Stochastic Process
- Their value changes over time in an uncertain manner.

- “discrete-time”  vs.  “continuous-time”
(random walk) (Brownian motion)

- Markov process (a special case)
*memoryless

*weak form of the efficient-market hypothesis

*Wiener process or Brownian motion w(r)

-Aw over small As are independent.
-Aw ~ normally distributed

E(Aaw)=0
Var (Aw) = At

Aw = JAr & where &~N(0,1)

[ Note that stock prices are closer to being log-normally distributed. ]
Ito process

- dS=a(S,t)dt+o(S,t)dw (k k)

- E(dS)=a(S,t)dt

Var(dS) = o> (S,t)dt
- Special case: geometric Brownian motion with drift
(or standard diffusion Wiener process)

where «a(S,)=aS and &°(S,t)=0c°S"

o and o are constant.
Then

dS=aS dt+ocS dw

d—S:a dt +o dw
S

Thus E(dS)=aS dt and Var(dS)= oS’ dt



Ito’s Lemma
Ito’s lemma is easier to understand as a Taylor-series expansion:
oc . oC 10°C

C(S+AS,t+At)=C(S,0) +— At +—AS +——
ot oS 208

(AS)” +...,

or
AC =C(S+AS,t+At)—C(S,1)
oC oC 10°C

=—At+—AS+——;
ot oS 208

In the limit, as higher-order terms disappear,
oc ,  oC 10°C

dC=—dt+—dS+—-——
ot oS 208

(AS)* +...,

(dS)~.
If S follows the standard diffusion (Ito) process in equation ( %k ), (dS)’

behaves like o°S%dr, so that Ito’s lemma becomes

2
dCza—CdtJré—CdeLla g
Ot oS 208

Consider an option or a contingent claim C(S,?)

(c>S°dt).

Ito’s Lemma

Let C(S,,t) be atwice-differentiable function of ¢ and of the random
process S,
ds, =adt+oc,dW,, t>0, (1)
with well-behaved drift and diffusion parameters, a,,o,. Then we have

2
dC, = a—CdSt +C g 10 (27 odt, ()
as, o 288

t

or, after substituting for dS, using the relevant SDE,

2
dC, = 8_Cat+8_C+18(27
oS, ot 208,

o’ dt—i-a—catth, (3)
oS

t

where the equality holds in the mean square sense.



The Black-Scholes Formulae

*

l.

*

Standard Assumptions

Frictionless markets (for stocks, and options). This means that

(a) there are no transactions costs or (differential) taxes;

(b) there are no restrictions on short sales (such as margin requirements),
and full use of proceeds is allowed;

(c) all shares of all securities are infinitely divisible; and

(d) borrowing and lending (at the same rate) are unrestricted.

These assumptions allow continuous trading.

The risk-free (short-term) interest rate is constant over the life of the option
(or known over time).

The underlying asset (stock) pays no dividends over the life of the option.
This assumption is later removed, with appropriate dividend adjustments.

(Distributional assumption concerning the stock-price process) Stock prices
follow a stochastic diffusion Wiener process of the form:

d—S:a dt+o dz
S

No-Arbitrage Approach  (Dynamic Portfolio Replication Strategy)

[Idea]: Construct a portfolio consisting of buying N shares of underlying stock at
its current price, S, and borrowing $B against them at riskless rate, r, (e.g.,
selling short Treasury bills).

Net Cost: NS-B

NS'-(1+r) B (4)

NS-B

NS -(1+r) B (5)



C"=max (S'-E, 0)
C
- C =max (S -E, 0)
If (4) = (5) and (6) = (7), then
C=NS-B
or { NS-C=B [Risk-Neutral Valuation]

Continuous Time Framework:
oC

N = &
{ as
_ . _ oC
dC=NdS—-dB with N= —
oS
Substitute
{ o,=0S 1n (3). Then we have
a, =as
dC=[aS C, +C, +%0252C55]dt +aS C.dW,
So dB=N dS-dC

= Cs[asS dt +0S dW]-dC
=[aS C.1dt+[cS C,1dW,—dC

=-C, %azszqs ldt
From no-arbitrage argument, we have
rBdt =-[C, +%O'ZSZCSS ldt

Substituting B=NS-C and N=C; into
And dividing throughout by dr , we get

C, +%GQSZCSS +rSC, —rC =0

This is the Black-Scholes partial differential equation.

or

(8)
)

(6)

(7)



2
a—C+lazS2 g (;JrrS@—C—rS:O,
ot 2 oS oS

with
Cl0.) =0, CSH)~S asS—w
and
C(S,T) = max(S-E,0).
[Trick]: Try to get rid of the 2™ and 3™ terms with S. We set

S=Ee", Z‘ZT—T/%UZ, C=Ev(x,7).

2
X0V k)
ot Ox ox

where k =1/ % o?. The initial condition becomes

v(x,0) = max(e'-1,0).

v=e"u(x,1),
ou ) ou 0ou ou
+—=au+20—+—+(k-)(au+—)—ku.
pu or ! ox  ox’ (k=Dtau c?x) !

pf=a’+(k-a-k,

0=2a+(k-1)

a:—%m—n, ﬁ:—im+n?

—%(k—l)x—%(kﬂ)zr

V= u(x,7),
ou 0Ou
—=— for —0<x<w, 7>0,
or Ox
1 1
—(k+1)x —(k-1)x
u(x,0) =u,(x) = max(e? —e? ,0).

1 o 2
u(x,7)= u (s)e_(H) 147 ds
\N7mT L" ‘




x':(s—x)/\/z

u(x,7)= (x' J2r +x)e

A

%(k+1)(x+x'\/§ ) %x'z

| ,
:—2\/;.'-_,”@6 e? dx

1 1
~(k-D)(x+x'\27) ——x"
2 e? dx'

1 o
‘mﬁme

1 , R
2(k+1)(x+x J27) X

1 o ,
1, ——77[ J._x/\/ﬁe e? dx

LIy
e? 7(k+1) T W(x W(k+1)\/ﬁ)

\/_ J-x/f o

l(k+1)x+1(k+1)2 T
e? 4 o -—p

e
/27[ J-—x/x/Z—;(kH)\/;

%(k+1)x+i<k+1)2 T

=e N(d] )5
where
d=— +Lrar
1 \/2_2_ 2
and
N(d)= Lo ejszds
PN
—1<k—1)x—l(k+1)2r
v(x,7)=e ? 4 u(x,7)

and then putting x = log(S/E), =t :%GZ(T —-t) and C = Ev(x, t), to recover

C(S,t)=SN(d,)-Ee"" " N(d,),
where



log(S/E)+(y +;0'2)(T—t)

d =
: o (T —1) ’
10g(S/E)+(7—;O'2)(T—t)
d, = .
? o (T —1)

Lekon) Lk
— ez

u(x,0) = max(e? ,0),

put-call parity formula
C-P=S—Ee’ ™™
P(S,t)=Ee”"""N(-d,)- SN(-d,),
Where we have used the identity N(d)+N(-d)=1.

A=
oS
=N(d,)+ SiN(d )—Ee7"™" 2 N(d,)
YoTas ! as
. .od Tty arr s Od
= N(d,)+ SN (dl)a—S‘—Ee 1IN (dz)a—Sz

= N(d,)+SN'(d,)— Ee """ N(d,)/ SoT —t
= N(d1)’

SN'(d,)=Ee”" "N '(d,)

_ldzl
(divide both sides by N'(d,) =(1/~N2x)e * ~ first).
Delta for the put is
a=
oS
=N(d))-1.



