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Figure 2.1
Cruise control model

u— bx = mx,

V(s) L

m

U(s) s+'—’.

m
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Figure 2.2

& Free-body diagram for
cruise control

Friction
force bx || :

9/ 2.7) transfer function
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Figure 2.4

Figure 2.5 y
Automobile suspension [

The quarter-car model m

ks‘ % Edb e
X
my l

k.,
Road surface
& —— g,

r

Inertial reference

Degrees of Freedom (p d B )- 459 ¥ p d B# % £ ¥4 cha i (dimension) -

Free-Body Diagram- diagram showing the relative magnitude and direction of all

- forces acting upon an object in a given situation.
ky(y — x) by — %) o
[ ] b(y —x) + ks(y — x) — ky(x — r) = m ¥, (2.8)
m | l \f’h I'\' —ks(y — x) — b(y — X) = myy. (2.9)
l l l fope s By gy o, B
ko (x = r) k(y — x) b(y — x) ; mp e ;n_](" ~ 3 ;l—" = E"* (2.10)
i b (i ks
= = v —_— ) e =AM ) —Y) —
Equation of Motion | > *m 0 91,00 =0 2.11)
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b F K
A+—(x-y)+——(a—v)+——r—ir, (2.10)
mi n

b
\’+E()’—x)+-—(v—,x) (2.11)

Luplace—s iU RS AN 14 A & Rt
4
merse Lephee —> WK — BB 3 A

k'l. k“' k“v
$°X(s) + S-b—(X(S) - Y()) + —(X(s) — Y(s5)) + —X(5) = —R(s),
mny m mj m

ks
s2Y(s) + Si(Y(S) - X))+ —X(s) —X(s)) =0,
mn ms

output kb (S A ﬁ)
5 Y (s5) mimo b
Transfer function - = Kooks
() 4 ( b b ) 3 (kv ks kn') 2 ( kb ) wkKs
3" g | e 2 - s+ S+
N pUt mj my mi nmy mi nmyma mpma

3.1 Review of Laplace Transforms
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Chapter 2 Dynamic Models Time response: The dynamics of a system can be prescribed to MATLAB in
terms of row vectors containing the coefficients of the polynomials describing
the numerator and denominator of its transfer function, The transfer function for
this problem is that given in part (a). In this case, the numerator (called num) is
simply one number since there are no powers of s, so that num = 1/m = 1/1000.
The denominator (called den) contains the coefficients of the polynomial s+ &/,

which are
b 50
gev [ m] [] IOOO]

The step function in MATLAB calculates the time response of a linear system
to a unit step input. Because the system is linear, the output for this case can be
multiplied by the magnitude of the input step to derive a step response of any
amplitude. Equivalently, num can be multiplied by the magnitude of the input

step.
Step response wit The statements
MATLAB
num = 1/1000; % 1/m
den=[1 50/1000]; % s + b/m
sys = tf(num*500, den); % step gives unit step response, so nuUM*500
gives u = 500.
step(sys); % plots the step response

_ v
skip /() Q{
Matlab and Simulink

Figure 2.17
The SIMULINK block
diagram representi
the nonlinear

Step Integrator 3 Integrator 2

Gain 1

Gain3  Trigonometric

function
Figure 2.18 JT1
Block diagram of the 1 ti;tJrI
pendulum for both the niegrato
linear and nonlinear
models
Integrator 3 Integrator 2 Mux Gain 2 Scope
Gain 3 Trigonometric ( S k i p)
L 2 4 function 7
ecture z~
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Kirchhoff’ s current law
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2.2 Models of Electric Circuits
Circuit Components

Symbol Equation
" Kirchhoff’s current law (KCL)
e 3 S¥ i Kirchhoff’s voltage law (KVL)
Operational Amplifier =
¥ 7 ) p R? @ V-l — U}
Capacitor v ——1‘ i=C((ITI: .
" @ =
- Vou
Inductor v li v = L:—% N
: Voud - V_
+ v Rf
Voltage . ” G ﬁ‘p _,’d.— i a—
source d e
Vlh R/h

Lecture 2~4 9
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Reference-# %

out

' B
Dtl! beside
741 Op Amp _ Lot
8-pin DIP s
Inverting input 2
10 N 8 Nl!n-in\'crli?gu\?_ng‘l:;i
2L (17
30 16
40 [15
. 5
Top view Output 6
+15Vrail 7
8
The most usual 741 package
\ J
(Skip)
Lecture 2~4
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Quantity Units Circuit symbol
Voltage volt (V) Voltage 4+
Source
B i& R,
Charge coulomt Q
Current ampere (A) = Q/s Current
Source @
i
Resistance ohm (Q) = V/A R
. Ly
Capacitance = farad (F) = Q/V C 3
—]
Inductance L d_] _ henry (H) =V -s/A L
dt
Battery — +J_
Ground - L

11
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Find the differential equation of the system.
Simple electrical RC circuit.

R ein(t) = er(t) tec(t) <—
+ er = iR <«

1 f.
o N i ec(t) =E/zdt
einll) i €c - C e"(t_)-", i
—‘ : . ‘ eo(l) = / idt = ec(t)

i dey(t)

C dt

Céo(t) =i «<—

/

Ey(s) 1

ein(t) = RCé,(t) + e,(t) @

Ei,(s) RCs+1

3.1 Review of Laplace Transforms

(Skip)
Lecture 2~4 12
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(’D K .V Kirchhoft’ s voltage law
(2) E/ec'{Y;caﬁ S)Sg[@m { tag

@ N C « Kirchhoff’s current law

2.2 Models of Electric Circuits V_-U;), Vil
ional Amplifi - R = S R
Operationa rgp ifier @ \}'_‘ b U_',' Rin RJ‘ _Y:d- - -—'F
R, L o . Vin } R
AA—2 - D ¢=» el | % 29
—L— O

Vin-0
_ICI o -—R’n — CDIEO_V;"a

oA+
Uiy O NV —o0 v,
oy | Vius)

3.1 Review of Laplace Transforms Vour(s) = 5 RaC

Lecture 2~4 13
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BT & k3 (Mechatronics)
2.3 Models of Electromechanical Systems
EXAMPLE 2.11 Loudspeaker

R 1
AAVAY
iz ‘ —x
+
€coil
(a) (b)
If the current
is increasing
- Inductance
] L
Ay
+ then a voltage
@ opposing that change 9
is created by the g
= magnetic field a
of the coil. =
N —
Inductor

Lecture 2~4 15
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Lenz's Law

Bin%

h

coil

back electro-motive force o =
coil

Lecture 2~4
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dt
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BT & k3 (Mechatronics)
2.3 Models of Electromechanical Systems

EXAMPLE 2.11 Loudspeaker .
__./ o

S +
> Bobbin L

pavameley “"\ .

Vﬂy;a\ A /e () (b)

magnet establishes a uniform field B of 0.5 tesla and the bobbin has 20 turns at a 2-cm diameter.

2
[=20x —m = 1261
X IOOm 1.26 m

ﬂ X { law of generators.
F=05x126xi=0.63iN 4 = 2 l.-a— a voltage across the coil €qpil = §I..i' = (.63x
-

-
-
. . . (9 . g

MJf—I—bx—0.631, MX ~ °~{3£ = AX

di . .
L— +Ri=v,—0.63x

dt

X(s) _ 0.63 .
Va(s) — s[(Ms + b)(Ls + R) + (0.63)%] (249) 3.1 Review of Laplace Transforms

Lecture 2~4 17
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EXAMPLE2.13 Modeling a DC Motor B
T_:(t)=Kfia(t) N F, =i /xB

A
d6,, (1) d® :
e (f :K =KCC) 4 <:I ecoi:_—:_Bl‘x
K,: torque constant
K,: back-emf constant
. in?:r:ua;s:E; Inductance
] L
—

+ then a voltage £

@ opposing that change 9
is created by the d

= magnetic field q
of the coil. t
N ——

Inductor

Lecture 2~4 18
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EXAMPLE 2.13 Modeling a DC Motor ﬂ A - .F{/WT
T (t) = Kiia(1) /7

T
/y,, SO + bém = Kjig. ( 52)
o - di, _ raﬂ(
\ e " - LHE + Raia = vq — Ke_e_m- (2.53)
K,: torque constant
K,: back-emf constant
V4

®m(3) . K;
Va(s) — s[(Jms + b)(Las + Ry) + K,K,]

(2.54)

