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1 Introduction

In modelling an arrival of credit event, exponential arrival time is always assumed in the
industry. However, there are many different ways in constructing joint credit event time
via copula technique [1] and there is no general guideline in selecting an appropriate one.
In this article, we will show the multivariate exponential copula (see [2] and [3]) is the
natural choice from the limiting viewpoint of a multivariate binary model. We will also
see how the KMV parameters can be used to calibrate the model. In this exposition, we
assume the reader is familiar with the limiting behavior from the multi-step binary model

to the exponential time model.

2 Homogenous Case with 2 Entities

Suppose we have 2 entities with a one year default indicator denoted by (D1, D2). We
have 4 possible states (0,0), (0,1), (1,0), (1,1) by the end of the year where 0 represents
survival state and 1 represents default state. Let us define the following parameters which

are commonly available from the KMV database,

p1. = 1 year default prob for entity 1,
p.1 = 1 year default prob for entity 2,
p = 1 year default correlation.



The joint distribution for the bivariate binary (Di, D2) is thus uniquely defined by the

following probabilities:

pii = prpa+pyVp(1—pi)pa(l—pa),
Pio = DP1.— P11,

Por = Pp1-— P11,

poo = l—pi.—pi+pu.

We are going to construct continuous default arrival times which are consistent with the

above probabilities. Define A1, A2 and A12 by the following equations

M\

e = 1-p1,
€7A2 =1 —P-1,
e M2 = poo.

We shall make the following assumption for the KMV parameters py., p.; and p :

g | P =pa)  fpa(l—p)
0=p=p= [\/p-l(lpr)’\/pl-(lp-l)]

which is necessary and sufficient for the following condition

max (A1, A2) < Aig < A+ Ao

This assumption is not too restrictive since default correlations are always positive and

p* is the maximum correlation allowed by the two marginal binary distributions (see [4]).

2.1 Discretization

Let p(f,L), p({l ), p(ﬁ), p%), p((ﬁ), p(()g) be the probabilities which are analogous to p’s except

these probabilities are for the smaller intervals ]%, 7—11] for i € ZT. By conserving the 1

year marginal and joint probabilities, we have the following equations for p(")’s:

(L=p) =1 —pr =™,



Hence we have

) = e

p = (1—p) —p{R) = e — e,

Py = ) —ply = e F e

P = 1l Y el =1 e e e

Thanks to the condition max(A1, A2) < A2 < Ap + Ag, it is not difficult to show pEZ‘) > 0.

4 i+l

n’> n ] as

Let us define the correlation parameter in the smaller interval |

(n) _ piy = pipl e

A1tAa—=Aqo
n

B -1
n) (n n n -2 -3 -
VPP s ) - ey - )

It can be shown that the default correlation p(™ is increasing in n and

P

lim p(”) = Mt A — A >

n—oo 1/)\1)\2 =P

Remark 1 Suppose one approximates the bivariate default process by the bivariate bi-
nary model with time steps of length % It is not enough to adapt the adjusted marginal
probabilities pgﬁ) and p,(?) only. The correlation parameter should also be adjusted to p(™)

for conserving the one year correlation parameter.

Remark 2 p(™ is increasing in n.
Proof: Let ¢p(\;t) = ﬁ where A > 0 and ¢ > 0. It is easy to show ¢ is increasing in
A. Define

ePitra—Ai2)t _ 1
V== e
One can show % < 0 if and only if ¢(A1;t) + ¢(A2;t) > 20(A1 + A — A1o;t). Since
max()\l,)\g) < A12, we have A\; > A{ + Ay — Ao and ¢()\L,t) > d)()\l + Ay — )\12;t).

ft) =

Therefore f is decreasing in t. The result follows since p(™) = f (%)

2.2 Convergent Limit

Let 7; be the arrival time of default for entity ¢ and t1,¢3 > 0 be given. We can choose

the unique k; such that




From the discrete model, one can approximate the probability

n kl n —
(pg)o)) (1_17.(1))162 M ke >k

- (m\*2 (n)
P (71 > ty, To > to) = (pOO ) (1 —pMy—he| ko > ky
n ke
(P(()o)> ; k1 =ko

