the case of the embedding paradigm, it is natural to
further require that e~ "H¥ = Se=i/ 5o that e~ gives
the same effect as e~ in the subspace. However, such a
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requirement cannot be satisfied for broken P7 symmetry,
which is obvious from the unboundedness of Se~.

However, consider sufficiently small time ¢ € [0, ¢]. We
have |ii(t)) = e~ |it) ~ (I — itH)|it). On the other hand,
lu(t)) = e ™ |u) ~ (I — itH)|u). Now Egs. (5) and (6)
ensure that when confined to the subspace, |i(¢)) is
equivalent to |u(7)) in the sense of n-inner product [40].
This observation implies that 7P7-symmetric quantum
systems can be well approximated in a sufficiently small
time evolution, by choosing two different sets of bases
{|¢:)} and {|i7;)} with the same components in the sub-
space, which can be realized by weak measurement. Here
instead of the small time interval, the weak condition that
g/A is sufficiently small ensures the approximation. The
weak measurement paradigm can be viewed as a generali-
zation of the embedding paradigm, due to the fact that Eq. (9)
is a special case of Eq. (3) in the P7 -symmetric unbroken
case. Hence, the Hamiltonian A in the embedding paradigm
can also be utilized in the weak measurement approach,
although the embedding paradigm itself does not work.
Comparing our approach with that in Ref. [26], where one
obtains the expected value of a Hamiltonian in the Dirac
inner product by using the polar decomposition, our method
lays emphasis on the properties of a 7P7-symmetric
Hamiltonian with respect to the #-inner product.

In summary, we have proposed a weak measurement
paradigm to investigate the behaviors of broken P7T -
symmetric Hamiltonian systems. By embedding the P7 -
symmetric system into a large Hermitian system and
utilizing weak measurements, we have shown how a P7 -
symmetric Hamiltonian can be simulated. Our paradigm
may shine new light on the study of P7 -symmetric quantum
mechanics and its physical implications and applications.
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