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Conjugate Gradient Method (CG)

Jinn-Liang Liu
2017/6/7

The CG method is used for solving symmetric and positive definite (SPD)

systems
y —

AT = b (7.1)

with
A = AT (7.2)
7TAT > 0 for all non-zero vectors = € R”. (7.3)

Algorithm CG: Conjugate Gradient Method

TO =70 (Arbitrary)
é
7( )= b — AT (Residual vector)
1) — 770
fork:zl,---,N (Why N not kmax?)
<?(k) —>(k71)> (7 k=D 7 (-D) 0
(S3) T®= ? AT® = FE-1 _ g AT®  (Why ?)
check convergence; continue if necessary
L (FWaAF®) (70, F)
(84) By, = <5>(k) —>(k)> < (o 1)7?(1671)) (Why ??)
(85) ?(k‘i’l) — ( _'_5 D — (k)
end for

In this algorithm, «y, is called a stepping length and p ) is called a search
direction (or predictor, or prediction vector). We can geometrically interpret
(S2) as that we are currently at 7 #*~!) and then take a next step with the
length oy, in the direction of p'® to go to the point = *). Therefore, it is
critical to determine the next oy, and p' .
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: 10 - 0 :
Example 7.1. Given A = [ 09 } and b = [ 0 ], find the solution

of AT = b by using the conjugate method with the initial guess 7’ () =

i |

Project 7.1. First, write a program for the CG algorithm and test it by Ex-
ample 7.1. Second, run your CG program for the 1D Poisson Problem
(1.1) (with f(x) =2, gp =0, and gy = 0) discretized by FDM.

Input: N, A, b, TOL (write the input in the program).

N |k|E* | E'|«
5
9
Output: | 17
33
65
129

The CG is a nonstationary iterative method, i.e., in matrix form
7W = p7 ¢ 7 (7.4)

where B and ¢ depend on the iteration (i.e., B and ¢ change from iteration
to iteration).

Table 7.1. Time Complexity of Various Methods
Method 2D 3D
GE O(N?3) O(N?)
JM O(N?) O(N3)
GS O(N?) O(N3)
SOR O(N2) O(N3)
CG O(N?%) O(N3)
PCG O(N*'?) O(N'17)
Multigrid | O(N log N) O(Nlog N)
Remark 7.1.

(1) CG can also be used to solve unconstrained optimization problems.
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(2) The biconjugate gradient method (BiCG) is a generalization of CG
for non-symmetric systems.
(3) CG with preconditioning requires about V'N steps to determine an
approximate solution.
We say that two non-zero vectors @ and o are conjugate with respect
to A if
(W, V), =u"Av =0 (7.5)

The left hand side defines an inner product since A is SPD, i.e.,

(@7, = TTAT = (T

where (-,) is the standard inner product defined in RY. This conjugate is
not related to the notion of complex conjugate.

Example 7.2. Show that A = { 21 } is SPD. Let w = [ 0

1 2 1

} and
0

w, ), =07 Find any two vectors 2 and ¥ such that (2, %), =0, i.e.,
{ 4 y Y Y)a
— — .
2 L 7y in the sense of (-,-) ,.

Minimization Problem: With A being SPD, solve (7.1) for 7 via
minimizing the quadratic function

v = [ L } Show that (w, ¥’) = 0, i.e., @ L @ in the sense of {-,-). Does

?> vZ e RY  (7.6)
Example 7.3. A simplest example for (7.1) and (7.6) is given by N =1,

A =2, b= 1. The solution of the linear problem 2x =1 is 2* = 1/2. Find
the minimizer x* for the following quadratic function (a nonlinear problem)

1

(o) = §:CTAx—be
1
. (7.7
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Example 7.4. Solve the linear problem [ é 8 } [ il } = [ 0 } and
2

then solve it via minimizing the quadratic function

o(7T) = =aTAx—2"b

a4 [2] -t 2] om

N = N =

1 Minimization of the Quadratic Function

é
As noted above, ¢(7') is nonlinear and A7 = b is linear. Given any vectors
7 and 7, let h be a function of « defined by

ha) = o(7 +ap) (7.9)
= ST +aT), T +aF) (7.7 +a7)
= AT T +a (AT F) + 5 (4T F) — (5.F 40T
= AT Pa? + (AT - T T ) ato(@) (7.10)
Theorem 7.1.

