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Bayesian Analysis ---(1)

Y=xf+¢ &~ N(0,6°I,)

B frequentist : assume structure about prob. of &

1 —(r=xp)y (r-x
= LY |x,f5) = ———e "2

1
V27 |

'_
Bayesian Analysis --—-(2)
B Bayesian: find Prob. (B|X,Y) P(Z|X.Y)

PO/ LX) e~ el —p) (1~ xf)]

< Lewl A it - freds-

v=nk , B=(xx)x'y, 8= %(Y—xﬁ)

Guess S ~ Normal Guess ¥ ~ inverse Gamma

"
Bayesian Analysis-—--(3)

1

1 5
f(x|0hﬁ)=We ’ x=(0,®),a>0,8>0

1 .
E(x)ziﬁ(a—l) if a>1

var(x) = ———~

Bla-D*(a-2)

if a>2

i Gamma(a, )
x

x%(n) = G(%,Z)
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Bayesian Analysis ----(6)

Ex:
Y=xf+¢

L=— el —xpY T (Y- xp)]
J2r 2P

Bayesan L = L(f3,X|data)

Marginal likelihood for 3 : jL(ﬂ,Z | data)ds

* S
Bayesian Analysis ---(7)
For univariate case:
L(B.0 |data) = P(Y |, ,0) o —expl —= (Y ~ xf) (Y ~ xp)]
o 20

show as function of A (ignore the prior for thistime being)

(=)~ p)
(o}

1
oc —exp[—-
O

1 17,2 L -
“ exp{ ORI CAY) (xx)(ﬂfﬁ)J}

Bayesian Analysis-—--(g)

(B y,x) = margina likelihood of 2 : 'fL(ﬂ,o-ldata)dO'
0

f(o | y,x) = margind likelihood of o : IL(ﬁ,G | data)d B

—0

2

f(aly,x)ociVexp( 5-) ~ inverse gamma
o 20

"
Bayesian Analysis--—--(9)
W Diffuse or uninformative prior () Lie some constant
o

Ebut ?f(ﬂ)dﬂ;tl: improper prior }

—0
frequentist ~ Bayesian
B Conjugate Prior:

give the posteriors same distribution asthe
likelihood function.
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Bayesian Analysis ----(10)
Data Set #2:
1) Y=xB+¢ oLS
(2) Bayes: posterior on 9 ={p,0}
) o (erP(O)  q
a) DiffusePrior f(0) o« —
o
b) Conjugate Prior: B~ N(b,0)
o~ IG(V,S?)
N\

inverse gamma
11
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Bayesian Analysis -—-(11)
Ex:
y=xpf+e &~N(00c?) Letd={p,0%
f(@y,x)oc L(y|x,0)- p(0)
~

prior

look at from the perspective of @ random
andy, x fixed

12




" JEE
Bayesian Analysis ----(12)

a) Diffuseprior:  p(6) < 1

Ly 130) = - ep{ - (F ~xp) (1 ~ 5}

see proof 1

L exp{— = [V + (B B)x'x(B— P}
o, 207

V=T—k, ="y, szzw
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Bayesian Analysis ----(13)
FBInD = [£(Bo v x)do

see proof 2 —{rs? +(Ig_ﬁ)’x'x(ﬁ—ﬁ)}\z

see proof 2 1 —VS? 5
oc ex ot ~IGV,S?
o’ ot 202 ) / \( )
inverse gamma
(V=T-k)
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Bayesian Analysis ----(14)
b) Proper conjugate prior :

Choose a parametric from for @ that affords
tractability to Bayes' rule.

If prior:
f(ﬂlo—izvx) - N(b!O—ZQ)
f(e?1x)~G(S?7)
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Bayesian Analysis ---(15)
Then posterior:
F(Blo?,y.x)c NE(Q b +xx5).5)

seproof 3 % = (0 +x'x)

f(@ 2|y x)cGE2V)  V=T+V

6 =VS?+(Y —xp) (I, +xOx') (Y — x3)

see proof 3
f(B|y,x) o t distribution
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Bayesian Analysis ----(16)

¢) Proper conjugate prior:
Prior :
f(B)~N(b.Q)=(27) 2|0 ? expl(f-b)Q (S ~b)]

1 2ya-t Vs?
F@)f" (@) ep(=7 5

fle?)~GES? V)=

)

1 Ll ySs?
=———(07)? exD[zJ
r&)2)? 2
27ys?
Assume (prior ) 1 (prior %) Then f(8,072|x) = f(B)f(c?)

17
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Bayesian Analysis -—-(17)
Posterior joint: (6,0 | yx) o< £ (v oo, x) f(B.072 | )
- 210%) 2 ap[z%‘lz(vsz +(B-BYxx(B— )] -

(27) 210] 2 exp[—%(ﬁ—b)'Q’l(ﬁ—b)] .

