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1.Definition

» A stochastic process behaveslike a
if its trajectories display no discernible trends
or periodicities.
A process that, on the average, increasesis
called a

represents process that, on the
average, decline.

1.1 Notation

= L et the observed process be noted by

{S: .t [0,00]}

w Let {1 7€[0,0]} represent a family of information
sets that become continuously available to decision
maker as time passes.

n With s<t<T , thisfamily of information set will satisfy
Isc Irc Ir
Theset {/.7€[0,0]} iscaleda
= If the value of § is included in theinformation set
l,, ateacht>0, thenitissaid that{ S: . t € [0,0 ]}

isadaptedto {7, .t e [0, ]}Thatis, thevaue
of § will be known, given the information set |,.

1.2 Continuous-Time Martingales

= Wesaythataprocess {S: te [0,0 ]}

isaMartingale with respect to the family of information
sets |, and with respect to the probability P.,if, for all
(0]

1S isknown, given [,.
2.Unconditional forecasts are finite

ElSrl < oo
Ez(ST) = S Foralt<T




= Suppose S, is amartingale and consider the forecast of
the changein S over an interval of length u>0

E[Si+u - 8] = E(Si+4) - E(S))
=8-S
=0
= S0 martingales arer.v. whose future variations

are completely unpredictable given the
information set.

1.3 The use of martingale in
asset pricing

= We know that stock prices or bond prices are
not compl etely unpredictable. The price of
discount bond is expected to increase over time.
If B, represents the price of discount bond
maturing at time T, t<T.

B: < Ez(Br i u)

= |rregular trajectories can oceur in two different ways.
They can be continuous. It leadsito

n | they can display jumps. It iscalled

= Suppose one i's dealing with a continuous
martingale X; that also has afinite second

moment E(X[z) —

Such a process has finite variance and it is called

1.4 Properties of martingale
trajectories

= Define the variation of the trajectories

4 ;\4\',;- X

= The quadratic variation is given by
V=X X
i=1

= One can similarly define high-order variation. For
example, fourth-order variation is

V= Y|X- X

4




= Assume{X,} represents atrajectories of a
continuous sguare integrable martingale. Pick
atimeinterval [0, T], consider the time {t;}
t=0<t, <t,< e o o o<t =T

= According to the assumption , V1 V2,V V4
have some important properties.

P = 31K X < [ - ]3] % -
sl sallZ

Asti - ti-afor all t, it impiles that "consecutive" X«
will get very near each other. At the Imit,

Max | X - Xi-:| >0

It meansthet unlessvlget very large, Vzwill gotowards
zero. Butitisnot dlowed, because, Xt isastochastic process

with nonzero meen and consequently \ /* > Oeven for very
finepartitionsof [0, T]. Sowemust have\/" — oo

Now consider the same property for high - order

. - 4
variations. For example, consider \/

2
V4<Max X, - X.. V2

Aslong as\/ z convergesto awell -defined r.v.,
theright hand side of inequation will go to zero.

Thismeans that \/ * will tend go zero.

Summarize the three properties of
the trajectories.
= 1. Thevariation VX will converge to infinity in
some probability sense and the continuous
martingale will be very irregular.
= 2.The quadratic variation V2 will converge to
some well-defined r.v.
= 3.All high-order variation will vanish in some
probability sense.

1.5 Examples of martingales

= In this section, we will learn how: to convert
{X} which isnot amartingale into a
martingale.
1.We can subtract an expected trend.

2.Doob-Meyer decomposition.




Examplei

Suppose X: represents a continuous process whoseincrements

are normally distributed. Such a processiscalled Brownian
motion. We observer avalue{ X1} for each t. Incremental
changesin Xt areassumed to beindependent acrosstime.

Under these conditions, if Aisasmal interval, theincrements AXt
during AX: will haveanormal distribution with mean pA and

a 2
variance g A

AX:~N(uA , oA

Thefact that incrementsare uncorrelated can be expressed as
E[(AX:-pA)(AXu-pA)] =0

The process Xt isthe"accumulaton” of infintesimal increments
over time, that is,

+T
Xt+T:XO+£ dXu

E[Xee1] = E{Xo+ [ dXu] = Xo+ T

Consider a new process
Zi = Xi - ut

Then

E{Zi+1)|=E{Xi+7- u(t+T)]
=X+ ul-ut+T7)
=Xi-ut
=7

Thatis, Ztisamartingae

Example2

Suppose atrader observes at time ti,
to<ta< <tr-1<te=T
the price of afinancial asset S.

