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A. Classical picture for the polarization response
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FIG. 1: Spring as the polarization response.
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Consider the bound electron cloud, which is displaced by Az when the electric field incidents. The corresponding
atomic dipole is

p = qAu. (1)

For many atomic dipoles in a medium, one can sum up to a larger dipole, denoted by P, as the dipole moment per
volume,

P = Np, (2)

where N is the atomic number density.



I. LORENTZ MODEL

Consider the polarization response of the bound electron cloud as a spring, then, we can introduce a damped
harmonic oscillator,

d?z dzx q
@‘FJE +wg$:EE(t) (3)

For the harmonic wave, E(t) = Fpexp(—iwt) and z(t) = zgexp(—iwt), we have

() p—— 1) (4)
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The corresponding atomic polarization is
P(t) = NqAxz(t) = eoxE(t), ()
where x is a complex number with the form
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By redefining
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which can be written as y = x’ +ix”, with the corresponding real and imaginary parts:
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It is known that the spectrum for the imaginary part has a Lorentzian profile.
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FIG. 2: Spectra for the real and imaginary parts of the polarization.



II. MINIMAL-COUPLING HAMILTONIAN

An electron of charge ¢ and mass m interacting with an external EM field is described by the minimal-coupling
Hamiltonian,

- 1
H= %[p —eA(r,t)]> + eU(r, ), (10)
where p = —ihV is the canonical momentum operator, A(r,t) and U(r,t) are the vector and scalar potentials of the

external field, respectively. The electron is described by the wave function W(r,t); while the field is described by the
vector and scalar potentials A and U. In this way, the photon has been derived from the Schréodinger equation plus the
local gauge invariance arguments. The gauge field theory leads to the unification of the weak and the electromagnetic
interactions,

It should be noted that A(r,t) and U(r,t) are gauge-dependent potentials; while the gauge-independent quantities
are the electric and magnetic fields:

E=-VU-— 11
vU- S, (11)

B = VA. (12)

A. Dipole approximation and r - E Hamiltonian

If the entire atom is immersed in a plane EM wave,
A(rg +rt) = A(t)explik - (ro + r)] = A(t)exp(ik - ro), (13)

where r( is the location of the electron. In this way, the dipole approximation, A(r,t) ~ A(rg,t), and the minimal-
coupling Hamiltonian becomes,

H = 5 {p— cAlro, O +€U(r,1) + V(1) (14)

where V(r) is the atomic binding potential.
With the radiation gauge, we have

U(r,t) =0, and V-A(rt)=0. (15)

In this scenario, the minimal-coupling Hamiltonian becomes,

ISI:%+V(T)+GF'W. (16)
In terms of the gauge-independent field E, the Hamiltonian for ¥(r,t) is
H = P +V(r)—er-E(ro,t), (17)
am
= Ho+ H;. (18)

Here, the Hamiltonian H, corresponds to the system without interaction; while the Hamiltonian H, corresponds to
the system under interaction:

2

Hy = ;’—m +V (), (19)
Hy = —er-E(ro,1). (20)

This Hamiltonian is our starting point for the atom-field interaction.



III. INTERACTION OF A SINGLE TWO-LEVEL ATOM WITH A SINGLE-MODE FIELD

Consider the interaction of a single-mode radiation field of frequency v, and a two-level atom with upper and lower
level states |a) and |b), the unperturbed part of the Hamiltonian Hy has the eigenvalues fiw, and hwy, for the atom.
The wave function of a two-level atom can be written in the form,

(Wt) = Calt)|a) + Co(t)|D), (21)

with the corresponding Schrédinger equation

iha%@ = (Hy + H)) (1), (22)
t
where
Hy = a){al + [b)(b]) Hola){al + [b)(b]) = hwala){al + hus|b) (b], (23)
Hy = —er-E(t) = —e(|a)(al + [b) (b])r(|a)(a| + [b) () E, (24)
= —[Pas|a) (0] + Pya|b) (al|E(2), (25)

with p,, = p;, = e(a|r|b).

