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From Scratch !! 
 

• How much do you known about Quantum SHO ?
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• ☐Quantum Simple Harmonic Oscillator, qSHO
• ☐Hamiltonian
• ☐Number operator
• ☐Energy Quantization (equally spacing in energy)
• ☐Vacuum state with zero-point energy
• ☐Schrodinger picture
• ☐Heisenberg picture
•More on qSHO
• ☐Quantum SHO in phase space
• ☐Parity-Time symmetric SHO

 

Note: Quantum SHO
 

*http://mx.nthu.edu.tw/~rklee

download

mailto:rklee@ee.nthu.edu.tw
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Simple Harmonic Oscillator, SHO
 

• Newton’s law
• Hooke’s law
• Linear force (parabolic potential)
• Hamiltonian (energy) is constant (conserved).
• Equally distributions in KE and PE
• Sinusoidal motion
• Periodic orbit (trajectory) in phase space
• Response bandwidth
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Simple Harmonic Oscillator, SHO
 

SHO EM waves Quantum
particle (transverse) mode wave-particle

Newton’s law Maxwell’s eqs
Schrodinger/Heisenberg eq. 

Quantum Liouville eq. 
Dirac eq.

sinusoidal sol. plane wave sol. harmonic waves

KE+PE Poynting energy Hamiltonian energy

Kinetic Energy Diffraction/Dispersion free-particle expansion

Potential Energy refractive index change 
(GRIN lens) Potential Energy

Trajectory Phasor Probability distribution 
(Husimi function)

x, p 
canonical coordinates quadrature

<latexit sha1_base64="zN7VN1tg/V8KvooNe6luc0PuC18=">AAAB/nicbZDNSsNAFIVv6l+tf1Fx5WawFVxISbpQl0U3LitYW0hDmUwn7dDJJMxMhBICvoobF4q49Tnc+TYmaRbaemDg49x7uXeOF3GmtGV9G5WV1bX1jepmbWt7Z3fP3D94UGEsCe2SkIey72FFORO0q5nmtB9JigOP0543vcnrvUcqFQvFvZ5F1A3wWDCfEawza2geNZzBBOukn56jAjqp26gNzbrVtAqhZbBLqEOpztD8GoxCEgdUaMKxUo5tRdpNsNSMcJrWBrGiESZTPKZOhgIHVLlJcX6KTjNnhPxQZk9oVLi/JxIcKDULvKwzwHqiFmu5+V/NibV/5SZMRLGmgswX+TFHOkR5FmjEJCWazzLARLLsVkQmWGKis8TyEOzFLy/DQ6tpXzStu1a9fV3GUYVjOIEzsOES2nALHegCgQSe4RXejCfjxXg3PuatFaOcOYQ/Mj5/AKRClKA=</latexit>

[X̂, P̂ ]
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What is Quantum !? 

Quantum	
Mechanics Non-Classicality

Entanglement	
(EPR-pair)

Bell’s	inequality	
Non-locality

Energy	
Quanta

Wavefunction	
Collapse	

(decoherence)

Schrödinger’s	Cat	
Realism

Steering



7

Quantum Simple Harmonic Oscillator (SHO)

<latexit sha1_base64="NUH2uhhO/zhnNBDwuoB1wtMA6L0="></latexit>

N̂ |ni = n|ni, (1)

â|ni =
p
n|n� 1i, (2)

â†|ni =
p
n+ 1|n+ 1i, (3)

En = ~!(n+
1

2
). (4)• Energy quantization

• Equally spacing in energy difference
• Zero-point energy ≠ 0
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Quantum Mechanics: Schrodinger’s picture
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time-sequence

Vacuum State: |0>

|0>

with Zero Mean

Gaussian wave-package
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 (x) = < x|0 >= C exp[�x2/�x2]

 ̃(p) = < p|0 >= C exp[��x2 p2]

<latexit sha1_base64="o9MQIJ46f22FQkG4y+Cmj9U3Mto="></latexit>

E0 = ~!/2

<latexit sha1_base64="su/ro0niIlFiVmB+x1H+GIU7knk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrmpSBHUhFEVwWcE+oAlhMp20Q2cyYWYilFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JE0aVdpxvq7C0vLK6VlwvbWxube/Yu3stJVKJSRMLJmQnRIowGpOmppqRTiIJ4iEj7XB4M/Hbj0QqKuIHPUqIz1E/phHFSBspsA8qt4EDr6A3CJH0BCd9dFqrBHbZqTpTwEXi5qQMcjQC+8vrCZxyEmvMkFJd10m0nyGpKWZkXPJSRRKEh6hPuobGiBPlZ9Pzx/DYKD0YCWkq1nCq/p7IEFdqxEPTyZEeqHlvIv7ndVMdXfgZjZNUkxjPFkUpg1rASRawRyXBmo0MQVhScyvEAyQR1iaxkgnBnX95kbRqVfesenlfK9ev8ziK4BAcgRPggnNQB3egAZoAgww8g1fwZj1ZL9a79TFrLVj5zD74A+vzB2nkk98=</latexit>