7% minimizes ¢(7) <= AT = (7.11)

Proof: (=) For any vector P, define
h(a) =o(T" +a7)

Since ¢(7'*) is minimum, the function h(«) attains its minimum at o = 0
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with the minimum value of h(0) = ¢("*). This implies that

o dhO) (@) —h(0)
do a—0 o
_ g 2ETHap)—é(aT)
a—0 o
1 — =\ 2 —ry — —ry — s
AT P)a? + (AT = .7 ) a+6(F)=(7)
= lim
a—0 o
1
- lm §<A?,7>a+<ﬁ*—?,7>)

d(T*+P) = o(TH)+ <A?* _— ?> +
T

*) is minimum.

As a by-product from the proof, we see that, for any given vectors =’ and
—
P #0,

d
0 = —O(T +aF) = W)= (AT, Fla+ (AT - T, 7)
(a7 -7, 7)

which gives an optimal stepping length as defined in (S1).

Remark 7.2. This theorem says that solving the linear system (7.1) is
equivalent to minimizing the nonlinear function. In general, a linear problem
is much easier to solve than a nonlinear one.

Question 7.1. Why do we make a detour from an easy road to a rough
road?
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2 Directional Derivative (Gradient Operator)

(T +P)—d(T)
Dp¢(T) = Dyo(x1,72) =lim ;
(7 = (x1,29) any fixed point, P = (p1,p2) any unit direction.)

_ lin% P(z1 + tp1, T2 4; tpa)—¢ (71, T2)

t—
_ iy 8@t 1, T2 4 tD2) —G(z1, 2y + tp2) + S(21, 22 + Eps) — d(21, 22)

t—0 t
~ lim [p(z1 + tp1, 22 +tpa) — d(w1, 22 + tpo)]p1 n [p(x1, 22 + tpa) — @(21, T2)]p2

t=0 tp p2
T [p(z1 + Axy, x0 + tpa) — P(z1, 22 +tp2)lp1 | [P(z1, T2 + Aza) — ¢(21, 22)|p
= Ilm +

t—0 Az Axy

Op(x1, 0¢(1,
_ 99(x iﬂz)pl n ¢(z1 $2)p2

81'1 81'2
o 0 . . :
(V. = —, —— ) = grad = del, the vector differential operator gradient)
8331 8x2

= ng(:vl, 1'2) : ?
= |V¢||P|cost

= Max value of Dy¢ is |V¢| with § =0 and |p| =1

= Min value of D¢ is — |[V¢| in p = —V¢/ |V¢| direction 6 = 180°

Conclusion 7.1. At any point 2, the functional ¢ decreases most
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QS(?) = ¢(1‘1’x2’ ...... ’I»N)
1
= ST F) (b, 7)
a’ll P P a’lN ':Cl
1 Qa1 <+ e Gon
-9 [ @1 Ty |
aNl “ e o« e aNN l’N
x1
- [ bl bN :|
TN
1 N N N
= 522 Gt - ) _wib
i=1 j=1 i=1
1 N
= Ez(ailxl+ai2x2+"'+aiixi+"'+aik$k+"-)l‘
1
= E(allxl + a12T9 + -t a1;T; + .-+ 1T + .. )':Cl
+§(a21x1 + agexo + -+ agm; + -+ GopTk + -+ )T
_'_
1
+§(ak1:c1 + oo + - F Qs + - QppTr F - )T
+
1
+§(CLN11’1+GN2$2+ -t anix; + -+ angTe + -
0(T) _
z = = . L .. . _ .
quk( X ) - a{lfk = iz_l:alkl'z bk, ( S Qi = akz)
—VO(T) = = (GuysPuyr 2 buy) = b — AT
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rapidly (steepest) in the direction of the negative gradient —V¢(x

N
- E z;b;
i=1

(7.16)

N
)xN - Z Slflbl

(7.17)

(7.18)



The slope (grade) of a line ¢(x) = ax + b (a scalar function) is defined as

the rise over the run, m = {2 = ¢/(z) = j—x. The gradient (or gradient

vector field) of a scalar functionn ¢(7") with respect to a vector variable @
is denoted by V¢ = grad¢ where V (the nabla symbol) denotes the vector
differential operator del (grad). By definition, the gradient is a vector field
whose components are the partial derivatives of ¢ as (7.18).