A. Semi-classical approach

Consider a classical single-mode field,
E(t) = Ey cosvt, (26)

the corresponding equation of motion for the probability amplitude are

%Ca = —iwaCy + Qg cos(vt)e P Cy, (27)
d .
aC’b = —iwCy + Qg cos(vt)e T, (28)

where Qg is the Rabi frequency which is proportional to the amplitude of the classical field, and ¢ is the
phase of the dipole matrix element p,, = |p,plexp(i¢).
Define the slowly varying amplitudes,

— [Py Eo
h

Co = Cpe™et  and ¢, = Cpe™?, (29)
then we have
d QO o . Q o
3l = iTRe_m[e’(“‘”)t + et o & iTRfm@l(w_”)th, (30)
d Qr .. . Qp .. .
&Cb - i;ez(ﬁ[eil(wiu)t + 671(m+u>t]ca ~ iTREZ(beil(in)tCaa (31)

where w = w, — wp is the atomic transition frequency. Here, we also apply the rotating-wave approximation by
neglecting terms with exp[+i(w + v)t].

B. Rabi oscillation

The solutions for the coupled probability amplitude are

co(t) = {[cos(%) - z% Sin(%)]ca(O) + i% sin(%)eii‘ﬁcb(O)}emt/Q, (32)
op(t) = {[COS(%) + Z% sin(%)]cb(O) + i% sin(%)ei‘z’cb(O)}e_mt/Q, (33)



where
A = w—v, frequency detuning, (34)
Q = /0% + A2 (35)
It is easy to verify that
lea(t)]? + len(t)]* = 1. (36)

Moreover, assume that the atom is initially in the excited state |a), i.e ¢,(0) = 1 and ¢,(0) = 0, then the population
inversion is

2 _OR
W) = lea(D)? — len(D)? = 2o sin? (1) + cos?(S1). (37)

The population oscillates with the frequency Q = /Q% + A2. When the atom is at resonance with the incident field
A =0, we get Q = Qpg, and

W (t) = cos(Qgt), (38)

which gives the inversion oscillates between —1 and +1 at a frequency Qp.
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FIG. 3: Rabi oscillation for (Left) 2z = 1.0, A = 0.0; and (Right) Qr = 3.0, A = 0.0.

1 LI \VaVa VAV VA VAV VA Ve VaVaVaVe VaVa Vel
0.75 0.75
0.5 0.5
0.25 0.25

2.5 5 7.5 10 12.5 15 17.5 20 2.5 5 7.5 10 12.5 15 17.5 20
-0.25 -0.25
-0.5 -0.5
-0.75 -0.75
-1 -1

FIG. 4: Rabi oscillation for (Left) 2z = 1.0, A = 1.0; and (Right) Qr = 3.0, A = 5.0.

C. Interaction picture

Consider a system described by |¥(t)) evolving under the action of a Hamiltonian H(t) decomposable as,
H(t) = Hy + Hy(t),
where Hy is time-independent. If we define

|1 (t)) = exp(iHot/h)| (1)), (39)



then |U;(t)) evolves accords to

L d -
ih= 191 (1)) = Hi () ¥r(t),
where
Hi(t) = exp(iHot/h)H, (t)exp(—iHot /h).

The evolution is in the interaction picture generated by H,.

D. Dipole interaction with the interaction picture

For the dipolar interaction Hamiltonian,

Hy = hwala)(al + fiws|b) (0],

Hi = —[pyyla)(b] + py|b) (al]E(t) = —hQg[e™|a) (b] + ¢*|b){al] cos vt,

where p,, = p;, = e{alr|b) and Qg = @, the corresponding interaction picture Hamiltonian is

Hy(t) = expliHot/h)H: (t)exp(—iHot /),

h . , . ,
= —5Qgle?[a)(ble’ " + e[b){ale”
+ e—i¢‘a> <b|ei(w+u)t + ei¢|b> <a|e—i(w+u)t].
Furthermore, in the rotating-wave approximation, we have
h —i¢ i(w—r)t ip —i(w—v)t
Hi(t) = —593[6 |a)(ble + €e'?|b)(ale ]
On resonance w — v = 0, this interaction Hamiltonian becomes
h —i¢ i
Hi(t) = —5Qrle™"|a)(b] + e*[b) al].