)
Ve, 25 20

18




Bayesian Analysis ----(18)

1 ~ ~
o eqo{_gl[vsz + 752 +(B—=P)xx(B—P)+0*(B-b) O *(B-b)]}
A

L 1 B
=y? exp[—zy(A +=)]
y

1
1, 1
=y? PXIO[—E(AHB)]

B

where y= o2
a=T+V -2
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Bayesian Analysis ----(19)

Posterior

SB1yx) = [f(Bo? | y)do?

B o Ay
B 4
e ij“ e 2 dy
0

where ¢ = ﬂ
2

20

Bayesian Analysis ----(20)

posterior
B x

B 4
f(Blyx)ee? [y e 2dy
0

_B where
=e? j (Zf)“’le’x(%)dx

- e’g(f)"r(a)

A
2)’

T4V
2

a

oc{exp[%l (B-b)Q (B—b)} {VS>+VS> + (B-BYxx'(B— P} *

M
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Bayesian Analysis -—--(21)

<df.>
Let M =VS?+V52+(B-p)xx'(B~f)

B ~ multivariate ¢ dist. with (T+V -1

- _VS24+VS?
EB)=p  va(p)=" ()
see proof 2-1
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Bayesian Analysis ---(22)

If T, B~N(BS*(xx)

Hence

F(Blyx) & NEQb+xxp),3)

where 3 = (o +%)’1

Q.ED.

23

Bayesian Analysis -—--(23)

posterior
f@?1yx)=[£(B.o? |y, x)dp
Loz —

o (o72)2 expl 2012 (VS? +75?)] -

Jepl (8- By xx(p- )

£ H-bYO(B-bNp

It's not IG!!

<Back>
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Proof 1: ----(2)
0={B,0°} Y=xf+¢ E=Y-xp

Ly 10)=(20) *(0) " epl_;

—xp)(Y -xp)}

(Y =xB)(Y —xB) = (Y ~xp+xB~xB) (Y —xp +xB~xJ)
= (Y =xp) (Y —xp) +(B~ ) xx(B -~ B)

* S
Proof 1: ----(2)
cex=xe=0

Ly Ix,0) = (27) 2(0) eXp{

+(B- By xx(B- B}

B Szz(foﬂ)’(Y*X,é) _8E
' v T-k

where

B =) ", var(f)=o?(xx)™

N Q.E.D.
+(Y =xB) x(B-B)+(B—B) x' (Y =x3) or 2
é R R é f(y|x0)oc—exp{zz[%{ 16 wl}
= (Y =xB) (Y = xB)+(B— B) xx( - ) var (ﬁ)«m
" .
Proof 2: ----(1) Proof 2: ----(2)
prior ©
101y = L0010 _ 10150/ (0) Y f(Bly.x)=[f(B.oly.x)do
flx) Flx) o 0 )
0={p.0} oo [y exp(= S p)dy
~ ~ L= 1 ., __r
f(ﬂalyx)oc p{ +(B-p)xx(B- P} :_F(E)(j)z ﬁyz e 2y
A RNk

it r@«l)
o

r seeProof 2-1.

o« [4] 2 ~—~ multivariate 7 dist. with l.f df.

T-k
" "
Proof 2: ----(3) Proof 2: ----(4)
NoE Lo e 2 f(crly.x)=7jf(ﬂyaly,x)dﬁ p=kx1
1 1
=>y?=0 o exp(
i P 1 N
5V dy=do =~ exp( 2 )(ZM )? 0[ (27c
~ N 1 -Vs? _
Y VS (B B (B ) " P, ) [ where a="1 52
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— 6%~ IG(V,S%) or o?~IG(a,p)
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Proof 2: ----(5)

1 otfle_;

it x~G(a,p): f(x)= NOYVER

if X ~ IG(a,ﬂ) f(x) :We_g

1 s
Bla-1) V-3
) 1 2y2s*
var(c®) =— 5 = 3
Bla-D(a-2) (V-3 (V-5

E(c?) =

31
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Proof 2: ----(6)
V+3
or { o ~GWV,S?) where { a=—
o2~ Gla, f) ﬁ=%
E(c?) =af- ’;;23
» 20V +3)

var(c?) =ap’ = XD

<Back>
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Proof 2-1: (1)

(VS?+ AB'X'xAB) 2 ~ tdist. with v=T—k df. (AB=S-)

Note: ) X% k)
x ~t—dist. : f(x)=k[1+ 7] with n d.f.