Taking the limit n — oo, we have

e*)\12t16*)\2(t2*t1), t1 < to
P (71 > t1, Ta >t2) = ¢ e M2tee~Mlti=t2) ¢ > ¢,

6_)‘12751, t1 =12

Thanks to the condition max(A1, As) < A1a < Aj + Ay again, we can define

Y1 = A2— A2 >0,
Yo = A2— A1 >0,
Y2 = A1+A2—A2 >0,

and the joint survival probability can be rewritten as
P (71 > t1, T2 > ta) = exp (—y1t1 — Yota — Y12 max(t1,t2)) .
It is easy to check

P(ry>t1) = P(r1>1t1, 72 >0) =exp(—Aity1)

P(Tg > tz) = ]P)(Tl > 0, Ty > tz) = eXp(—)\gtz)

which are consistent with the “marginal” limiting analogy and

P(r;>1) = e™M=1-p.
P(ry>1) = e *=1-p,
P(T1>1, 7'2>1) = 67)\12:])00

which are consistent with the one-year KMV parameters. Suppose p = 0, we have

P(Tl > tl, To > tz) = exp (—)\1t1 — )\gtz) = P(Tl > tl)P(TQ > tz).

2.3 Another Viewpoint

Let T; be exponentially distributed as v, for ¢ = 1,2, T15 be exponentially distributed as
v15 and all T’s are independent. We define the default time of entity ¢ by

T; = Il’liIl (E,Tlg)



where T; is the arrival of an individual default event for entity ¢ and T2 is the arrival of
a joint default for both entity 1 and entity 2. Similar model has been proposed by Duffie

and Singleton [3] and the joint survival function
P(Tl > 11, To > tz) = exp (7’)/1t1 — Yalt2 — Y19 max(tl,tg))

has been found by Marshall and Olkin in [2]. This distribution is known as the bivariate
exponential distribution which coincides with the limiting behavior of the bivariate model.

In terms of A1, A2 and A5 the density function and moment generating function can be

written as
A2 — A1) A e*)\ltle*()\IQ—)\l)tz, o>t
WF(tty) = | PzmAh e
()\12 - )\2) )\26_()‘12_>‘2)t16—>\2t2, t <ty
AF(tt) = (A 42— App)e M2l
and
M(uy,us) = (A2 + w1 4 u2) Aids + urug (A1 4+ A2 — Ai2)

(A2 + w1 +u2) (A +ur) (A2 + u2)

From this, one can show

1
E[Ti] = )\—
Varlr;] = %
and
AL+ A2 — A2
Cov|ry,Te) = ———F——
(71, 72] A1 A2A12

Hence the correlation of the default times is

At - VA . )
pTl,Tz - - 1m p .
A12 A1z n—oo

This bridges the conversion from the instantaneous default correlation to the default

time correlation or vice versa. With the joint distribution, we can calculate tractable
conditional probabilities which may be helpful in conditional sampling for simulation
purpose. We can also calculate various probabilities that a risk manager may be interested
in.

Example 1 Conditional default ordering

22 pma(t=s) L A2 o= Aia(t-s)
)\12 )\12
1 — e Mt=s) — g=A2(t—s) + e—A2(t—s)’

1 — 2L e~ Milt=s) 1 A1 p—Mia(t—s)
)\12 )\12

1 — e~ Mt=s) — g=A2(t—s) + e—M2(t—s)’
(1 _ e—)\lz(t—s))
L — e M=) — g Aa(t—3) 4 o—Aia(i—s) Prirar

P(r1 <72| 71,72 €]s,t]) =

P(ry > 72| 71,72 €]5,1]) =

P(T1:7'2|7'1,’7'2 E]S,t]) =



Suppose s =0, t = oo and p = 0, we have the following classical results

pTl,TQ = 07
A

Pi<m) = 35y
A

P(T1>T2) = )\1+2/\2.

3 Multivariate Extension

To fix ideas, we consider first an extension to an economy with 3 entities. Suppose
T;,Tij, Tijk, 4,7,k € {1,2,3}, i < j < k are independent exponential random times with

intensities ;, 7;; and 7,;;,. Let us define

T, = arrival of default event for ¢ only,
T;; = arrival of joint default event for ¢, j only,
Tijr = arrival of joint default event for ¢, j, & only.