3.1 Review of Laplace Transforms

Lecture 2~4 19
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Not covered in our class/ ki

A 2.3.3 Gears

Steam @ T,
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3 Dynamic Response

’\ - = ] c—— Vﬂ—
\  error control
§

L >O—> K 1~ p

Prof. Cheng-Hsien Liu

-

Yy

desired output T Controller Plant

NLF Mﬂ{

3.1 Review of Laplace Transforms <
3.2.1 The Block Diagram

3.3 Effect of Pole Locations
3.4 Time-Domain Specifications

3.5 Effects of Zeros and Additional Poles

3.6.3 Routh’s Stability Criterion

Lecture 2~4

actual output
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3.1 Review of Laplace Transforms

Linear Time Invariant Dynamic System
Mechatronic Example

2"d order linear dynamic system

d ’-Jmé‘m < bém = Kiiq. (2.52)
g) dig ; .
fad_’ + Raig = vq — Kb, (2.53)

1st order linear dynamic system

N ’\5% %\‘\h‘-

. . pavameley
For a general nath order linear dynamic system, represented by
d"y(t) d"~y(t) d"y(t) dy(t)
— din T On—1 din—1 t=2T gyn—2 Sl et dt + agu(t)
d™ £(£) &1 (2) 0
— e b‘l']'-t- s L b t
o bn—1 e s AR S TR bo S (1)

the coetlicients @t = 0y 1y 2a sees 12— 1, and byq 3 = 0, 14 24 waas 772, are assumed
to be constant, which indicates that the siven system is #ime invariant.

Lecture 2~4 24
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Linear Dynamic System /’AYMHEJGY ﬂ . 'ﬂ >
For a general nath order linear dynamic system, represented by V‘y"a\ ‘ /e J o k&
~
dy(t d 1y (t d"y(t d AR
;;i} n—1 dtj‘? Q2 d;i]erJra y”ﬂmy(t) A ;\K
_ . d™S(#) dmLf(t) ), ( £)
= b ggm Ot g

TS %Wgﬁb&

’Llnear Time variant Dynamic System ::) fk & Q’ﬁ </
a; (1) 3 & jﬂ% S
- LTI Dynamic System < gé S/h 3
Linear Time Invariant Dynamic System ,&7 (A]()
&, = C\-mStlam/'( - ”J J
I/\ sl Lineqr System | A -
e T i
3 (o A
P = AN
. " G 0
Lecture 2~4 Graphical representation of system time invariance 25
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Transfer Functions {é % é‘\ K

Y(s) bs"+b, " +--+bs+b,
F(s) s"+a_s""'+--+as+a,

LTI Dynamic System
=> T.F. G(s)=

_x (s+z)(s+z)(s+2z))
Def: (s+p)s+p,)--(s+p,)
— 1. G(s) is said to be proper if G(0) is a finite constant -> 1 = m
2. G(s) is said to be strictly proper if G(«)=0-> n>m
3. Relative order : n-m
The order of system: n

4.
5. Poles: -p4, -py,... , =P *&’% P
6.

/€eros: -z, -Z,,... , -Z, /‘JQ %

Note: | T.F. is to describe the relationship between input and output
T.F. is independent to the input and initial condition

Lecture 2~4 - Review Laplace 26



Feedback Control of System Prof. Cheng-Hsien Liu

The £ _ Laplace Transform Inverse Laplace Transform
Laplace transform of f(¢), denoted by L_{f (¢)} = F(s) ———
1' F(s) é f(t)e_” dt. (3.24) La_f /Qu_
-
::>< 1 Oc+joo . [ /
f(t) = — F(s)e" ds, (3.25) »hveérse &/o Ace
’ 2mj Te—joo

Lecture 2~4 - Review Laplace 27
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The £_ Laplace Transform

TABLE A.1

Lecture 2~4 - Review Laplace

Prof. Cheng-Hsien Liu

Inverse Laplace Transform

Properties of Laplace Transforms

Number Laplace Transform Time Function Comment
— F(s) f(t) Transform pair
1 aFy(s) + BFa(s) af1(t) + Bf2(t) Superposition
2 F(s)e—s* ftt=2x) Time delay (A > 0)
1
3 |—G~'F (%) f(at) Time scaling
4 F(s + a) e 9tF(t) Shift in frequency
5 sMF(s) — s™1£(0) |
_Sm—zf(o) [N, _f(m—l)(o) FUm ey Differentiation
1 4
6 ;F(s) f fiyde Integration
0
7 F1(s)F2(s) f1(t) % fo(t) Convolution
8 sirgosF(s) foh) Initial Value Theorem
9 lim sF(s) lim f(t) Final Value Theorem
5s—0 t—o00
1 O'C"|“‘j00
10 —— F1(§)Fa(s — ¢)d¢ fit)f2(t) Time product
27{] O'f—jOO
e peges i U m
11 el o8 Y(—jo)U(jw) dw Jo y@®u(t)dt Parseval’s Theorem
d
12 —EF(S) tf (t) Multiplication by time

28
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TABLE A.2

Lecture 2~4 - Review Laplace

Prof. Cheng-Hsien Liu

Table of Laplace Transforms

Number F(s) ft),t=0
1 1 a(t)
2 1/s 1(t)
3 1/s2 t
4 21/s3 t2
5 3154 t3
6 m!/sm+1 g
7 e oot
s+a
1
8 te—at
(s +a)?
9 ! itze""f
(s+a)3 2!
1 1
10 mflefat
(s+aym (m—1)!
a
11 S e—at
s(s+a)
a 1
12 5 “(at — 1+
st(s+a) a
13 *b p— g—at _ g~ bt
(s+a)s+b)
5
14 s (1—at)e™
(s+0a)?
a2
15 _— 1—e %1 +at)
s(s +a)?
b—
16 . i be bt — ge—at
(s+a)s+b)
a .
17 m—— sinat
52 +a?
s
18 - cos at
s? +a?
19 e e et cos bt
(s +a)2 + b2
b
20 —_— e~ sin bt
(s +a)2 + b2
a + b2
21

s[(s + a)2 + b2]

1—e @t (cos bt + g sin bt)

29
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The £_ Laplace Transform Inverse Laplace Transform
Laplace transform of f(¢), denoted by L_{f (¢)} = F(s) ———
( F(s) £ f()e " dt. (3.24) L“’f /QC/L
-
= )
I W st ’ [_ /
| f() = —f F(s)e™ ds, (3.25) r»nvyverse &/o AcCe
2nj Te—joo

Lecture 2~4 - Review Laplace 30
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Joseph-Louis Lagrange
ltalian 1736-1813
Pierre-Simon Laplace
French 1749-1827

Any periodic function can be rewritten as a weighted CRGE SARPER N
sum of Sines and Cosines of different frequencies =

Fourier Transform - Review Fourier transform for functions f

1 | - S .
‘% E f‘[ﬂﬂ] 3 Z ., Eiﬁi{re.,."f':l;n e Z f{&'n) EEHiE"E.&E,
n=—0og n=—og
J — 1 s T
o (E] E—Em{nl.i'_:l;! da.
Time Domain <€ = = = =3» Frequency Domain T -T/2

f(o = “mf(x) e =2 o= {lfT}jF{ﬂfT]

Lecture 2~4 - Review Laplace
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; m Fourier Transform
N s= j2n _
re= fo e = Lﬂ-/’ Jace { F(é:)zj.iooof(x)e_ﬂ”fxdx

=
Oetic . _ o0 2
=L [ peda (wusree Laplhce L 7()=] F(§)e/*™ dE
2”.)' O.—joo /3
Fourier Transform
o= o~

=) Laplace transform of f(¢), denoted by L_{f (#)} = F(s) s = ¢ +jw,
ZF(s)

s=0+jw

Lecture 2~4 - Review Laplace 32
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The £_ Laplace Transform Inverse Laplace Transform

Laplace transform of f (¢), denoted by L_{f ()} = F(s)  __ ;f +jw,

( F(s) é ‘/(‘:of(,)e—st dt. (3.24) La’f /QC/L
=>4 |
| f() = ﬁ; ‘/U"T'-’OO F(s)e" ds, (3.25) r nverse [&/J/ﬂ. (&
Oe—jOO

Lecture 2~4 - Review Laplace 33
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View |