Let - Lok
A = (VS?+ AFXXAS) 2 = KL+ —Afj Ziﬁ 2

Mx Y oxx

Where , T
k=(s?) 2, T=— ="
( ) \KSZ Sz
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Proof 2-1: ----(2)

Let Af=Ay ad AZTA=1 6 n=T-k=V
2 1 i

A=k 222
n

oy~ multivariates dist.  Q.E.D

1%

n
E(y)=0, va(y)=——rIl, =——]
) O =——h="—I
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"
Proof 2-1: -—-(3)
var(Ag) = var(g) = A(var y) A’
note: k'=k-|4| , where |A|=|E|%

v |AZA] = [A]2]4] =1

1 _ A1 -1 n-1 r_ 5
snce ATA=1 , T=A7A" = (A4) = AL =3

1% 1% 19
Sofva(B)=A(——=1)A' =—— A4 =——3"
(V5] (U_2 ) 7 2

EMAB)=E(4y)=0 . E(f)=p

1 U G2/ 11
=—3S
28 w)
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Proof 2-1: ----(4)
x ~ multivariate t dist. @ [£,,(x,2,0)] o

1 v+k)

f(x)=/lc[u+(x—ﬂ)'2’1(x—u)1’2‘
const.

E(x)=u

var(x) = ﬁz

<Back>
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Proof 3: ----(1)
Prior
f(Blo?.x)~ N(b,o*Q) = (25°) 2| Q| 2 aq—é (B-bYQ(B-b)]

2

20N\ (92 Y = 1 ~2ya-1 a/;
07 ~G(S ’V)_r(a)ﬂ“(a) e
) ep )
rdy2.7 7
2°ys?
1% 2
(where a_E,ﬁ_W )
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*
Proof 3: ----(2)
E(c?)=af = 52
2

VarO:2 =Q, 2:,\7,\
(0)=ap ot

s £ 1X) = (Bl ) £ )

Assume: ( prior indep. btw 2,572 )
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"
Proof 3: ----(3)

So posterior join dist.

2 _SW1B.ox) f(B.o?]x)
f(Bio |y, x) = 70T

« f(y18.07x) f(B.o?]x)

- E—
Proof 3. ----(4)
(B0 y) =(2r0") 2 eply 505"+ (8- pYn(p- )

(270%) 7 101 Pl (5-1Y0 (-]

1 Ll 145
ﬁ(“ )2 exp(- 202)
(=) (=)
2°ps?
Lrike742) -1 an
o« (07%)? exp{——[VS? +VS?
20

HB=b)O(B-b)+(B-B)xx(B- B}

39 M 40
" "
Proof 3. ---(5) Proof 3: ----(6)
~ ~ posterior join
Let M =(f~bYQ ™ (S~b)+(f~p)x5(B~p) i1
. . B o fBolp) e (@) explo—[rs? + P82 + M)
=(B-b)x'x00(B-b)+(B-b)Q x(B-D) 20
= f(o?]y,x) = If(ﬁ,o-’z [$,3)d B = covveeecern
Where { 0=(0" +x)* h
b=0(Q b+xxp) | EO)=F G Nexp[—%g ] ~Gamma(a,,3)y“=%'ﬂ:§
var(b) =20
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Proof 3: ----(7)

where

N=V+T

vs?

E(c®)=ap =%

var(c?) =ap® = i—]g

A=V8%+ (y=xp)y—xB)+ (B ~bYO™ Ox'x(f —b)
~—
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Proof 3: ----(8)
o f(o?|y.x)~IG(a', ) {“—Z—z

2

'37

2\ _ /1
Ete)= ﬁ(a ) N-6
2 1 242
Var(U )= > 3 = 5
pa-D*(a-2) (N-6)°(N-8)
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Proof 3: ----(9)

posterior

f(Blo” x,y) = (2n0%) ?

E(Blo?)=b
va(Blo?)=0"0
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Proof 3: ----(10)

marginal posterior
k+ N

FB1xn) =L
r(N )Ny

_ kN
2

1 “ur A A
T+ BT 01 (B-0)]

I( )QI }

k-dimentional ¢ dist. with N d.f. , mean b and scale matrix (ﬁ)'Q

E(B)=b

(7)( 0)=—"— Q
<Back>

var(f) =( )

Truncated normal: ----(1)

(1) totheleft (at x=7) x~N(u,0%)
f(x)= if x<r
eSO it a2
= f(x)=<
where
k= L a:T_'u
1_®(T_lu) o
o

47
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Truncated normal: ----(2)

[——(T “) 1= u+0A(a)

B =pr— T
1o H ”)@
where Ma):l¢(a) a=ITH
-O(a) o

*

if = O:ﬂ(a)——
o2 )