HW 7.1. Consider a unit circle. Define the unit circle by using a
quadratic functional ¢(7’). Find V¢ at the point (1,0) on the circle. What
can you say (geometrically) about the gradient at that point and then at any
point? Tangent vector? Normal vector? So what is your conclusion? If we
change the unit circle to a set of level curves, does your conclusion still hold?

Prove and draw a picture to explain the conclusion.

3 Method of Steepest Descent

—
Therefore, we should choose the direction P as b — A7 if we want to
minimize ¢(x,y) in the steepest way, i.e.,

Dyo(z,y) = V(o) p (7.19)
D = —Vo(T) (7.20)
7 = b AT (7.21)
T o= b - A7 (7.22)
Iteration:
7® = FED 4 g, p® (7.23)
7 = —ve@t) =70 (7.24)

Algorithm MSD: Method of Steepest Descent

TO =7 (initial guess or any other vector)
for k=1,2,---  kmax
AN
7D = — AT D (search direction P’ = — 7 @)
H
if 7 =1 = 0 then quit (solution found)
else p®) = 77 (=)
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P kD) —(k—1) 7> (k—1)
(P, 7). e )
= (ﬁ(k), AP ®Y — (FED, AT D) (by (7.12))
70 = ZED 4, F®
Remark 7.3. The convergence results for MSD are (see J. R. Shewchuk
1994)
= (k) F- 1\ 150 795
el < () o, (729
20 _ e _ 20
=) _ = =)
e®l, = (e )
Amax
Fo= 5 , {\i} are eigenvalue of A (7.26)
A SPD = 0< A <AL )\3 """ < Ay
AN
K = —
A

(iii) The convergence is slow if A is ill-conditioned, i.e., x >> 1.

HW 7.2. Prove (7.25).

Example 7.5.
Solution:
det(A — )
0
A
>\max
)\min
K
Example 7.6.
3
A= { X

-

det ‘

3 2
2 6

3—X 2
26—\

(3=A)(6—-A) —4=0

N —9\+ 14

9++/81—-56

2

o

[NCREEN SRR
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Solution:

o(T) =

Example 7.7.

Solution:

A7)

1
S (AT T) - <??>
1 311 + 219 T _ 2 1
2 2.T1 + 65(32 ’ ) -8 |’ )
1
5 (327 + 4zy20 + 623) — (221 — 812)
C' (Different contours with different constants C')

T = ' cos b + xfsin 0

Ty = —xsinf+ xcosd

(@1 —p1)° | () —ps)°
~ a? * b? =1

wr T =1 e 1[5 o ][]

= 5 (dl.flf2 + d2y2)
= (i(constant) > 0 = a level curve
2?2 P

a dg
= 7~ d—lw\/ﬁ

| — DN =

HW 7.3. Let d; = 1 and dy = 1/9. Draw level curves (contours) of the

function ¢(7) and the gradient Vé(7') at some point 7 = (1,1/9). Find
the tangent line at 7" = (1,1/9) to the level curve passing through (1,1/9).
What is the relation between V¢(1,1/9) and this line? Find the minimum
value and minimizer of ¢(z") by MSD starting from the point (1,1/9).
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Figure 1: Steepest Descent vs. Conjugate Gradient

Conclusion 7.2. Case (1) If the contour is a circle, i.e. k = 1, the
solution is found in one step by MSD. Case (2) A is ill-conditioned = £ >
1 = level curves very elongated = requires a lot of iterations to find an
approximation solution = MSD converges very slowly.

HW 7.4. Prove Case (1).

Example 7.8. A comparison (Fig. 1) of the convergence of gradient
(steepest) descent with optimal step size (in green) and conjugate gradient
(in red) for minimizing the quadratic form associated with a given linear
system. Conjugate gradient converges in at most N steps where N is the
size of the matrix of the system (here N = 2).