The time-evolution operator in the interaction picture U; (t) is

01t) = Texpl— [ drthi(r)

to

If the atom is initially in the excited state |¥ (¢ = 0)) = |a), then

[U(1)) = Ur(t)la),

_ cos(%)m +isin(%)ei¢\b).

cos(PL) (a) a] + D) (6) + i sin( L) (1) (0] + ¢ ) a).



IV. DENSITY OPERATOR

For the quantum mechanical description, if we know that the system is in state |¢), then an operator O has the
expectation value,

(O)qm = (¥|O[). (53)

But, typically, we do not know that we are in state [¢)), then an ensemble average must be performed,

<<O>qm>6nsemble = Z Pd’ <¢|O|¢>v (54)
P

where the Py is the probability of being in the state |1)) and we introduce a density operator,

p="> Pult)(l. (55)
P

The expectation value of any operator O is given by,
<O>q111 = Tr[[)OA]v (56)

where T'r stands for trace.

A. Equation of motion for the density matrix
In the Schrodiner picture,
T |0) = H|D) (57)
1h— =
ot ’
then we have

thop=Hp—pH =[H, pl, (58)

which is called the Liouville or Von Neumann equation of motion for the density matrix. Using density operator

instead of a specific state vector can give statistical as well as quantum mechanical information.
Here, note the Heisenberg equation is, ih-3 A(t) = [A, H(t)].

B. Decay processes in the density matrix

The excited atomic levels can also decay due to spontaneous emission or collisions and other phenomena. In this
case, the decay rates can be incorporated by a relaxation matrix I,

(n|Llm) = Ynbnm. (59)

Then the density matrix equation of motion becomes,

0 T A 1
o= ——[H, P - =T, p
5P = 7 H Al = 5{T, o}, (60)
where {T', p} =T'p+ pI'. And the ijth matrix element is,
0 1 1
5P =5 > (Hixpij — pixHug) - B > (Civprj + pirLiy). (61)
k k

As an example, consider a two-level atom with upper and lower level states |a) and |b),

[W(t)) = Calt)|a) + Co(t)[b). (62)



The corresponding density matrix operator is

po= [0)(¥] = |Cal’la)(al + CaCyla)(b] + CoCy b} al + |Cu[*[b)(b], (63)
Paala)(al + papla)(bl + pvalb)(al + pob|b) (D] (64)

Here, the diagonal elements, p,, and py,, are the probabilities in the upper and lower states; while the off-diagonal
elements, p,, and pp,, are the atomic polarizations. From the equation of motion for the two-level atom

0 1.~ 1
L= L, 5 - {0, p
pri h[ Al = 5T A
we have
0 1
apaa = ﬁ[pabEPba *C-C} — YaPaas (65)
0 1
P = *ﬁ[pabEPba — c.c| — Vbbb, (66)
0 7 . ot
giPw =~ pParB(pon — pw) — (i + TS ) puy. (67)

The physical interpretation of the elements of the density matrix allows us to include terms associated wither
certain processes. For example, one can have elastic collision between atoms in a gas, during an atom-atom collision
the energy levels experience random Stark shifts,

0 . .
P = —[iw + i6w(t) + Yav]pab, (68)
after integration,
t
Pab = exp[—(iw + Yap)t — Z/ dt'sw(t")] pas(0).- (69)
0

For a zero-mean random process, we have (dw(t)) = 0, but the variations in dw(t) are usually rapid compared to other
changes which occur in times like 7y,

(B (t)ow(t)) = 2ypnd(t — ). (70)

Assume that dw(t) is described by a Gaussian random process, then

t
(expl—i / a¥'56s(t'))) = expl—vpnt], (71)
0
which gives for the average of pgp,

Pab = exp[—(iw + Yab + Ypn)t]par(0). (72)
For the process of atom-atom collisions,

0 . 7
5 Pab = —[iw 4+ Y]pab + ﬁpabE(paa — Pbb)s (73)

where v = 745 + Ypn is the new decay rate.