M3 + bi = 0.63i, 2x+3x=0.63i
L8 k=063 | 47 4+ 5i = 65in(21) — 0.635

25° X +3sX =0.631/
2

=

4sl +51 =6————0.63X
s*+4
View lI 0
NEES Ol_‘ltpm Controller ——{ Actuator —{ Plant —> Actual'
response output
Sensor |«
Measurement output Feedback
F.d+Mp = 16. : ]9 [ O(s) | 1
U=F.d+ Mp. - : U(s) ] 52

Lecture 2~4 - Review Laplace 34
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- Input signal
_DEE.——I pn A p(t-7) A
EXAMPLE 3.7 Impulse Function Transform i %"
|
~ 0<r<A \
palt) = { ° (3.3 , -
0, elsewhere 08 i 0 77+A f(sec)
;imopa(f) = (1), impulse. (3.5) 5)=0 t#0, (3.8)
— f S0yt = 1. (3.9)
o0
I:> [ f(0)d(t — v)dt = f(1). (3.10)

Lecture 2~4 - Review Laplace
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o (7 smdi: fon [T % M= Lo

Do
Sit)
]

XT -
VA

@ [TFm -y A= 4D

— o<t <a
H= |3
ot { 6 2/se where

{ (t-ka) = {2" ka <t <tkeD4
o

2/sewhere

Lecture 2~4 - Review Laplace
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Proof:

N oo
.{.H.),ﬁ T _ ,F(-l):z fika) S ({-ka) A‘
ATy s k= -60
L A

ka ( §E -ka).-a=])
{> L

. Oo
//_,;:‘1(" y «F(() =[ (1) {H—c}afz

2 -

Lecture 2~4 - Review Laplace 37
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Sidy >Of (4 -a)o4 = |

Lecture 2~4 - Review Laplace 38
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- £

So

-
e

/

Zse]= §° s et

I::)[ f(r)d(t — t)dt = f(1).
J—00

N

> fe) $@-HAT= fu)

oo -St
= )€ -t

Lecture 2~4 - Review Laplace
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pef 2 Unit Sief fmc/im ULE) <= 1¢t)

/ o DA .
usff):{o :fo LUI) ;7‘£
|:>u [t -a\ - / 4= < /T\
: ) {0 +<q I/([’ffS) l -
= §(1) = 4{ Us t) H—('g 7t

Lecture 2~4 - Review Laplace 40
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0 < <o
ofh=zuw= {1 7, Hrubh] 2]

= [T e Pz
Y

Oo
e _/
= - /-?@

al

Lecture 2~4 - Review Laplace 41
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M,(-lr) = g H')

!
(PN
S

A
I/!]: Slf/\o " [{ ESJ S(é)

Lecture 2~4 - Review Laplace 42
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f_b; ¢ Lty At = 5[@//0 ’_c:
’f; Sy £t dd

=ehF W,

bo (M)
'=>fk S (4-a) Flt) dt- (-/) a (z‘),’{:

A

2~4 - Review Laplace 43
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R I R
= [ 4 ey
al f&’ €~2{0/<‘,‘{_
~ = ?—H O

Lecture 2~4 - Review Laplace 44
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_ . f )
jgﬂwlf\)j\\}? ecw'f: oy 4 L (2w
PACTIE

@{[eiwfj : 5“:“ Ce

(W 6——5‘{] A+

_— y, / (iw—g)f’
6o (LW §) — L e
- fb - dt = (W-$ |
_ Stiw
= — 2 %
\S—v[’h‘:e ) 5!./ 4"&
> [Z[ 2 @t 17 g5

1

{ [G&WLLJ = E“iaf '}a

Lecture 2~4 - Review Laplace
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/e =

Lecture 2~4 - Review Laplace
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TABLE A.2 Table of Laplace Transforms Mentioned So far!
Number F(s) f(t),t=0
1 1 sty «=— p. 20
2 1/s 1) e P.22/p. 28
3 1/52 t «— p. 25-26
4 21/s3 2 &= p 25-26
5 31/s% i +— pP. 25-26
6 mi /sm+1 (. = 25-26
7 L e*ﬂ't h p. 28
s+a
8 _3 te—at
(s + a)?
1 1
—————— __tZ —at
: (s + a)3 21 ¢
1 1 m—1_,—at
10 (s+aym (mﬁl)!t =
11 - 1—e 0t
s(s+a)
12 Sothley lat—14e
s€(s+a) a
13 b o=t _ g—bt
(s+a)s+b)
S
14 e (1—at)e
(s + a)2
a2
15 o 1—e %1 +at)
s(s+a)?
16 M=y be—bt _ ge—ot
(s+a)s+b
a .
17 m sinat 4_ p, 27
S
18 Trd cos at — p. 27
_SJ_FL —at bt
19 P W e cos
b
2 —at ; bt
a (s 4 a)? + b? e
a + b2 i a .
21 m 1—e 1 (cosbt+Es1nbt)
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AppendixA Laplace Transforms

4. Shift in Frequency

Multiplication (modulation) of f (7) by an exponential expression in the time
domain corresponds to a shift in frequency:

o0 o0
Fi(s) = / e f(he S dt = / fe “tTdr = F(s+a). (A.9)
0 0

Lecture 2~4 - Review Laplace 49
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Mentioned So far!

ft),t=0

TABLE A.2 Table of Laplace Transforms
Number F(s)
1 il
2 1/s
3 1/s2
4 21/s3
5 31/s%
6 m!/Sm+‘l
1
7
S+ a
" 1
) ) (s +a)?
00 ' e ‘ 1
[ (,70’{‘}‘-(”()7){ dt = [ f”)()f(_\ +a)t dt = F(s + a) 9 T
JO JO 1
5 (s +a)m
a
11
s(s+a)
a
48 i
s¢(s+a)
b—a
13 -
(s+a)s+b)
14 W
(s +a)?
i _a
s(s +a)?
(b—a)s
16 _
s+a)(s+b
a
17 —
s? +a?
s + a2
S==a
> —at ¢ —st > —(s+ajt v (s +a)2 + b2
e “f(Hhe dt= f(He dt = F(s + a) g b
0 0 (s + a)2 + b2
2, 42
21 e+
s[(s + a)2 + b?]

sty = p. 20

1) ——  p.22/p.28
! «— p. 25-26

2 e p 25-26

p = p. 25-26

(. = 25-26

e il g P 28

it = 0 28 +p. 25-26
Lo, ot 4= .28 +p. 25-26

2!
1

et e p. 28 +p. 25-26

1 _e—ﬂt
1
E(at —14e™h

e—at _ efbt

(1—at)e—a

1—e %(1+at)

be—bt — ge—at

sinat — p. 27

cosat P a— p 27

e 0t cos i mm— p 28 + p27
el in bt < pm— p 28 +p27

1—e (cos bt + % sin bt)

Lecture 2~4 - Review Laplace
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" The £_ Laplace Transform Laplace transform of f(7), denoted by L_{f (1)} = F(s)

o0

Fs)2 | f)e ™ at
-

Inverse Laplace Transform

5 f(t) = — [GHJOO F(s)e" ds
-~
' - &g -sf
S (}] ({)] = J' Z]l-()e ,{{ ~(4H)e o f° fo:jﬂ)fsﬂ
= o= Yle)+ § L‘” yu,e's{o(-{

= S Y(S) -~ 3 “)
] d 9 fd .
= -_5[{%]:[_ (j:)e‘ﬁfdrz—f{ﬂ*)+sF(SJ

L} = F(s) — sf(07) — f(07)

= - _
LI (@) = s"F(s) — "' f07) = s"f(07) —--- — f"D(07)

Lecture 2~4 - Review Laplace
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Convolution L0} = F1(s) and L{f(1)} = Fa(s)

-

o0 ®,8] f
— C{fl(f)*fz(l‘)}=[0 fi(®) *fz(l‘)e_“df=/(; [fo fl(f)fz(t-f)df] e d

= foo /Oofl(f)fz(f— T)e dtdr
0 T

0 0T
€

- / fi(r)e " [ f fg(r——r)e—s(f_r)dt} d1
0 T

change variables t' =t — 1

Multiplying by e

:f fi(r)e™ dff HYe™ ' di’ = Fi(s)Fa(s)
0 0

= LTHF(5)F2(s)} = f1(t) * fo (1)

Lecture 2~4 - Review Laplace 52
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Co‘h vo/w?flm (M/ V,cw/ao.w{)
by — }f‘*) \
T2 J- SYtY=T
5%;-(
F(s g \((s
) 70s) )/

Wy VB4R
A FA A tE=FO 4o
Tuidial ldition 2 F - S-H =T %
lﬂ‘f) = L X §O=YD
{(t=2)=0 / vo/uﬂz/m/
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’g‘l-'g: S(-é)

{af/ue <
SYtY= |

/

QI

g{‘f/m S

a M{‘y 44

DAL

é{ﬂm

THRITT

n
"TpssEssEEEEEEEEEEEEEN -

Lecture 2~4 - Review Laplace
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Z($h]= S:" swe 't

|:',>f f(r)8(t — T)dT =f(1).
Rl *

> fury S(@-HAL= fy

e -S¢
= )& s de

= &
= Z(54)] =1

-Se .