Vacuum State: |0>
time-sequence histogram

Uncertainty-Relation

Zero-Point EnergyLO phase

BHD signal

�x2 ⇥�p2 � 1/4

<latexit sha1_base64="1SSAwIVmoNYnZWUliH4oJ1hRvdM=">AAACD3icbZC7TgJBFIZn8YZ4W7W0mQgaK9wlJGpH1MISE7kkgGR2OMCE2UtmzhoJ4Q1sfBUbC42xtbXzbRxgC0X/ZJI/3zknZ87vRVJodJwvK7WwuLS8kl7NrK1vbG7Z2ztVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ8wYXk3rtDpQWYXCDwwhaPusFois4Q4Pa9mGueQkSGb2/LdAmCh80TUg0IT2g7nEx17azTt6Ziv41bmKyJFG5bX82OyGPfQiQS6Z1w3UibI2YQsEljDPNWEPE+ID1oGFswMzi1mh6z5geGNKh3VCZFyCd0p8TI+ZrPfQ90+kz7Ov52gT+V2vE2D1tjUQQxQgBny3qxpJiSCfh0I5QwFEOjWFcCfNXyvtMMY4mwowJwZ0/+a+pFvJuMX92XciWzpM40mSP7JMj4pITUiJXpEwqhJMH8kReyKv1aD1bb9b7rDVlJTO75Jesj2/hp5oH</latexit>

Phase Sapce

with Zero Mean

Gaussian wave-package



11Y.	Miwa	et	al.,	PRL		113,	013601	(2014).
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Quantum Mechanics: Heisenberg’s picture
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Quantum Mechanics: Heisenberg’s picture

<latexit sha1_base64="4LkjoPAlePdZz8dtzkp9NqoV4ZA="></latexit>

1. â and â
† are NOT Hermitian operators, i.e., â 6= â

†, for which no real
eigenvalue are generated.

2. Number operator: An Hermitian operator can be defined as N̂ ⌘ â
†
â.

3. The commutation relations with the SHO Hamiltonian are:

[Ĥ, â] = �~!â,
[Ĥ, â

†] = ~!â†,

4. Raising (step-up) and Lowering (step-down) operators: Consider the eigen-
state of SHO Hamiltonian, Ĥ|�i = E|�i, then

Ĥ â|�i = (E � ~!)â|�i,
Ĥ â

†|�i = (E + ~!)â†|�i,

where â|�i and â
†|�i are also eigen-states of SHO, but with the eigen-

values E � ~! and E + ~!, respectively. |�i is a discrete states, denoted
as |ni in the following.
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Quantum Mechanics: Heisenberg’s picture
<latexit sha1_base64="ApdeGw7A92yZZ+PaKNfIBXsAG/Q="></latexit>

5. Ground state:

h�|Ĥ|�i = ~!h�|â†â+
1

2
|�i,� ~!

2
.

Based on above, we denote the ground state as |n = 0i = |0i, with the
energy E0 = 1

2~!, which is the eigen-state of

â|0i = 0, the lowest energy state.

6. Exited state:

|ni = (â†)n|0i,

with the energy

En = ~!(n+
1

2
).

7. Normalization constants:

N̂ |ni = n|ni,
â|ni = Cn|n� 1i =

p
n|n� 1i,

â
†|ni = Cn+1|n+ 1i =

p
n+ 1|n+ 1i.
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Quantized EM fields

• Energy quantization: nhv
• Equally spacing in energy difference
• Zero-point energy ≠ 0, hv/2
• Characterized by mode (frequency, space mode, temporal mode, …)
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More on Quantum SHO
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Parity-Time Hamiltonian
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L.	Praxmey,	Popo	Yang,	and	RKL,		
Phys.	Rev.	A	93,	042122	(2016).

• Consider a family of di↵erential equations parameterized by a continuous

parameter ✏ > 0 in the form:

@2 (x)

@x2
+ V✏(x) (x) + 2E (x) = 0, (1)

• Here, let us specify the definition of V✏(x) = �(ix)✏, by stating explicitly

the branch of logarithm :

V✏(x) = �(ix)✏ = e✏ log(ix) =

8
><

>:

�|x|✏
⇥
cos(✏⇡2 ) + i sin(✏⇡2 )

⇤
, for x > 0;

0, for x = 0;

�|x|✏
⇥
cos(✏⇡2 )� i sin(✏⇡2 )

⇤
, for x < 0 .

(2)

• In a Fock state basis, an analytical formula for the matrix element anm(✏) =

hm|H✏|ni of H✏ =
1
2

@2

@x2 +
V✏(x)

2 can be constructed for any natural number

n, m and positive ✏:

anm(✏) =

p
n(n�1)

4 �m,n�2 +

p
(n+1)(n+2)

4 �m,n+2 � 2n+1
4 �m,n +

+

h
1�(�1)en+fm

4 cos(✏⇡2 ) +
1+(�1)en+fm

4 i sin(✏⇡2 )
i
(�1)b

n
2
c+bm

2
c
2
en+emn!m!

bn2c! b
m
2 c!

⇥

⇥ �
�
1+✏+en+em

2

�
FA
�
1+✏+en+em

2 ;�bn2c,�bm2c;
2en+1

2 , 2em+1
2 ; 1, 1

�
�m,n (3)

where � is an Euler gamma function; FA is a Lauricella hypergeometric

function; symbol b c denotes a floor function: bkc is the largest integer not

greater than k; character tilde e denotes a binary parity function: ek is 0

for an even k and 1 for an odd k.

• By using truncated Fock state basis, we diagonalize the matrix Mnn(✏)
numerically, having truncated the basis to the first 31, 51, or 71 elements.

<latexit sha1_base64="m0ejowKuN9yERl1stZqgTJuIm9Y="></latexit>
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Real Spectrum in PT  Hamiltonian
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PT  in Phase space: Ground states
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Wigner flow of PT : Ground states

L.	Praxmey,	Popo	Yang,	and	RKL,	Phys.	Rev.	A	93,	042122	(2016).


