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Periodic Function

» A function f(x) is called periodic, if it is
defined for every x in the domain of f and if
there is some positive number p such that

f(x+p)= 1(x)
 The number p Is called a period of f(x).

» |f a periodic function f has a smallest
period p, this is often called the
fundamental period of f(x).
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Periodic Function

f(x)1
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Periodic Function

* For any integer n,
f(x+np) = f(x), for all x
* If f(x) and g(x) have period p, then so does
h(x) = af(x) + bg(x),
a and b are constants.
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Trigonometric Functions

» Consider the following periodic functions
with period 21T: 1, Sin X, €0s X, SIn2X,
COS2X, ..., sin NX, COS N, ...
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Cosine and sine functions having the period 27




Trigonometric Series
* The trigonometric series is of the form

a,-1+a, cosx+b, sin x+a,cos2x+h,sin 2x---

=a,-1+ ) (a, cosnx+Db, sin nx)
n=1
ay, dq, 5, Ay, ..., Dy, Dy, Dy, ... are real
constants and are called the coefficients of
the series.

* If the series converges, its sum will be a
function of period 21r.
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Fourier Series

* Assume f(x) Is a periodic function of
period 211 that can be represented by the
trigonometric series:

f(x)=a,-1+ i(an cos nx+b, sin nx)
n=1

That Is, we assume that the series
converges and has f(x) as Its sum.

* Question: how to compute the coefficients?
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Properties of Trigonometric
Functions

* Recall some basic properties of
trigonometric functions

" cos nxdx= f (1-cosnx)dx =0

| sin nxdx= f (1-sin nx)dx =0
f COS MX Sin nxdx

— %rﬂsin (n—m)xdx+ % [;sin (n+m)xdx=0
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Properties of Trigonometric
Functions

72. = =
j sIin Mx Sin nxdx

1 on 1 o 7=
— EI—E COS(n — m)de— EI_” COS(n + m)XdX — io NZMm
f COS MX COS NXdXx

‘7 n=m

_ %fﬂ cos(n—m)xdx+ % fﬂ cos(n +m)xdx =+

0 n=m
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Determination of the Constant
Term a,

* Integrating both sides from —z to =

r f(x)dx = f a, +i(an cosnx+b_sin nx)dx

—7T

n=1
= 271,
a, _ Ly f (x)dx
27T ° "
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Determination of the Coefficients a,
of the Cosine Term

* Multiply by cosmx with fixed positive integer
and then integrate both sides from —n to n:

j " f(x)cos mxdx

= [ |ay+ 2" (a, cosnx+h, sin nx) |cos mxdx
n=1

:ﬂam

a_ :ir f (x)cos mxdx
T YT
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Determination of the Coefficients b,
of the Sine Term

* Multiply by sinmx with fixed positive integer
and then integrate both sides from —n to n:

_[ " f(x)sin mxdx

— L{ 3, + Y (@, cosnx+b, sin nx)|sin mxdx
n=1

o =£r f (x)sin mxdx
Y
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Summary

f(x)=a,+ i(an cos nx+b, sin nx)
n=1

a, = % f (x)dx

a, =— _[ f (x)cos nxdx
Y

b, = 1 f f (x)sin nxdx



Fourier Series: Sqguare Wave

 Ex. FInd the Fourier coefficients of the
periodic function f(x)

—k —7<x<0
f(x):ik Dy e f(x+27)= f(x)

f(x) \
b SR
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Founer Serles Sguare Wave

—I

.L——kcosnxdx+lgﬁ<cosnxdx

K

N

SIN NX

0

-7

j_ﬂ— kelx+ | “kdx

Q: Is f(x) even or odd?!

dx-———

27T

[ k7z+k7z] 0
Cosnxdx

k .
+—SIn nx
n

T

=0
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b, = ir f (x)sin nxdx

)
T _
= — j —k sin nxdx+j kK sin nxdx
7T L _
1]k Tk ’
= COSNX| ——COoSnX
| n . N o | cos(=nz)=cos(nz)
1 -k ey -
= (1-cosnz)——(cosnz —1)
7ln n )
- 2K 2 n=13...
(1 COS n72') 1-cosnz =+
n A \O© 2012nChE-I-%n’§s-a, Ph.D.