C. Maxwell-Schrédinger equations

The equations for the two-level atomic medium coupled to the field E are

0 i

apaa = ﬁ[pabEPba - C-C} — YaPaas (74)
0 )

P = *ﬁ[PabEPba — c.c| = YoPbbs (75)
0 1 . Ya + Vb

A Pab — — L E aa — - —a JPab-

5 Pab 5 PapE(Paa = pov) — (w + ———)pab (76)

The condition of self-consistency requires that the equation of motion for the field E is driven by the atomic population
matrix elements. Remember that the field is described by the Maxwell’s equation,

OB
D= E——
\Y 0, Vx o (77)
D
V-B=0, VxH=J1+ 2 (78)

ot
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V. JAYNES-CUMMINGS HAMILTONIAN

In the dipole approximation, the semi-classical Hamiltonian is

Hy = hwela){al + huws|b) (b], (79)
Hy = —(papla)(b] + Pyala) (b)) E(2). (80)

By including the quantized field,
H:HA—F[:IF—EI"E, (81)

. At a 1 . . .
= Z hw;64; + Z huk(a;rfak + 5) - Z P;;6i4 Z Ey(ay + a;fg), (82)
i k i, k
. s 1 A ra .
= hw;6i + Z hwg (@l ag, + 5) + hz ngjaij (ay, +a}), (83)
k i ok
where
i P, - E

g = — jh k (84)

is the coupling constant.
For a two-level atom, P,, = Pp,, we have g = g,‘jb = g,l;“, then

N 1
H = hwaGaa + hwsow, + Y hi(afax + hig)+ B gk(6ab + Gba) (an + df). (85)
k k

By defining new operators,

G. = Gaa — Obp = |a><a| - |b><b|7 (86)
G = Gap = [a) (0], (87)
G- = 6pa = |b){al, (88)
and the new energy level
. . 1. . 1
hwa0ga + hopopy = ihwgz + i(wa =+ wb), (89)

where w = w, — wp, the Hamiltonian for a two-level atom interaction with quantized fields becomes

)+ h> ge(64 +6-)(ax +af), (90)
k

DN =

ﬁ:

1, At
5%02 + ; hl/k(alak +

where the atomic operators satisfy the spin-1/2 algebra of the Pauli matrices, i.e.,

[6-,64]=—6,, and [6_,6.]=26_. (91)
In the rotating-wave approrimation, we drop terms aio_ and d26+, then we have Jaynes-Cummings Hamiltonian

P T ot 1 N ot
H = oo + %:hyk(a;ak +35)+ h%:gk(a+ak +afoo), (92)

A. Interaction of a single two-level atom with a single-mode field

The interaction Hamiltonian for the Jaynes-Cummings model is,

V = expliHyt/h|Hyexp|—iHot/h), (93)
= hg(6,ae'™ +ale_e A, (94)
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where A = w — v. Based this , the the equation of motion for the state |¥ is

ih%|\1/> = V), (95)
where the state | ) is the superposition of

(1)) =D lean(t)la,n) + bau(t)|b,n)): (96)
It can be seen that only transitions between the states |a,n) and |b,n + 1) allowed, for which the dynamics follows
%ca,n = —igvn+1e®cy 1, (97)
%Cb,nﬂ = —igVn + le B, . (98)

Here, we give a comparison with respect to the semi-classical equations,
%ca = i%eii%i(“*”)tcb, (99)
%cb = i%ei‘be*i(w*”)tca. (100)