S = {1 with probability p
ADE =1 with probability (1-p)

For example, atypical sample path can be
e i o aS=1

Another assumption that simplified this task

was the independence of successive price

changes.

k
Su= St + D (Su—Su-1)
i=1

the highest possiblevaluefor S« is S+ k
P(S[k = Sio+ l\') :Pk
thelowest possiblevalueof Sx is Sk

P(S[A = St /\') = (1—p)/‘

Ingenerd, the pricewould besomewhere between
thesetwo extremes Of thek incrementa changes
observed, mwould bemedeaf +1'sandk -mmede
of -1's withm-k.

Sk = S0 +m-(k-m)=So +2m-k

P(S: =So +2m-k) = () p"(1=p)

fe—m




Ekx —1[Sm | Sto, AS/l, ,AS)‘A 71] =Su -1+ [(+1)p ar (-1)(1- p)]
= Su-1+ 2p -1

p= % = Su isamartingale.

p;t% = S« is not a martingale.
Define:
Zie = Su -(2p-1)(k+1)
= Zv = Sx +(1-2p)(k+D)

1.6 Doob-Meyer Decomposition

If Xi, 0<t< o0 isaright continous submartingale
with respect to{ 7}, and if E[ X:] < oo, fordlt,
then, Xt admits the decomposition

Xi = Mi + A
where Mt is aright continuous martingale, and 4:
is an increase process measurable with respect to /

1.7 The First Stochastic Integral
Let H.-. beany r.v adapted to /i -.. Let Z: be any
martingae with respect to 7.

Define anew martingale M:

k
Mu =M + Y HiAZi - Zu-1]
i=1

E!U[MM] = Mo +Ero[Zk:Er~1[Hrw1(Zn' - me)]]

(v Ede]= EdE{]] )
and
Eus[Hi's(Zi - Zu-)]
SHi\ Euls (Zh - Za-)
=0

E(Zi 1) = B Si -1+ (1—2p)(k +2)]
= E S« ] +(1-2p)(k+2)
= Su+2p—1+(1-2p)(k+2)
= S+(1-2p)(k+])
= Zu
o, {7} isamartingdewith respect to

Example3.

S = S +2m-k
= E/(-J.[SIA I Sro, ASrl, ,AStkA]
=Su-1+ 2]7 -1

1
= <p<l1
> p

= Ex-qSu| Sio, aSn, AaSua] > S
So, {Su} is a submartingale.
Then we can write
Si =-(1-2p) (k+1)+Zx

where Zu is a martingale.

" EdMu] =M

M = Mo + £H dZ




1.7.1 Application to Finance

We consider a decision maker whoinvest
inarisklessand risky security at ti

0 < 11< 12 <esooooessee< 1, =T
Let o and Ba -1 be the number of shares of
riskless and risky securties held by the investor
before time # frading begins.Clearly, these
random variables will be 7 adapted.
a0 and S0 are nonrandom initial holdings.

Let B. and S« denote the prices of the riskless
and risky security at time .
Suppose at time tiinvestments are financed solely
from the proceeds of time #: -1 holdings.

Qi-1Bi + 1S = auBu + BuSu
where i =1,2,3,

Use Bi= Bi-1+ Bi -Bi-1
i = Sua+ S -Sia
i—1
= awBo+ ﬂzOSO + Z[(er[B/, +1— Bu] + ﬂIJ[SIr 1 Sx,-]
j=1
=auBi + ﬂ[;S’J
The left-hand side has exactly the same setup as the
stochastic integral discussed in the previous section.

1.8 Conclusion

» 1.Martingales were introduced as processes
with no recognizable time trends.

» 2.\We also introduced ways of obtaining
martingal es from processes that had positive
(or negative) time trends.

TThank you
fFor
your listening