B

/

54




Feedback Control of System Prof. Cheng-Hsien Liu

J+ 4 =ft |
':>Assme .Ft't): 5('6) Lz a&):&'#):/“mt

i3 [ 4

Eoo U ¢ 27
_ﬁl{): ﬁ, 1 al :ﬁ al‘?

PH >t :?f I'/\\//\ >

- at 3z+ gf 2 /\
‘F, H) :i" ) R ﬁ a‘; ‘{)T /\ >
:2SH " )'é‘ |\417 \/ 7
£/ K Hfii:fif; HT ~
37" , _t = JA .t

l\.zsz l
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Asswme a4 >0

(%+<-1)

e AT —>D

= Yb = ffﬂff’t‘)&(‘f"””{t 4zt

= Py % () cmuelutio-

Lecture 2~4 - Review Laplace
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Feedback Control of System

14 16

t(sec)

10

20

18

S7

-tfsec)

=6

I I I I
-16 -14 -12 -10

-18

0.8
0.6

1

20

16 18

L
14

10

t(sgc)

-
< 1°
-
-
-~
L.
,"',, ©
,,, n
2
-
- 4«
-
-
-
-
- o~
<
-~
-
bl
L el T L L L L o
- ® © ¥ o ©c o ¥ © A\
e o oo © @ <@ <9

0.8
0.6

Convolution

0.4

0.2}
otk
0.2}
0.4}

1
/ A@OpE—yde  Tt7)
0

f1(®) xf2(1)

0.6
0.8

-20

-

0.4}

Fo(t-7)e)

0.2}
0.4}
0.6}

20

7(sec)

1
8

1
2

-0.8
-20
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Convolution :
" fyft)
= fi(t) % /() = / A —1)dr .
O 10 e
1 KA AN AN 4 t(sec)
08 p \ I\ 1 F
I\ I\ I I
0.6} J 1 I \ I 1 I
] 1 ] 1 ] 1 I
0.4H 1 ] 1 I 1 I
] 1 I 1 I 1 1
0.2 1 ] 1 ] 1 ]
I 1 ] | ] 1 I
ol | 1 1 ] 1 I
1 ] 1 ] 1 1
ool 1 I 1 I 1 I
] ] | ] \ ]
1 ] 1 ] 1 |
041 1 ] 1 ] 1 I
| I 1 I 1 I
0.6} | I 1 I 1 I
('] [ | v I
0.8} \ vV I v I
\/ \l \/
10 2 4 é 8 1‘0 1‘2 14 1‘6 18 20
7(sec)
]
0.8
0.6
0.4}
0.2+
fo(t-7) |
0.2
-0.4}
0.6 -
-0.8

—71(sec)
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Convolution L{fi (1)} = Fy(s) and L{H(1)} = Fa(s)

-

o0 ®,8] f
— C{fl(f)*fz(l‘)}=[0 fi(®) *fz(l‘)e_“df=/(; [fo fl(f)fz(t-f)df] e d

= foo /Oofl(f)fz(f— T)e dtdr
0 T

0 0T
€

- / fi(r)e " [ f fg(r——r)e—s(f_r)dt} d1
0 T

change variables t' =t — 1

Multiplying by e

:f fi(r)e™ dff HYe™ ' di’ = Fi(s)Fa(s)
0 0

= LTHF(5)F2(s)} = f1(t) * fo (1)
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Inverse Laplace Transform by Partial-Fraction Expansion m< N
m m—1 o C C
F(S:I = blS H“i_ bzs = + + an-I = _] e _1 FIaE _H - (3\‘43}
St g8t s o gy §— Pl S — P2 § — Pn
w = Cﬂ
R It L WO ] (3.44)
§—= D2 § = Pn
Ci=(s _Pl)F{S)lszp] Ci= i —p!-)F{_g}]S:p'_
EXAMPLE 3.9 Vil (s+2)(s+4) i
(s) ok D) Find v(1) ,
| C) Cy (s 3 — )
Y(s) = &
W S+S+I+s+3 % (—;) ( é
- (5 +2)(s+4) 8 |:> - = 4 — —_
Y ek DA ey B Y S Stl S T3
(s+2)(s+4) 3
s s(s+3)  f—y 2 ':> i) = 3 (1) — EE"I(:‘) - Ee-“-’“l(r}
c _:(.f+2}(.f+4} “_Hl_
ss+1) |5 6

Lecture 2~4 - Review Laplace



Feedback Control of System 3 Prof. Cheng-Hsien Liu

+
(SHY ( S+2)( S +3) ; )

- A, B L C 4 =
= f +(s+) * St2 +(S‘+3)3 (S+¥ (57‘3))

= 45 A, B,c,0, £

= ﬁm F(§t)
A 5
| P = fone F-(5+2)
S22 k- 3 A (543)3
e - b F (S13) ::,&»[(SH)'F S 1
B $>(3) 5
$2(3) (S#37 E(S+3
Lecture 2~4 - Review Laplace + B ?—}T{ + C + D(S+ 3)+ )J 51
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(b= hn o7 A LF (s3]

1
y S = (-3)

Eilim o7 Anl7(st 3]
L > (-3)
—,CoYEb—n%—?,gm»S'Eus)”,]

S-7ba

s9L) (s +/25$('f5(5+/7—55 +/353+‘4—é)

= S § e

9 >k (SH) (S +2) (Sf&)
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Summary
The £_ Laplace Transform Inverse Laplace Transform
Laplace transform of f(¢), denoted by L_{f (¢)} = F(s) ——.
" | Fo2 | rwear. (3.24)
» 0-
ﬂ< ] Oc+joo
f() = —/ F(s)e" ds, (3.25)
’ 2 Oc—jO0

ﬁ Basic properties of impulse (8) function and step (u) function!
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ALY <r—>{4 (51257
1 Vﬂ {[SJ"S('ﬁ)
{[-S-j: Ut

b - / '
400 = (T eyt athy [0 ]
= s , ;
(/”{E“ % N e
_‘g dl‘{ / bo g4 S,afl £
=/, 5 © 5 ’Jegﬂ
L HE e [ ey
2 44 =3
i) R ”{éfw
al o e-
- TR ?OT'H [o &V
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Z (ex Wt] =

{EGQ,J B jm eau‘fe.-s
o

Lecture 2~4 - Review Laplace

T—J

::> {[-4’:””&3:8

a)
3

S

S

4

W

. X

w"'ﬂ

d’(f: s
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e" (S‘ﬂ)t | b

S——A (v
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Py

/l/is Superposition L{af(t)) = aF(s)

[

Liafi () + BH(D) = aF (s) + BFa(s). (3.28)
7 5 Time Scaling Fi(s) = ] flaye™ dt = —F (i) (3:31)
2 0 la|  \a
- - o
ﬂ Time Delay Fi{g) = f [t — Ne Mdt = E_'v'l'F(S}. (3.30)
- 0
J/ﬂ_& Shift in Frequency  F,(s) = f e f(e” dt = F(s + a). (3.32)
0
'):B Differentiation L [%] = f (%) e dt = —f(07) + sF(s). (3.33)

L{f} = s*F(s) — sf(07) — f(07)

ﬁ{fﬂl(;)} - .?mF(S:l - Sm_lf([]_) s, Sm—ﬂf({}—) i _f{m“”(ﬂ_]a
- : 1
J/ES Integration Fi(s)=L IL f("?}dr‘f} = <F(s), (3.36)
75 ;
A Multiplication by Time  L{tf ()} = "EF (5). (3.40)

(3.35)

Lectiive 2~4 - Review La, Proof. Textbook pp 82#(867) (Example A.1)~832(872) (ExampleA.7)