Fourier Series: Square Wave

b= b, —0b, = b, —0,b, = ..

T 37 57

f(x)=a,+ i(an cosnx+b_ sin nx)
n=1

-5 -
n§:1 nﬂ( CoS N7z )sin Nx
4k 1 1

:—(Sin X +—5In 3X 4+ —SINn 5x+~-j
T 3 5
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Fourier Series: Sqguare Wave

* Consider the series expansion of finite
sine terms:

S, = 4—ksin X
7T

S, = 4K (sm X+ — = SIn 3xj
T 3

S, = 4 (sm X+ — . SIn 3X + — . SIn 5xj

T 3 5
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Representation by Fourier Series

 Thm. If a periodic function f(x) with period
2 1S peicewise continuous in the interval
-<xX<sm and has a left-hand derivative and
right-nand derivative at each point of that
interval, then Fourier series of f(x) Is
convergent. Its sum is f(x), except at a
point of x, at which f(x) is discontinuous
and the sum of the series Is the average of
the left- and right-hand limits of f(x) at X,.
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Representation by Fourier Series

fx) A

1

(f(1-0)+ f(1+0))
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Functions of Any Period p=2L

A function f(x) of period p=2L has a Fourier
series

f(x)=a, +Z(a cos—nx+b sin%nx)

- . Nrx
—a0+2(a cos—x+b smej

n

8, = - Fx)dx n=123,--

—j cos—dx p =" f (x)sin 172 dx

n
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Fourier Series: Periodic Square Wave
» EX. FInd the Fourier series of the function

(

0 —2<x<-1
f(x)=<k —1<x<1 ,p=2L=4L=2
0 1<x<?2
flx) \
S — P

| | —
-2 -1 0 1 2 X
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Fourier Series: Periodic Square Wave

—j kdx—E
2

1 N7z

—j cos—dx—— kcos—dx

2 2
K . nrx : 2k . nrx
——sin—% =—sin—
Nz 2 |, Nnrx 2

anzz_k, n=159.-.- a :_Z_k’ n=3711---
V4 N7
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Fourier Series: Periodic Square Wave

b == * #(x)sin 2% dx =2 [* ksin 7 dx

2 v2 2 2 1 2
—k N ' —k nz K Nt

———C0OS— X| =—C0S— +—C0S— —
Nz 2 |, N« 2 Nz 2
K nr Kk N

= —COS — cos— =0
Nz 2 Nr 2

k 2k 1 37z 1 b5rx
f(X)=—+— cos X —=cos 2 x+=C0s L x—- -
2 T 2 3 2 5 2
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Fourier Series: Periodic Square Wave
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Fourier Series: Half-wave Rectifier

* EX. A sinusoidal voltage Esinat, Is passed
through a half-wave rectifier that clips the
negative portion of the wave. Find the
Fourier series of the resulting periodic
function:
u(t):< O —L<t<O,p o1 2T ﬁ
Esinaot  O<t<L 0 )

u(t) \

——

= 0

I
1
—
1

).



Fourier Series: Half-wave Rectifier

b, = Qﬁ u(t)sin natdt = QP E sin wt sin netdt
T 7T %0

- ? [ [cos(1—n)et —cos(1+n)at]dt
7T

T

a

Lo s

E{ﬂn@—dh_ﬁm@+nhl

0

“2z| (1-n) (L+n)
fE . B B B
S n—1 m smgl ) _ im ﬂCOS(i )z _ _
0 n=234 (1-n) B
9 sin (1-n)r = —zcos(1—n)z
dn © 2012, Ching-Han Hsu, Ph.D.