4 Conjugate Gradient Method
To avoid Case (2), another approach was proposed by choosing

—(2) —>(3 }7&{—%0 7 @) _>(2)’...} (7.27)

{(PW, D
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that satisfy A .
<3(z)’A7(1)> =0 YV oitj (7.28)

This is called an A-orthogonal (A-conjugate) condition and the set
{PW, 7@, PO ...} is said to be A-orthogonal. The vectors p @ are
called conjugate directions. Since A is SPD, theset { p®, p® pG ... W1
is linearly independent, i.e.,

RN = Span {?(1)7 ?(2)7 ?(3)7 T 7?(1\7)} ? (729)
(7.12) H(a) = 0=
—
(7 - 470D, FOY  n oy
AT® F®EY (A7, p®)
7® = P04 0 F®  (Next Iterate) (7.31)

(7.30)

Theorem 7.2. Let {p'W, p® p® ... 7M1 be an A-orthogonal
set of nonzero vectors associated with the SPD matrix A and let 7© be

arbitrary. Define the iterates (7.31) for k = 1,2,3,---, with (7.30). Then,
assuming exact arithmetic, we have

AT™ =Y (N steps to get solution) (7.32)
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Proof:

(AZ D

b, A:NxN, T%e RN

1

S (AT, T) - <?z>> V7 e RV
o(T +ap) =

T=b A7

TED 4o, T®

N
— <Ay<o>_ b ,7<k>> +3 0 (A0, F®)
i=1
- <A7<o>_73<k>> + oy (AF®, FT®)
( {?(1),?(2),7(3), . ,?(N)} is A—orthogonal)
<7 AT G, 3(k)>
- - (0) _ - (k) (k) —> (k)
= (AT AT ED F0)
= AT®?D 4 APED = ATO 4 0 AW 4 a1 AT
k-1
= =) (AP, PWY=0 Vk=1,-- N
=1
— ATWM =
How to determine the A-orthogonal set { '™, p'® p® ... P (set

of search directions, conjugate directions)?
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Lemma 7.1. Show that

(T® PEY = 0 fork=1,---,N, (7.33)
<?(k‘+1)’A?(k‘)> = 0 for k= 1’ e ’N — ]_’ (734)
<7(k) —>(k)> _ <?(k71)’A?(k)> fork=1,---,N, (7.35)
<—>(k > = 0 fork=1,---,N, (7.36)
Proof:
7 *) b - AT@
(7® T L, W)
7 — AT ED —>(k>>
= b — AT <b Ar b Ap®
- ! (Ap® pEy P
(F® FHY = <3> _ A?<k71>7?(k)> _ <3> _ A?<k71>7?(k)>
= 0= (7.33)

(S5) = Aﬁﬂf“) =ATW® 4 g, AW
(APEDFW) = (ATWFW) 4 5, (AFW, FW) =0
= (7.34) by (S4) and this is the answer to the first 7 in (S4).

For k =1,
<—>(1 AW )= <7(0), A?(1)> by the definition of ™.
For 2 <k <N,

(P, APW) = (FED 45, PEV AT®) by (S5)
= <?(k*1)’A?(k)> + Bry <7(k*1)’A?(k)>
= (TED APW®) by (7.34) = (7.35)

HW 7.5. Show the second equality in (S1) first and then (7.36).
Theorem 7.3.

(PO, APy =0, (FUD F0DY=0  Vj£m. (7.37)
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Proof: This result is proved by induction on m. From (7.34) and (7.36),
we first note that (p'®, Ap®) = (77 7)) = 0. Assume now that

(PO, AW = (FED FEDY =0 for 1<k<l<m. (7.38)

We want to show that the same relation holds true for 0 < k<l <m+1. It
has been shown in Lemma 7.1 for k =m and [ =m + 1. Taking 1 <k <m
and [ = m + 1, it follows

(T, FEDY = (PO PEDY o (AT PED)
= —ap <Aﬁ(m (k_1)> by (7.38)
= —ay, (AP, PW -5, PEY) by (S5)

= 0 by (7.38) (7.39)
(P AT®Y = (P 4 g P A7)
(T AT®Y 4 8, (P, AT®)
(7™ A?(’f} by (7.38)
— <? - _ k) Yot by (S3)
= 0 by (7 39)
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