Reference Hint

A ~ 54
O 7—_-[(8

_st

yz 3C

(2 f: W dt = [u ,;J‘:"- Loouu"o/{

(Z2 V) _S_{
() Fts)= fbo.ru)e's‘:{{ = & K(5): f XL Hye ~ "+

O £ F1s)+ 6 F,

> (y'(‘{)] -

-—
-
-—
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[y e U = s e e [Ty

o Yloy+ 5 [T ybe Sl
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. YR
The Final Value Theorem * 7 4 N ‘[L
’)/15 If all poles of sY (s) are in the left half of the s-plane, then

ﬂ I:> rEngﬂ y(t) = li“}: sY(s). (3.46)

3(s + 2)

- 5(s2 + 25 + 10)
3.2

= Y (s5). — —— = ().6.
y(oo) = sY(8)]5=0 0

A.1.3 The Initial Value Theorem iﬂ. ' ﬁ. \JZ =

EXAMPLE 3.10 Y(s)

For any Laplace transform pair,

A
ﬂ — lim sF(s) = F£(Oh). (A.27)

Proof: Textbook pp 836(877) (A.1.3)~838(879) (A.1.4)  |Homework

Lecture 2~4 - Review Laplace 68
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Fardial Exporsion ¥ 71

Prof. Cheng-Hsien Liu

</ S AL 2 A% ﬂ :
<z [y, TR 54 " L@f
e .
<3> CSA;Z)M + (s+a)"'" t Lg-;-a)

{ iy Bi (sta)" N o) G A
gi> M) A& FRAL SF (S—)\s?m g 2
. V%A

Wiy p=5d [
2

Lo
C = 57 7=-C J s+a) m- b
\ £ PSTR_ op * (ST

> AL =R wrags VT

L =P bt tm ef“%&kétﬂ
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The £_ Laplace Transform

Prof. Cheng-Hsien Liu

Inverse Laplace Transform

TABLE A.1 : :
Properties of Laplace Transforms Mentioned so far
Number Laplace Transform Time Function Comment
— F(s) f Transform pair «— ¥
1 aF1(s) + BF(s) af1(t) + B (t) Superposition «— p.47 F
2 F(s)e s* flt—=2A) Timedelay (A = 0) g p. 47 F
1. #5 : : #F
3 EF (E) f(at) Time scaling «— p. 47
4 F(s +a) e 9tf (t) Shiftin frequency e p. 47 F
5 s"F(s) —s™f(0)
5= EFER s =L FM (1) Differentiation < P. 47 *
1 t
6 ;F(s) f f(e)de Integration « p. 47 ¥
0
7 F1(5)F,(s) fi(t) xfo(t) Convolution ' p. 33~40 #
8 Lim sF(s) f(h) Initial Value Theorem <= p. 49 F°
9 s[imo sF(s) tlim ft) Final Value Theorem — e p. 49 I
q oc+joo .
10 oy . R©FR(G - 0)dg fiOf2(t) Time product
] Joc—joo
i +joo .
11 — Y(—jo)U(jw) dw [Oooy(t)u(t) dt Parseval’s Theorem
21 J_joo i
d
12 _EF(S) tf (t) Multiplication by time g p. 47 ¥

Lecture 2~4 - Review Laplace
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Mentioned so far

Prof. Cheng-Hsien Liu

TABLE A.2 Table of Laplace Transforms
Number F(s) f(t),t=0
1 1 5(t) e «— p. 20 ¥
2 1/s Ul) — e <« Pp.22/p.28 ¥
3 1/s t - «— p. 25-26
4 21/53 2 — +«— p. 25-26
5 31/s% t3 — +«— p. 25-26
6 m!/sm+1 il G— - p. 25'26 ’Eb
7 % e*ﬁ't h h p. 28 ?
5
8 1 te—at -— G p. 28 + p. 25'26
(s + a)?
1 1., _at
: (s + a)3 T —— — p. 28 +p. 25-26
1 1 m—1,—at
. (s+a)m -1 ¢ *=—— <= p 28 +p. 25-26
11 - 1—e 0t D
s(s+a)
12 ZL E(Gt—lﬁ—e’”t) -—
52(s + a) a
13 b—a p—at _ g—bt —
(s+a)s+b)
14 - (1—at)e~ —
(s + a)2
2
15 : ; 1—e (14 qt)
s(s+a)
16 (b—a)s pe—bt _ ge—at —
(s+a)s+b 27 ’Eb
17 e sinat D P.
5% 4 2
18 ﬁ cos at - < p. 27
s24+a
s+a —at — p 28+p27
19 ——— e cos bt —
(s+ae+b
4 -at g 28 +p.27
e ——. bt h . .
20 Al e " sin B p P
32 + b2 —at a . h
21 m 1—e 7 (cosbt+551nbt)

Lecture 2~4 - Review Laplace
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EXAMPLE 3.14 Forced Differential Equation Solution
¥(6)+5y(t)+4y(1) = 3, wherey(0) =, y(0) =B u Lt)
5 _3 _ S(sa+ B+ 5a) +3
s°Y(s) —sa — B+ 5[sY(s) —a] +4Y(s) = = Y(s) = 56+ DG +4) \v

3 3—-B—4a 3—4a—4
_ 4 T E _ W =Sb R g 3—da—48 _4
Ye) =34 - s+%l Dl — I (e s T (0

EXAMPLE 3.15 Forced Equation Solution with Zero Initial Conditions

z ; Y(s) = :
s+2 (s+2)(s+ 1)(s+4)

s2Y(s) + 5sY(s) + 4Y(s) =

(1) +55(1) +4y(t) = u(®), y(0) = 0,5(0) = 0, u(t) = 2¢~21() \L (‘t)

I

Y(5) = —
(s5) s+2+s

-+ |woio

3

|
3 5 ]
I ® s+ 4 :> () = (— le™ ¥ 4 ge_" + -wf:’"‘“) (1)
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EXAMPLE 3.5 Frequency Response

RN

3.1.9 Linear System Analysis Using MATLAB

numb=[0 0 100];
denb=[1 10.1 101];
sysb=tf(numb,denb);
t=0:0.01:5;
y=step(sysb,t)
plot(t.y)

Lecture 2~4 - Review Laplace

% form numerator

% form denominator

% define system by its numerator and denominator
% form time vector

% compute step response;

% plot step response

Prof. Cheng-Hsien Liu
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3 Dynamic Response

Desired output Error
response _

Prof. Cheng-Hsien Liu

Measurement output

3.1 Review of Laplace Transforms

3.2.1 The Block Diagram <

3.3 Effect of Pole Locations
3.4 Time-Domain Specifications

3.5 Effects of Zeros and Additional Poles

3.6.3 Routh’s Stability Criterion

Lecture 2~4

Actuator —p{ Plant —p Actal
output
Sensor [«
Feedback
1. To study block diagrams, their
components, and their
underlying mathematics.
2. To obtain transfer function of

systems through block diagram
manipulation and reduction.
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Block-Diagram Elements of Comparators

(a) Subtraction

Prof. Cheng-Hsien Liu

r(t)

R(s)

G

(1) | ¥(s)

(b) Addition
e(t) = r(t) - y(f) r)
E(s) = RG5) - Y(5) )
()

e(t) = r(t) + y(2)

Y(s)

"2/ E(s)=R(s) + Y(s)

(¢) Addition and subtraction

Ry(s)

@B el = r1(2 + 1) - y(t)

T E©)=R(9)+ Ryl - Y(5)

Lecture 2~4

Block diagram elements

of control systems.
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Time & Laplace Domain Block Diagrams

Convolution
Ul sen [ S| (X0 =60U0
U (s) X(s) _ Lapl < ()
s o 3 ace X(s
¥ Gw) o S i i G (s) =
. doma (s) =
ol omain ! U(s)
Convolution

o0

x(t) = [u(r)g(t—7)dr

0

Lecture 2~4 76
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z
3.2 System Modeling Diagrams & Tt aa: n Wa’ L
3.2.1 The Block Diagram

v

G
Uy(s) Ys(s) Uls) : . R(s) U(s) ¥y(s)

Oo—b Gl Gz —— o * GJ Y(s)
+
> G2 -‘-
Gy
V.(s) ¥s(s) Us(s)
AS) Y(s)
R(J‘} Xk G G

negative feedback f( back an‘fw -1.& éi é J

v

Ui(s) = Re) L 1a09) 664, U
1) = GGV (9 : ‘_“f—”; 6"‘1':> i m o DO i
Yi(s) = Gi(s)Ui (s), NEZTYN I £ G1(5)Ga(s)

: The gain of a single-loop negative feedback system is given by the forward
gain divided by the sum of 1 plus the loop gain.