Fourler Series: Half -wave Rectifier
—j__ dt——j E sin wtdt

icosa)tw _E(COS7Z' cos0)= E

o 27 T

_ QB u(t)cos notdt = %L@ E sin wt cos nwtdt

Ea)

[sm (1+n)wt +sin(1—n)ot [dt
27

_Eo| cos(l+n)ut cos(l—n)et |
2 (1+n)w (1-n)w
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Fourier Series: Half-wave Rectifier

E [1-cos(l+n)zr 1-cos(l—n)zr
a = +
"2zl (1+n) 1-n)
0 . n=135,
= E 2 2
—2 46
27| W) @on) |
( 0 n=135,--
— —2E
—2 46
CE

u(t)= £ Esin a)t—ZE( . cosZa)t+icos4a)tj
T 2 7 \1-3 3-9
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Fourier Series: Half-wave Rectifier
k=5 ]=1

— =
- £\ — =10 A
F 9 F T [

n=100
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1
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Even and Odd Functions

« A function e(x) Is even, If e(-x)=e(X).
A function o(x) Iis odd, If o(-x)=-0(x).

e(x)] o(x)

J/\\/\Vf\ ;
/\V/V\Vf\ |




Even and Odd Functions: Facts

* If e(X) Is an even function, then

[ e(x)dx=2["e(x)dx

—L

* |f o(x) Is an odd function, then
I_LLo(x)dx =0

* The product of an even and an odd
function is odd

e(—x)o(— x) = —e(x)o(x)

© 2012, Ching-Han Hsu, Ph.D.



Fourier Cosine Series

* Thm. The Fourier series of an even
function of period 2L is a Fourier cosine

series . -
f(x)=a,+> a, S —=X
n=1

with coefficients

a, _ f(x)dx:ij‘L f (x)dx

2L °-
2 (L N7X
—j cos—dx_ EJO f(x)cosde
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Fourier Sine Series

Thm. The Fourier series of an odd
function of period 2L is a Fourier sine

series 0
. N«
f(x)=>"b,sin—
n=1
with coefficients

. 2 (L N7iX
—f sm—dx_tj0 f (x)sin de
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Fourier Series: Sum of Functions

 Thm. The Fourier coefficients of a sum
f,+f, are the sums of the corresponding
Fourier coefficients of f; and f,.
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S
X

f(x) =4—k(sin X+ 2sin 3x + sin 5x+---j
T 3 5

f (x)= k+4—k(sin x+lsin 3x+lsin 5x+---j
T 3 5

() \

2k
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Sawtooth Wave
 Ex. FInd the Fourier series of the function

f(X)=x+7z, —w<x<m f(x+27)="f(x)

flx) \




Sawtooth Wave
 Since f; Is odd, a,=0 for n=1,2,3,... and

—j X)sin —dx
. 2 7
=—j xsin nxdx=— | xd(-cosnx)
0 njz' 0

T

_Z X(—cosnx) — 2 (—cos nx)dx

Nz o Nz

—2 2 ’ 2
—ﬂCOSﬂﬂ—I—TSIn nNX =-——CosSnrxz
nz Nz ) n

f,(x)= Zb sin Nx = i—gcosmzsm nX

n=1 N= n © 2012, Ching-Han Hsu, Ph.D.