For the initially excited state, ¢, (0) = ¢,(0) and ¢y n+1(0) = 0, and here ¢, (0) is the probability amplitude for
the field along, the solutions are

Q. iA . Qut
Can(t) = cn(0)[cos(1l) — L2 gin(2nly]eiat/2, (101)
: 2 Q, 2
2igyn+1 . Qpt,
Chmir(t) = —cn(O)gT sin(—5-)e 472, (102)
Here, the Rabi frequency is
Q, =A% +4¢%(n+1), (103)

which is proportional to the photon number of the field. Moreover, the probability p(n) that there are n photons in
the field at time ¢ is,

p(n) = lean(t)]® +leon (), (104)
= lenOPleos? (1) 4 (5P s B + s O st (105)
B. Revival and Collapse of the population inversion
Take n photons in the field at time ¢ = 0 with a coherent state as an example, that is
len(0)]* = %ﬂ (106)
The corresponding population inversion is,
W(O) = 3 leun®F ~ lannF = 3 len P + 0D s 1), (107)
n 0 n n

Each term in the summation represents Rabi oscillation for a definite value of n. At the initial time ¢t = 0, the
atom is prepared in a definite state and therefore all the terms in the summation are correlated. As times increases,
the Rabi oscillations associated with different frequent excitations have different frequencies and there fore become
uncorrelated, leading to a collapse of inversion. As time is further increased, the correlation is restored and revival
occurs.

In the semi-classical theory, the population inversion evolves with sinusoidal Rabi oscillations, and collapses to zero
when on resonance. For the quantized fields, the collapse and revival of inversion is repeated with increasing time,
but the amplitude of Rabi oscillations decreasing and the time duration in which revival takes place increasing,
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FIG. 5: Time evolution for a coherent state interacting under the Janey-Cummings Hamiltonian, with the parameters: A =0
and (n) = 25. Here, the time are choose as gt = 0, gt = 3.0, gt = 10, and gt = 100, from Left to Right (Up to Down),
respectively.
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FIG. 6: Temporal dynamics fo the population inversion, W (¢), with the parameters A = 0 and (n) = 25.

C. Vacuum Rabi Oscillation

The revivals occur only because of the quantized photon distribution. However, for a continuous photon distribution,
like a classical random field, there is only a collapse but no revivals. A comparison between the Fourier transform and

Discrete Fourier transform can be illustrated. Nevertheless, even for initial vacuum field, |¢, (0)|> = 6,0, the inversion
is
1 2 2
W(t) = m[A + 4g° cos(v/ A2 + 4¢2t)]. (108)

That means the Rabi oscillation takes place due to the vacuum state. The transition from the upper level to the lower
level in the vacuum becomes possible due to spontaneous emission.
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VI. COLLECTIVE ANGULAR MOMENTUM OPERATORS

For a two-level atom, one can use Pauli spin operator to describe,

1
§=—-ho

il (109)

where
6. = la){a| = [0){p, 64 =1a)(b|, - =[b){al,
6z = |a){(b| + |b)(al, and &y, = —i(|a){(b] — |b)(al).

Now, for an assembly of N two-level atoms, the corresponding Hilbert space is spanned by the set of 2V product
states,

N
1) = [T 1wn). (110)
n=1
Then, we can define the collective angular momentum operators,
.1
Ju = 50,1”, (n=219,2). (111)

A. Analogs between J and a, af

The analogies between the free-field quantization, @ and a', and the free atom quantization are,

(e, Jy) = id. « [4,p] = ik, (112)
. R A 1
Jo=J,—iJ, & a= wq + tp), 113
Yy \/%( q p) ( )
R A A 1
=J,+iJ, < @' = wg — ip), 114
+ Y \/%( q p) ( )
o 1 -~ -~ 4~ 2
Jo= (T T 0y o = ala. (115)
The related commutation relations are,
[J_,Ji ) =—-2J. & [a,a]=1, (116)
[J_,J.]=J_ & [a,n] =a, (117)
[Jp,J.)=—Jy « [af,n] = —al. (118)
When all the atoms are in the ground state, the eigenvalue of J.is —J = f%, and the commutation relation is

reduced to a bosonlike one, [J_, J;] = N < [a,a'] = 1.