Negative feedback: y, (5) = G1(s) R(s)
{ I+ G (s)Ga(s) unity feedback system G,=1
Positive feedback: vy, (5) = G1(s) R(s)

Lecture 2~4 I - Gi(s)Gafs) 77
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Rules for Block Diagram Manipulation

Rix) Uy(s) Yi(s)
oO—» G, ¥(s)
= Rule 1: L Y(s) G
R(s) 1+ G,G,
G,
Yy(s) Us(s)
—> Rule 2: Uo——| & [0 = U0 G oY,
Pick-off I
point _ L
u' 214 G,
L O }’«,. ——L0 Y,
—> Rule 3:
e il
o U(s) 1 2

¥

Lecture 2~4
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. +
:> RUIe 4. UI G1 —) }.-! E UI ) > GI

—

v+

+rx Ui ¥y ]+
RD—*% GITF — RG—'G_"!—‘@A GE :GLTF
(s :
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Terms

3.2.1 The Block Diagram disturbances

error  control ’ d, | d,
T _ e u y

desired output T Controller Plant

sensor [ U= R
bar
y _ n .

" r(t): reference input or command signal .
y(t): sensed/actual output SCNSOT NOISEC
e(t)= r(t) - ybar(t)

u(t): control input
Plant P
\ ybar: estimate of y

Purpose: find compensator/controller
{- error is “small”

- stability is “good”

If r(t) is a constant -> “regulator” problem
If r(t) =function of time -> “servo” or trackl g)roblem

Lecture 2~4 42.] lﬂﬁ

80



Feedback Control of System Prof. Cheng-Hsien Liu

3.2.1 The Block Diagram

error D(s)
E(s)
RIS oy Mo Gy -
desired outputT Controller Blant ‘ actual output
H(s) [

Sensor dynamics

T _ Gc’Gf _
< K 46,64
L

~ (1) Assume d(t)=0

Gp

D /7Léc 7/» H

Lecture 2~4 81

. (2) Assume r(t)=0
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EXAMPLE 3.20 Transfer Function from a Simple Block Diagram

pray o X0 _ -5 25 +4
CRG) 1+ 2+25+4

Lecture 2~4
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EXAMPLE 3.21 Transfer Function from the Block Diagram
Gy
. ;’:— ___________ b K 5
R p G Gy —1— Gs Y
b |
I G :
Y __1___J
Gy |+
'f _________________ ‘h‘l.
5 :
I e T S e e e F
F— G_|i]| G G 4
1=GiGs| | 1 L2 ‘ 2] 4 4
T 1 /
Gy
G GG,
; sz - Y(s)  T1T-66 (Ga+&)
- G, ¢ Rs) 1+ 825\ G,
R E » —6G > GI I [’}5 ¥
k. i ¥ _ G1GaGs + G1Ge
Gy e | — G1G3 + G1G2Gy

Lecture 2~4 83
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Mason’s Rule for Complicated Block Diagram ><
See Appendix W3.2.3 at www.tpe7e.com

3.2.2 Block Diagram Reduction Using MATLAB ><

Lecture 2~4 84
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Chapter 1: An Overview and Brief Chapter 10: Control Systems

History of Feedback Control Design: Principles and Case
Studies

Chapter 2: Dynamic Models
Appendix A: Laplace Transforms

=—>Chapter 3: Dynamic Response
Appendix B: Solutions to the

Chapter 4: A First Analysis of Review Questions

Feedback

Appendix C: MATLAB Commands
Chapter 5: The Root_locus Design :IIIIIIIIIIIIlllll.lllllllllllllllll
Method = Appendix WA: A Review of Complex
= Variables

Chapter 6: The Frequency-response : aAppendix WB: Summary.of Matrix Theory
Design Method

- Appendix WC: Controllability and
" Observability

. Appendix WD: Ackermann's Formula for

Chapter 7: State-space Design

Chapter 8: Digital ContrOI : Pole Placement
Chapter 9: Nonlinear Systems E Appendix W2.1.4: Complex Mechanical E
:IsylsltgmslllIIIIIIIIIIIIIIIIIIIIIIII:
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3 Dynamic Response

Actual
output

Desired output
response

Controller Actuator

Sensor
Measurement output Feedback

3.1 Review of Laplace Transforms Y(s) b,s"+b, s +-+hs+h,
R(s) RS +a, "+ tas+a,

3.2.1 The Block Diagram _ g 5+z)s+2) (5 +2,)

T.F. G(s)=

(S+p1)(s+p2)"'(s +pn)

3.3 Effect of Pole Locations +——— Y N(S)

—_—

3.4 Time-Domain Specifications R D(s)

3.5 Effects of Zeros and Additional Poles

3.6.3 Routh’s Stability Criterion

Lecture 2~4 86
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Transfer Functions {é % é‘\ K

Y(s) bs"+b, " +--+bs+b,
F(s) s"+a_s""'+--+as+a,

LTI Dynamic System
=> T.F. G(s)=

_x (s+z)(s+z)(s+2z))
Def: (s+p)s+p,y)-—(s+p,)
— 1. G(s) is said to be proper if G(0) is a finite constant -> 7 = m
2. G(s) is said to be strictly proper if G(«)=0-> n>m
3. Relative order : n-m
The order of system: n

4.
5. Poles: -p4, -py,... , =P *&’% P
6.

/€eros: -z, -Z,,... , -Z, /‘JQ %

Note: | T.F. is to describe the relationship between input and output
T.F. is independent to the input and initial condition

Lecture 2~4 - Review Laplace 26
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Feedback Control of System Prof. Cheng-Hsien Liu

. I >O_L> K u > P > y
1np ut T Controller Plant

LTI Dynamic System
m m-1
Y(s) bs"+b s +---+bs+b J
R(s) S'+a,s" +-+as+a,

T.F. G(s)=

_x (stz Ns iz )45t z.)

(s+p)s+p,)--(s+p,)

Lecture 2~4
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Dynamic Response

R=F " .
— H(s) Y, - I itk IK
i, T

D o’ e al i

3.3 Effect of Pole Locations (1) First order system

——) impulse response g (‘f)
l -

y+oy=48(t) =HO=——1 [f5 <0, ) S <o
-6t ~
= 4t)= e ut) = 4 !
When o > 0, |

S o
N

Lecture 2~4 89
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(1) First order system u(t)

,';’ 4oy =06(t) H@)= : h(t) = e ?"1(1)

s+o0 \/‘{%Li’\s b
:>ﬁ9]510w4%~‘ﬂ\/5ﬁwlw\ ﬁxﬁf"’/e 6(713\3*1)
(skbly (wrstedl) 1% %

=> Ifo < 0, the exponential expression here grows with time
the impulse response is . unstable

= Ifo <0, y (1)
_st /) § <o

e
—— > ¢ 'tfme

Lecture 2~4 90
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V4oy=4(1)

== h(t)= ¢ 16I»Uf)
/

!

—> When o > 0, the pole is located at $ < 0, the exponential expression decay

$ v
‘\V' l\ Figure 3.13

First-order system

response: (a) impulse

response; (b) impulse

response and step

response using hit)
MATLAB®

the impulse response is stable.

e ——

0 1.0 2.0 3.0 4.0

:> time constant T = l/O’ T Time (sec)

— = (a)

Lecture 2~4 91
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i U
—=> y+ky =10

/ ()SY

Figure 3.13

First-order system
response: (a) impulse
response; (b) impulse
response and step

response using
MATLAB®

Lecture 2~4

(umit) s{ef yespmse

h(1), y(1)

0.8

0.6

0.4

0.2

Prof. Cheng-Hsien Liu

/
§

'
’
’
d
s’
4
’
td
td
s’
4
4
s’
d
’
7’
’
’
7’
4
s
’/
4

|

F““"

2 3 4
Time (sec)

(b)
92
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(2) Standard second order system

’raf

o

mxHd xfpbkx=F F

v D/a/wa Y

Prof. Cheng-Hsien Liu

X - [
- T"S’fo?sfk
\/—‘7 g/a :)’la’ e § d?a

i coe L ici ek

Lecture 2~4

x =c¢ sin(wt)+c, cos(wt)+ Ae'

t
=ccos(w t+ D)+ Ae 03
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Lecture 2~4

cos(a £ 3) = cosacos 3 F sin v sin 3

A sin(e) + Bcos(a) = C cos(o — B)

C=+A2 + B2,
A

=]
—=F —
f = tan (B

Prof. Cheng-Hsien Liu
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(2) Standard second order system

Y(s) _ _ w, . \
:>R(s)_H(S)_Sz+2§WnS+Wn2 ~ D 2 S = —0 ftjwd e -
T — = -%w, 1 \H W, —u
r : , 2 2 N ¢
(s +0 —jwa)(s +o W jwg) = (s +0)° + wy

< // =
\ A B ZATB Figure 3.17

fur b 757 .