Sawtooth Wave

f(x)=ﬂ+2(sin x—%sin 2x+%sin 3X—+---

= f,(x)+ ,(x)

21

=Y



Half-Range Expansion

* In some applications, we often need to
employ a Fourier series for a function f(x)
that is given only on some interval, say
0=x=L.

fx) A

N

L X
Suppose that we have a choice!! We can
use even or odd periodic expansion.
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Half-Range Expansion

* |If we apply even periodic extension, we
obtain a Fourier cosine series:

fl(x)
S
X

—L L

* |f we apply odd periodic extension, we

obtain a Fourier sine series:
fz(x)

| /\‘>
\/ = T X




Triangle Function: Half-Range Expansion

* EX. FInd the two half-range expansion of
the triangle function

[ 2k L
() TX O<x<§
fix)=+
2—k(L—x) L<x<L
L 2
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Triangle Function: Half-Range Expansion

~-L 0 L

Even Expansion

Odd Expansion

N A
X
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Triangle Function: Even Periodic Expansmn

1
aozz

1

L

2k

L

e, (x)dx=—=["e, (x)dx

2L 70

JL/Z XdX + &LZ (L —x)dx

0 L

E(

2k

L

sz k(LjZ K
+—|—=| |==
2 L2 2

cos—dx = EIOLe (x)

L

L/2 N 7zX 2k
X COS —— dX+ —

0 L L

f(x):<

[ (L=

N 72X
CoS——dx
L

N 7iX
COS —— dX
L
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Triangle Function: Even Periodic Expansion
L/2

L/2 N 7zX L . nax L ecL/2 | nax
j XCOS—dX=—xsSIn —| —— SIn —— dX
0 L Nz L |, nz-o L
l° . nrx L ° Nz
= Sin +———>] cos———1
2N 2 N°rxr 2

jL (L—x)cos 2 dx
L/2 L

L nzx| L (L N 7ZX
= —(L-x)sin—| +—|[ sin——dx
Nz L | ,, Nnmx°L/2 L

(Lz . nﬂj L ( nﬂ'j
= — SIN — | — COS”E—COS7

2 2
n-mw
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Triangle Function: Even Periodic Expansion

4Kk Nz
a, =——| 2C0S———cosnxz —1
n“r 2
—16k
a, =0, a2_22ﬂ2’ a,=0, a,=0, a;=0
_ —16k —16Kk

YT gigr T g2

a #0, n=261014, -

C
2 gzt \2° 10° L
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Triangle Function: Even Periodic Expansion

45-
4t - A
N\ == /m\
4 n=20 |
- 25 ; i\ f E
=, ;
| ég %% 4 “‘g\
05 ?—@f \w | \‘m
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Triangle Function: Odd Periodic Expansion

—j sin—dx—gj

i _ N7X
-}, 0  (x)sin == dx

L

= sSin 7
n27z2 2

8kK(1l .« 1 . 3«7 1 . 57z
f(X)=—| 5 sin = Xx——=sin == X+—sin ==X —+-
-\ L 3 L 5 L
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Triangle Function: Odd Periodic Expansion
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Forced Oscillations

» Consider the forced oscillation of
a body of mass m on spring of
modulus are governed by the
equation

my"(t)+cy'(t)+ ky(t)=r(t)

where y(t) Is the displacement
from rest, ¢c the damping
constant, and r(t) the external
force depending on time t.

External Mass m
force r(t) g

Spring

Dashpot




Forced Oscillations

* The electric analog to the spring is RLC-
Ircuit:
L "(t)+ R ’(t)+% 1(t)=E'(t)

|
I




Forced Oscillations
« EX. Let m=1(g), ¢=0.02(g/s), k=25(g/s?), SO

N8 () +0.02y'(t) + 25y(t) = r(t)

where r(t) is measured in g-cm/s?. Let

t+z —7<t<0

rt)= 2 or(t+27)=r(t)
—t+% O<t<rx

Find the steady-state solution y(t).
y, (t)~ Ae %" cos5t + Be " sin 5t

t >00=vy,(t)=0
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Forced Oscillations
The Fourier series of r(t) Is

r(t):i(écosuizcosfat+i2cos5t+...j
7\l 3 5

r(t) A
T2

N,

Now we the following linear differential
equation y"(t)+0.02 y’(t)+ 25y(t)

=r(t)=2

= (2k — 1)

cos(2k —1)t
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Forced Oscillations