B. Angular momentum eigenstates (Dicke states)

The Dicke states are defined as the simultaneous eigenstates of the Hermitian operators J. and J 2 ie.
J.|M,J) = M|M,J), and ,J*M,J)=J(J+1)|M,.J), (119)
where (M = —-J,-J+1,...,J—1,J) and

J M, Ty = J(J+1) = M(M+1)|M+1,J) « afjn) =vn+1n+1), (120)
J_|M,J)=/J(J+1) = M(M —1)|M —1,J) < aln) =+/njn—1), (121)
J_|=J,J)y=0 « alo) =0, (122)

—1/2
M= (L) =R e = (123)
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The Dicke states is the counterpart of the Fock state, the state |M,.J) denotes an atomic ensemble where exactly
J + M atoms are in the excited state out of N = 2.J atoms. The Dicke states | — J, J) corresponds to the case in
which all the atoms are in the ground state, J = N/2; while the Dicke states | — J 4+ 1, J) corresponds to the case in
which only one atom is in the excited state; and the Dicke states |J, J) corresponds to the case in which all the atom
are in the excited state.

C. Interaction between N two-level atoms and a single-mode field
The total Hamiltonian for N two-level atoms with a single-mode field is,

o 1 o
fiwJ, + hv(a'a + 3) + hl ca+algo). (124)

H=

DN | =
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VII. SPONTANEOUS EMISSION OF A TWO-LEVEL ATOM

The interaction Hamiltonian, in the rotating-wave approximation, for a two-level atom is,

V=h> (gr(ro) opane’ " 4 g (ro)afo_e "7t (125)
k

where gr(ro) = grexp(—ik - r9) is the spatial dependent coupling coefficient. Assume at ¢ = 0 the atom is in the
excited state |a) and the field modes are in the vacuum state |0),

U () = ca(t)]a,0) + > coilb, i), (126)

k

with ¢,(0) = 1 and ¢ 4(0) = 0. In the interaction picture, |¥(t)) = —1|W(t)), we have

—i > gi(ro)e @ ey (1), (127)
k

¢q(t)

a(t) = —igr(ro)e @ icy(t). (128)

A. Weisskopf-Wigner theory of spontaneous emission
The exact solutions are
t
cp(t) = —igk(ro)/ dt'e= @)t e (1), (129)
0

t
=3 lgnro)? / A=) (). (130)
k

¢q(t)

Now, we assume that the filed modes are closely spaced in frequency,

Z —>2 /27r d¢/ d@bln@/ dkk?, (131)

where V' is the quantization volume. Then the coupling coefficient becomes,

P-Ek|2_ Vi 2

2 _
lgr(ro)|* = | = = 2heOVP b COS 29, (132)

where 6 is the angle between the atomic dipole moment P, and the electric field polarization vector ég, i.e. Ek (r,t) =
ék(f”";)l/Q[ak =+ ak]
Under this assumption, the equation for ¢, (t) becomes

4P2,
fa(t) = - —a d dt/ 3 1(w vi) (t—t") " ' 133
¢a(t) (2@267160@3/ ”’“/ ca(t'), (133)

where we have use k = v /c.
For most of the optical problems, vy varies little around the atomic transition frequency w. Then, we can safely
replace I/k by w3 and the lower limit in the v, integration by —oco, that is

. 4P2w 1 i) (t—t')
ca(t) = 271' 26h€003 de dt ( )’ (134)
4P2,w
- ‘W/ at'2m8(t — )ca(t), 155
_ —gca(t), (136)

4P2, w3

where I' = o hey®

is the decay rate of the excited state.



