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Chapter 10

Ito’s Lemma

Samantha Chiang
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    1. In classical calculus --- 
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    2. In stochastic calculus ---

        The operations such as  ,  can't be defined

        for continuous-time square integrable martingales, or 

        Brownian motion.
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But, a stochastic equivalent of the chain rule can be formulated
in terms of absolute changes such as                    , and the Ito 
integral can be used to justify these terms.
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Thus, in stochastic calculus, the term Thus, in stochastic calculus, the term ““chain rulechain rule”” will refer to the way will refer to the way 
stochastic differentialsstochastic differentials relate to each other.relate to each other.

a stochastic version of total differentiation is  a stochastic version of total differentiation is  

developed.developed. 4
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ItoIto’’s Lemmas Lemma
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The notion of The notion of ““SizeSize”” in Stochastic Calculusin Stochastic Calculus

Given a function ( , ) depending on the increments 
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The notion of “Size” in Stochastic Calculus
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The notion of “Size” in Stochastic Calculus

1 2
2

1 2
2

2

0 0

1 2
2

[ ]

      [ ]

 Second order terms...

[ ] [ ]
   lim lim  0             

2 2

   [ ]  divided by

( ) [ ] [ ]

[ ][

 ...

]

ss k k k

tt

tt tt

h h

ss k k

s k k k t

st k k k

k

F K F a h W F h

F h a h

F a h W

F h

F h F h

h

W

R

a

W

F h h
2 2 2

1 2
2

1
2

( ) 2
  [ ]k

k

k k k k k
ss ss

a h W a h W
F

h h
F

h
a

small

negligible

small

9

The notion of “Size” in Stochastic Calculus
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The notion of The notion of ““SizeSize”” in Stochastic Calculusin Stochastic Calculus
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Use of Ito’s Lemma
obtaining stochastic 
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Ito’s Formula in More Complex settings

Ito’s Lemma may not be applied in some cases…

1. The function F( ) may depend on more than
a single stochastic variable St.
A multivariate version of the Ito’s Lemma should be used.

2.   Since the financial market is affected by rare 
events, so it’s not appropriate to consider error 
terms made of Wiener processes only.
The jump processes to the SDEs should be   

added.
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ConclusionsConclusions

1. Given movements in the underlying assets, 
Ito’s Lemma helps to determine stochastic 
differentials for financial derivatives.

2. Ito’s Lemma is completely dependent on the 
definition of Ito integral.

3. Ito’s Lemma used in deterministic calculus 
gives significantly different results than 
standard formulas.
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ItoIto’’s Lemma as an Integration tools Lemma as an Integration tool
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Example ..

     (suppose one needs to evaluate the Ito integral )
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BivariateBivariate casecase
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