The steady-state (particular) solution y,(t)
corresponding to the sinusoidal input
cos(2k-1)t=cosnt can be computed using
the method of undetermined coefficients

y.(t)= A, cosnt+ B, sin nt

An_4(25—n2) . 008
oD T " D

=(25-n?f +(0.02n)’

yp(t] = yl(t)+ Y2(t)+ Y3(t)+"'
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Forced Oscillations
L et us find the amplitude Cn — \/Af + Bﬁ
A

We have
C, =0.0530

C, =0.0088

C. = 0.5100

C, =0.0011
C, =0.0003

§

:

i

i

i

i

— Output

’Llntput
-

— |

2T




Parseval’'s Theorem
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Fourier Series Formulae

f(x)= a0+2(a cosF x+b sinn—ﬂxj

= L L
a, :2_1L _L f (x)dx
—i ’cos—dx

L 7
—i Sin—dx

L <=



Parseval’'s Theorem

 Show that:
% _L[f(x)]zdx=2a§ +i(a§+bf)
n=1
f2(x)=| a, i(a cos—x+b sin m—Lﬂxj

Ms

L

. Nz
(a cos x b sm—xj




{pon)

=0, VvVm,n

SN

_[ a b cos(—xjsm(nf

(n+m)z

xjdx

L

L 2
_[_Laoaodx =2La,

X+ SIN

_(n—m)z

L

X

dx



j a a. cos(—xjcos(n%xjdx 0, m#n

N
j aa cos(— xj COS(T xjdx

:aszcos N7 s ldx = a’ (-1 1+Cos 2n—ﬂx dx
)L L -L 2 L

=La’, m=n

n
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J‘bbsm(—xjsm(n%xjdx 0, m=#n

j b.b sm(—xjsm(n%xjdx

—bj sin —xdx b E1 coszn—ﬂx dx
L -L 2 L

=Lb’, m=#n
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e
N
—~~
>
S~
1
Q
S
+
[
7~ N\

mz . Mx
a, (:osTx+bm sin Tx

- N7z . Nrx
.| a, +Z(an cosTx+bnsm ij

Nz _, N7z
a’ cossz+b§sm2ij

|l
OSDN
+
[
7~ N\

. Mrx . N
+ b sin—x |-| b, sin —X
m=n,m>1,n>1 L © ZJLZ, Ching-jlan Hsu, Ph.D.
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Complex Fourier Series
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Functions of Any Period p=2L

A function f(x) of period p=2L has a Fourier
series

f(x)=a, +Z(a COS—X—I—b sinn—ﬂxj

L
1 cL
%=1, f (x)dx
n=123,--
1L N7X
&=, f(x)cosde —I X)sin
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Euler Formulae
e'’ =cos@+isin

oSO = %(em + e‘m), sin @ = i_(em —e‘m)

2l
N 7X . N7ax
a, COS Fb. sin —
L L
1 iﬂ_ﬂX —i% 1 i% —i%
=—a (et +e ")+—Db (et —-e *t
2 )+ )
= E(an —ib e b +1(an ribJe b
2 2
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Complex Fourier Series

E(a —ibn)zi L f(x)(cosnTﬂX—isin n—ﬂxjdx

2 2L °-L L
NN f(xle Ldx=c,
2L -t
1 . 1 (L nzx . . Nzax
—(a, +ib )=—/| f(x) cos—=+isin — |dx
2 2L -t L L

(—n)ax

NN f(xe & dx=c

—N
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Complex Fourier Series

f(x)=a, +Za cosnTﬂX+b sin ——

n=1

. _ﬂx
—a, + (an—ib) L

n=1

o0

i
ce b +Y ce

. N7X 0 _N7X

(:eIL +ZceI

n=1 n=1
=C, + Z
n=1 n=-1

. N7tX

L

o0
n=
nzx
L

N7zX

(a +ib_ )