_s-plane plot for a pair of

:> O = Cwn and Wy = (U"\/I = | 4-2, complex poles
(¢ is the damping ratio

{ w, is the undamped natural frequency

w, damped natural frequency
\

—>¢ = 0, we have no damping, # = 0, and the damped natural frequency w; = w,

Lecture 2~4

/] - J-——| Prof. Cheng-Hsien Liu

(a good approximation to behavior of many real systems)

0= sin_'g\

<

Ao
N9

w"

X

|
|
|
|¢—a —»
|

I
Y —— |

I Re(sr)

Wy

)
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control
. I >O_L> K u > P >y
1np ut T Controller Plant Outp ut
0=<¢<1
2
Y6) _ i) = w, _ w,
R(S) s° +2&w s +wn2 (s + Cwn)?* + w2 (1 — £?) |—’)’
KR__ ‘ - 7 )
- (e} o :
% = h(t) = = e 7 (sin wyt) 1(1). (3.58)

&Y 4 su) L~ f" Figure 3.20 I , . :
IEEOTA-arcersysten 08 I_> Impulse Response -
response with an Al 0 !
exponential envelope N

0.4 -—

0.2 T N— o
o0 H:__'-E;:-h :

i . - B

I:> { O = Wy and Wy = iy | — §2> = i ] |

—-0.6 —1 | I
-0.8 f,ff - o |
Y | |

—> (o,w,) or (&,w,) define the behavior of dynamic system a8 B & & N

Time (sec)
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2 2
(O TN o
R(s) s“+2Ews+w S+ Lwn) +wp(l —C7)

(R-' (

Cedpy
= h{t) =
J:ﬁH) V1-=1¢2

{-:.r =¢tw, and wy = w,1 -2 }

Figure 3.18

Responses of
second-order systems
versus £: (a) impulse
responses; (b) step
responses 0.8

{ e~ 7' (sin wyt)1(1). 0=<¢<1

0.6

R= | = rlh:t ol ) =L
'J{(f) imfw/se Yesfahse 0 zz /0'95 .; .

0.2 —\

R= < = Yity -utty o —

\ :>a‘i7 Svlep yesponse ot I I\ I /

Lecture 2~4 ! 97
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Y(s) _ , =0 o /
) w
= n ’ —
R(s) His)= s +2Ew s +w? (3+§mn}2+m Y HIS S

0=<€<1 ) { /

E>(h} step responses y() =1 —€ =< (cuswdr—}— — sinwyt

2.0 ,
(=0 |
. 1.8 20,1 .-
(1) €=0 -> undamped system 4 J 02|
* (2) 0<¢<1 -> under damped system » N Ej%'
(3) €=1 -> critical damped system 19| < ;‘V_ . S
(4) ¢>1 -> over damped system v 1.0
\ (0.8 —
l 7
06—l o5 T—\N/
0=<g<1 04— [
{ > 02—+
oc=tw, and wyg=w,1—-12 )
0 2 4 6 8 10) 12
(T
(b)
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2.0 y(O) =0 y '(0) =0

1.8 Y 2

() pem— —

» R(s) sT+2Ew s+w,

1.2 |

W) 10 Step Response 0=<¢<1

0.8 o

0.6 — yi)=1—-e7 (CDS Wyl + =y sin md!)
d

0.4

0.2

0

Chatput

<n::f =¢tw, and wg=wpv1 -2 } i

Lecture 2~4
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EXAMPLE 3.25 Response versus Pole Locations, Real Roots

2s -+ ! I- 3 _E—f _I_ 38_1;' t > [:I
H g S — = — + e o ~ U,
L 52+ 3542 s4+1 542 th} I{] 1 < 0.
- -
§ >1 \2’) \"7 /,IJ«
AN T
I\ O\
EANAN
e
0 05 1 15 ﬂnr‘92(860) 25 3 35 4
Figure 3.16

Impulse response of
Example 3.23

[Eq. (3.52)]

|
1
8 1 2 3 4 5 6

Time (sec)

Lecture 2~4 100
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Figure 3.15 F 4 Im(s)
Time functions L ‘L/ STABLE UNSTABLE R H P

associated with points

in the s-plane (LHP, left | £t . i

half-plane; RHP, right A~ ._._. _

half-plane) . | "

LLHP - RHP
[ ‘W—‘- XK |

A i K . Fi : S . RE(;}
0=<¢<1 ji- — e

Y(s) w2 . (s = —0 % jwq
— H(s) = n e 1 . - 4 2 2 .2
R(s) (5) s 25w s+w? (o) il —¢?) < Lt \H Wy~ Yy
(o \. -'--?lq}hi&/,,\]/—fj’a

= h(t) = 1 = Ee_”'(sin wat) ().
Vik==f
{ o=Cw, and wy = wy1 — gl}
Lecture 2~4
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EXAMPLE 3.26 Oscillatory Time Response "
L
e . .
H(s) = find the exact impulse response, — >—
st+25+5 2
= S+25W,8 1 Wh
I
I:> mﬁ=5=>w,,=~/§=2.24radfsec Zgwn:2=:~§=:/_~5—={)_44?. -
=) H@s) = s+ s I I 2

+1D2+22 +D2+22 2(s+1)2+22

the impulse response is 2

1 s . . )
> h(t) = (23" cos 2 — Ee"" sin 2!) 1(1) 2 \\\ I—

I

L
M
0.5} S
.

—0.5

h(t)

_l ; S =

_I_S _; A

_gd"

=
%)
L
¥
th
=

Time (sec)
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bis™ +bas" it by G C2
S"+&1.S'”_I +"'+:‘1"

F(s) =

ms—pl F=—jn

5 — — C
5 p]C2+---+{S PIJ n'
5= P2 S = Pn

=) (s —p1)F(s) =C +

EXAMPLE Py (s +2)(s +4)
s(s+ D(s+3)
Ci > £

Y(s) = — =
() () +3+l+s+3

Find y(r)

; _§ _E - l —3t
|:(>}(f}—31(f) 26' l(f}—gé' 1(r)

Lecture 2~4

Prof. Cheng-Hsien Liu
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EXAMPLE 3.16 Forced Differential Equation Solution
¥(1)+5y(t)+4y(1) = 3, where y(0) =,  y(0) = B \L L‘t)
i (s + B+ S5a)+3
PY($) — s — B+5Y(E) —al +4¥() == V)= —orEs \1/
§ SobSa gole-ip o 4 3 — 4o — 48
-t _ 3 12 (r}=(~3~+ i s e P8 e M Y1)
¥(s) s s+1 * s+4 : 4 3 12

EXAMPLE 3.17  Forced Equation Solution with Zero Initial Conditions

$(1)+59(1) +4y(t) = u(®), y(0) = 0,5(0) = 0, u(r) = 2e~*1(1)

2

2
2 - Y(s) =
s°Y(s5) 4+ 5sY(s5) +4Y(s) = s+2° () (s+2)(s+ D(s+4)

Wi

|
L

|
Y(5) = — + 3
) s+2 s+1 s+4

- 1
s -2t “ —t —4t
y(t) = ( le + 36 + -3(3 ) 1(1)

Lecture 2~4 104



Feedback Control of System

Figure 3.15 k Im(s)

Time functions STABLE UNSTABLE
associated with points

in the s-plane (LHP, left i Lt
half-plane; RHP, right ADoas A,
half-plane) |

Prof. Cheng-Hsien Liu

.