48
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Truncated normal: ----(3)

(2) Totheright (at x=17)
f(x)=(0 if x>7

k 1 x-
me)(p[—i(%)z] if x<r
1 _
G
where = /@)= D(a)
k= 1
@(T*ﬂ) @ : cdf of std. normal
(e
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"
Truncated normal: ----(4)

1 17—
E(x):u—q)(r"_ﬂ)ﬁap[—g(fa”m:uw(a)
o
)
where /I(a):—M if 7=0=A(a)= =
O(a) 1-o#h)
o

var(x) = o’ [1-o(a)] where o(a)=A(a)[A(a)-a]

O<o(a)<l fordl «
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Truncated normal: ----(5)

Tobit: (for censored data)

v =xf+e, &g ~iid N(0,772) rzé
v, =max{y,,0} i=12,
ex:

¥, : observed stock price

[ ¥, = roundedto nearest 1/8 spread |

n=ng+n,

\
#of y,=0 #of y,>0

51

"
Truncated normal: ----(6)

LG, ) =L (x o)} 27) () exp{‘yz‘ﬁ}

c={ily =0
u={ily, >0
¥, : set of uncensored

X, . corresponding  x,

<Back>
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Gibbs Sampler ----(1)

l—(D(xi,ﬂT) :P(yi :O) :p(y: <0)

If we could observen, , y; corresponding to ¢ , then this

would be a standard problem.

If | knew & £ ,then| could characterize probability of

vy, €c (Integrate over this space)

53

"
Gibbs Sampler ----(2)

Integration can be accomplished by taking successive draws

from conditional posterior densities:

1) makeup 7, for y, Ec(}ie/c)&T- i.e. al negative 1, initially
2)draw f from [ f(B]x,y.5,7) > B
3)draw 7 from f(rlx,,é,y,jz,) -7

R | Throw if draw> 0
4)ydraw y from |f(¥|x, y<0,3,7) =3 | Keepifdraw < 0

full conditional densities

continued step 2) ~ 4)

54
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Gibbs Sampler ----(3)

Use step 2) & 3) 1000 draws to construct marginal
- .
(i.e. after throwing first 1000 draws)

posterior of B,

If Prior: | Bocr

rocl

Then thefull\oonditional densities:

(like marginal posterior given augmented data)

55

Gibbs Sampler ----(4)

! -2
frec|y,B7)= M < truncated normal >
1-D(x, pr)
V+3 2 N
-G , ={y, _ :augmented data
TGy v.={»J}  y.ag

f(Ble.yxyec)=N(B., o2 (xx)™)

3. : based on augmented data

The draws from step 2) , 3) , 4) consist of Markov chain process.
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Gibbs Sampler ----(5)

Call DRNGAM (N,A,R)
N=1(#of rv's)
A = shape parameters
R = o/p (vector of length N)
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Gibbs Sampler ----(6)

Cal DRMVW (N, K, R, LR, S, LS)
N = # of vectors (1)
K = length of vector
R = upper-triangular Cholesky factor of var-cov matrix
LR =Ldg dim of Rin calling program
S = o/p matrix
LS=Ldgdimof S
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Gibbs Sampler ----(7)

Cal DCHFAC (K, SIGMA, LDS, TOL, IRANK, R, LR)

Cholesky factorization

TOL : tolerance i.e 1.0D-8
SIGMA:R'R —— var-cov matrix

K: order of sigma
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Gibbs Sampler ----(g)

Iteration 1: B F e (ed
burning sample
(throw out) X
Iteration1000: B | © | e {yec}
construct
dist.of f& 7 A A

= >
<

—~

< .
m

<&

Iteration 11,000:
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EM Algorithm (Expectation Max ) ----(1)

m Freguentists concentrate missing variables (m.v.) into
likelihood.

m Instead of making draws for missing variables, we use the
expectation of m.v.’sand put them in likelihood function.
Then maximize the likelihood to get new MLE of
parameters. Use new MLE to get new set of expectation of

mv.'s...... Iterate the procedure until 6 ~ '

p(y, =01x,,8) = p(y, <0|x,, )

61
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EM Algorithm ----(2)

D E(y) |y, =0x,,5,7) =x/p +7 7],

- <{—@J-¢u/ﬁf)

' b, = o(x, 47)

2) Put E(y,|y,=0) aongwith |y, >0 togetan

augmented data which we use to get new MLE for g, 7
——

(same as OLSin this case)
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EM Algorithm ---(3)

3) Then use new ,3 7 toget new

E(y,|y,=0.x,,5.7)

4) Iterate the procedure until ' ~ '

note: 6 = (f,7)’
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