. N7X

L

(=n)ax

ILJche :

n=1

C

n

1

“oLt

(x)e_'de
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Let Us Play Fourier Series!!
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Functions of Any Period p=2L

A function f(x) of period p=2L has a Fourier
series

f(x)=a, +Z(a COS—X—I—b sinn—ﬂxj

L
1 cL
%=1, f (x)dx
n=123,--
1L N7X
&=, f(x)cosde —I X)sin
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Periodic Square Wave (l)

» EX. FInd the Fourier series of the function
(1 O<x<L
f (X) =
-1 —-L<x<0

Since the function f(x) is odd, there are no
constant and cosine terms In the Fourier's
series, I.e., a,=a,=a,=...=0!!

© 2012, Ching-Han Hsu, Ph.D.



Periodic Square Wave (l)

o= L[ 1!

:TLl-sin

n_ﬂxdx__ZL (_

=%joLl-sin

sin —dx

L Lnz

— i(1—(:03 nr)

Nz

n=1

" 2(1—cosnx)

Nt

.SIN

—dx+ijL1.sin N7X 4x
L L do L

L
NzX
COS —j

L

Nt
X

L@ 2012, Chi
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Periodic Square Wave (ll)

» EX. FInd the Fourier series of the function

(%)=

1 O<x<lL
0 —-L<x<0

" (1—cosnz)

N

. Nxw
-SIN — X
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Periodic Square Wave (lll)

» EX. FInd the Fourier series of the function

0 L/2<x<L
h(x)=41 —L/2<x<L/2
0 —-L<x<-L/2
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Periodic Square Wave (lll)
h(x)= g(x+£j

2

(1-cosnz) . mz( Lj_
sin —=| x+—
Nz L 2

1 o0

22

1+i (1-cosnr) ( Nz Nzl nz nzzLj
2 n=1

1 0

St

SIN — XC0S —— + C0S — XSIN ——
L 2L L 2L )

{1-cosna) sin 2% cos 1% x}
2 L

V4

n=1 L Nz
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Triangle Wave (I)

» EX. FInd the Fourier series of the function
f(x)=x, —L<x<L

Since the function f(x) is odd, there are no
constant and cosine terms In the Fourier's

series, I.e., a;=a,=a,=...=0!!

S
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. L . Nnax
—I sm —dx_ xsm —dx

L
. N 2 L N 72X
:—j xsm—ﬂxdx_ xdcos
| 70 L L n7z 0
L
2 N 77X L N 72X
= —— XC0S—— —j cos——dx
N L |, 0 |
oL 2 L . nmxl
= ———COSNxT+ : Sin ——
Nz Nz Nz L |,
2L
————COSNx
Nz
= [ —2L . nr |
f(x)=> | ——cosnzsin ——x
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Triangle Wave (I)
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Triangle Wave (ll)

» EX. FInd the Fourier series of the function
g(x)=f(-x)=—x, —L<x<L

Since the function f(x) is odd, there are no
constant and cosine terms In the Fourier's
series, I.e., a;=a,=a,=...=0!!

[ 2L . Nrx
g(x)= ;_E oS N7z sin —=X
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Trlangle Wave (Il)
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Triangle Wave (lll)

» EX. FInd the Fourier series of the function
h(x)= f(x)+L=x+L, —-L<x<L

h(x)=L+» ~2L cosnzsin "V x
L N L

y
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Triangle Wave (lll)
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Triangle Wave (1V)

» EX. FInd the Fourier series of the function

p(x)=h(x—L)=x,
—L<Xx-L<L=0<x<2L
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nNx

— L+i —2L cosnzsin —~(x—L)

= Nz L

. Nax nzZL . naL N7z
= SIN —— COS SINn —— C0S ——
L L L L

. NzaX
= COSNxzSIN —

| —

= —2L . nx
_ —ch i 7
p(x) L+n§:1_ - @jln X
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