X X
| A+ 3 '
. T ‘ ‘O_ c _ K u P { y \ | :
Input | T Controller Plant [ -
(
S ’ K 25 + 1
e Hs) = 35— —%
Y NS S
R —_ D[ 5) the impulse response is
+ < h(t) = (Ze" cos 2t — %e"" sin 21’) L(1)
Lecture 2~4
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3 Dynamic Response

Desired output
response

Controller

Measurement output

3.1 Review of Laplace Transforms

3.2.1 The Block Diagram

3.3 Effect of Pole Locations

3.4 Time-Domain Specifications <

Actuator

Prof. Cheng-Hsien Liu

Actual
output

Sensor

3.5 Effects of Zeros and Additional Poles

3.6.3 Routh’s Stability Criterion

Lecture 2~4

Feedback

106



Feedback Control of System Prof. Cheng-Hsien Liu

3.4 Time-Domain Specifications

w? y
: r R ] )
Unity Feedback for a second order system >O—> G128
¥(0)=0  y'(0)=0 T
Y . 2
(S):H(S): 5 Wn - — Em” 3 =
R(s) ST+2Ew s+ w, [5i=p Copl” el — L €)
< -
(b) step responses = yt)=1—e" (GGS wqt + o sin wff!)
i
Figure 3.22

Definition of rise time
t,, settling time t;, and
overshoot M

2.0
1.8
1.6

1.4 |

1.2
¥ 1.0

0.8 [

0.6

0.2
0

| i
0.4 |—f@ N
f |

Lecture 2~4 107
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0=<c<1
yt)=1—e"% (cnsmdr -+ = sinmﬁgr) ’ Wg = wpy/ 1 — fz ando = {wy,
Wyl
( cos(a £ 3) = cosacos 3 F sin v sin 3 3
< Asin(a) + Beos(a) = Ccos(a — B) A= a%: B =1,and o = wgt >
| _a A il i
C=+VA2+B°= = tan 1(—)=tan l
v1— ;2 P B /1 __,c-l )
\.

0.1 |

Lecture 2~4 108
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—a |

E &
m) () =1 — —2{:05{“{!; = 2 o + 1%
v1—2¢ ; e
1| mm—— /
0.1 |
a— ,
[ >
- . i llg
( rise time 1, for{ = 0.5 tp = —.
fﬂ”
o 46 46
settling time ¢, Is = = ,
< £ wy, o
overshoot M), M, = o TN '_"5'2, b=r<li
eak time ¢ Ip = =
\. P P P g

Lecture 2~4 109
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I

e
yWit) = | — ——cos(wgt — p). Wg = W1 — {2 and 0 = Lw,
V1—=1¢2
= rise time 1, fori = 0.5 .. 22 L
m”
L=
0.1+
0.2
L " 5
0.5
: 0.6
I er\ i |
| I w(1)
01 &
)
£ 12
i w, I

Lecture 2~4 110
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3.4.2 Overshoot and Peak Time

0=<€<1
y)=1-—¢e" (cnswdr + mid sin wnrf) , wg = wp/1 —t*and o = Lw,
E—{H
=) yWi)=1-— Wms(mﬂ — B).

o . _ .
i) =oce ' (cns wyt + — sin mdf) — e N (—wy sinwyt + o coswgt) =0

W
—af ,‘_']"2 ] 4
=e — +wy | sinwgt = 0. y o M,
Wd < i +1%
r T 1 /7 '\\ e — b
—_— 09 [-———— £ TN e T e F
I:> P Wy ——’1
A = 6.
Yp)=14+M,=1—e¢ onfwd  cos g + — sinm
(wy 0.1
8 7 —a T [y LI
=1+e : . )

=) M,=e /Y1 0<r <,

Lecture 2~4 11
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Mﬂ —_-E_H;"Ill'i' I_';'I! [] E‘;- < l.,

Figure 3.23 100
Overshoot M, versus 90
damping ratio ¢ for the
second-order system 50
70 |
60
S
& 50
40 |
30
20
2
Y(s) _ H(s) — w, ol
T (S) -2 5
R(s) s+ 28w, s +w, oL
oy " ;
g +1%
i Y ol B S ke
09 ———— /- \..__,T-r = e s

IV

112

L 4

Lecture 2~
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3.4.3 Settling Time w4 = wpy/1 —¢*and o = Ly

-
yit)=1-— g (cns w4t + — sin mﬁn‘) ’
Wl

=) e Wl — (0] = oot = 4.6

4.6 4.6
- = — = —,
§ Wy a

I.fJ MJ'J
» , +19%
e — i—"
I ~ T ———
09 -———— 4 — 3

0.1 |

Lecture 2~4 113
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&

0.9

0.1 |

Lecture 2~4

B
(" rise time 1, foi L= 0.5
46 46
t/ settling time f, Iy = - !
Cwy o
V' overshoot M, M, = e~ TE/N1-¢2
T
W

Prof. Cheng-Hsien Liu
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Design synthesis [ o, > 1%
1
< = (M)
4.6
ag = —,
y 2
- —1
+ Im(s) " g\___“ Imis)
Rf:[;',l Rc{.'r‘"'l

(a)
Figure 3.25

T.F. G(s)=

Prof. Cheng-Hsien Liu
3.4 Time-Domain Specifications Time-Domain Specs

Y(s) b,s"+b, s"" +--+bs+bh,

4 Imis)

(c)

Re(s)

F(s) s"+a,_s""'+--+as+a,

K (s+z)(s+2z)(s+z,)

(s+p)s+p)-(s+p,)

} f A

4 Im(s)

N

(d)

Re(.sa

Graphs of regions in the s-plane delineated by certain transient requirements: (a) rise time; (b) overshoot;

(c) settling time; (d) composite of all three requirements

Lecture 2~4
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(2) Standard second order system

Y(s) _ _ w, . \
:>R(s)_H(S)_Sz+2§WnS+Wn2 ~ D 2 S = —0 ftjwd e -
T — = -%w, 1 \H W, —u
r : , 2 2 N ¢
(s +0 —jwa)(s +o W jwg) = (s +0)° + wy

< // =
\ A B ZATB Figure 3.17

fur b 757 .

_s-plane plot for a pair of

:> O = Cwn and Wy = (U"\/I = | 4-2, complex poles
(¢ is the damping ratio

{ w, is the undamped natural frequency

w, damped natural frequency
\

—>¢ = 0, we have no damping, # = 0, and the damped natural frequency w; = w,

Lecture 2~4

/] - J-——| Prof. Cheng-Hsien Liu

(a good approximation to behavior of many real systems)

0= sin_'g\

<

Ao
N9

w"

X

|
|
|
|¢—a —»
|

I
Y —— |

I Re(sr)

Wy

)
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Design synthesis [ o, > 1%
1
< = (M)
4.6
ag = —,
y 2
- —1
+ Im(s) " g\___“ Imis)
Rf:[;',l Rc{.'r‘"'l

(a)
Figure 3.25

T.F. G(s)=

Prof. Cheng-Hsien Liu
3.4 Time-Domain Specifications Time-Domain Specs

Y(s) b,s"+b, s"" +--+bs+bh,

4 Imis)

(c)

Re(s)

F(s) s"+a,_s""'+--+as+a,

K (s+z)(s+2z)(s+z,)

(s+p)s+p)-(s+p,)

} f A

4 Im(s)

N

(d)

Re(.sa

Graphs of regions in the s-plane delineated by certain transient requirements: (a) rise time; (b) overshoot;

(c) settling time; (d) composite of all three requirements

Lecture 2~4
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Prof. Cheng-Hsien Liu

T ok T P —
Input I Controller
EXAMPLE 3.27 Transformation of the Specifications to the s-Plane
the system response requirements are 7, < 0.6 sec, M, < 10%, and 1, < 3 sec.
- 1.8
mn s rg
4 =t(Mp)

4.6

o= —
L ts

Lecture 2~4
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Figure 3.15 k Im(s)

Time functions STABLE UNSTABLE
associated with points

in the s-plane (LHP, left i Lt
half-plane; RHP, right ADoas A,
half-plane) |
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(
S ’ K 25 + 1
e Hs) = 35— —%
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R —_ D[ 5) the impulse response is
+ < h(t) = (Ze" cos 2t — %e"" sin 21’) L(1)
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3 Dynamic Response

Actual
output

Desired output
response

Controller Actuator

Sensor
Measurement output Feedback

3.1 Review of Laplace Transforms

Y(s) bs"+b _s"'+--+bs+bh
3.2.1 The Block Diagram =

F(s) a5 'a---rasia
3.3 Effect of Pole Locations (s+z)Xs+2z)(s+z)
st 1 2 i

3.4 Time-Domain Specifications (s+p)(s+p,)-(s+p)
Fi
3.5 Effects of Zeros and Additional Poles <

3.6.3 Routh’s Stability Criterion
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