Then the default time for entity i is
7 = min (713,715, 7T;;
L, k;éj( i Tigs Tigi)
where Tj; = i if © > j. With these assumptions, the joint survival function can be
written as

3

P(Tl >t1, T2 > 1o, T3 > tg) = exp 72’%@ — Z")/LJ max(ti,tj) — Y123 max(tl,tg,tg)
i=1 i<j

It is clear that similar arguments (see [2]) yield the n-dimensional exponential survival

function
n
P(ry >t1, ooy Tn>1t,) = exp _Z%ti — Z%j max(t;,t;)
i=1 i<j
- Z Vijr max(t, t;, k)
i<j<k
— . — Y19 pmax (t1,to, ..., t,)]

We will show how to calibrate 7, and ;; in the next section. However, other higher order

parameters cannot be specified by the KMV parameters anymore. We may assume them



to be 0 which has the meaning that not more than 2 defaults can happen at the same

time. With this assumption we have,

n
P(ry >ty oo, Tn > tn) = €xp —Z%ti - Z%’j max(t;,t;)
i=1 i<j
which specifies the choice of a copula. It has also been shown that the closed form

expression of the moment generating function exists (see [2]).

4 Calibration

Let p;; be the one year default correlation for entity ¢ and entity j and p; be the one year

marginal default probability for entity i. We can calculate

)\i = *h’l(l 7p’t)7

Aij = *ln((l*pz‘)(l*Pj)+Pij\/pz‘pj(1*pi)(1*pj))
- M4+ N—In PPy
= ey (o [ )

Similar to the bivariate case, we can define

DiDj
C=NAN =N = (14, [—2E )
Vi =Nt A Ay “(*"U\/(l—pn(l—pﬂ)

Vi =Ai — Z%‘y
#i
An additional condition for the KMV parameters to work in the multi-entity case is y; > 0
for all 7. In general, p; and p;; ﬁﬁ are small because p’s are small and we can
i j

approximate 7; and v;; by

v~ g [ — PR
g P T =p)
o~ p — o PiPj
o ;””\/Opi)(lm)'

With these v’s, we can define the copula function or simulate according to the model in

3].



5 Stress Test Application

It is not difficult to find a stress scenario for the KMV default correlation in the bivariate

¢ — min | [P =p2) [pa(l = p1)
0<p<pij= l\/pz(l—pl)’\/pl(l—pz)]'

Therefore we can always take the worse possible scenario pj, for stress test purpose.

case since we have

However, the problem becomes more tedious in the multivariate case. If we are using the
normal copula approach, we are dealing with a set of non-linear constraints to ensure the
positive semi-definiteness of the covariance matrix for the normal copula (see [4]). With

the above approach, we can obtain a stress scenario in an easier fashion:

n(n—1

e Re-enumerate the default correlation parameters { pij}i< iby{peh k=1,..., =5

e According to the notional amount or some risk manager’s intuition, we can assign

weight w € Ri("_l)/z for p.

e Solve the following mathematical programming problem
max w’p
such that

v >0,t=1,...,n

To simplify the problem, we use the approximation y; ~ p; —>_ i Pijy /ﬁ{_w
which leads to the following linear programming problem

max w’ p

pj _
Z\/Tf%‘< pi(l—pi),i=1,...,n
i Pj

such that

e The extremum point p can be used as a stress scenario subject to w.

Stress scenarios using w = e, k = 1,... nn=1) (¢’ are the canonical vectors in
) ) ) 2

R™("=1)/2) can be applied successively.



6 Pricing Basket Instruments

Although the replicating property for a single entity default model is proved in [5], there
is no such result available in the multi-entity default model yet. Until then, any “risk
neutral pricing” in the multi-entity default model may have a large model risk because of
the unknown “implied” correlations problem. We are going to propose a hybrid pricing
method using the KMV parameters under the physical measure.

Let w be a realization of the arrival of defaults according to the simulation model
suggested in [3]. In particular, w can be characterized by a vector 7', in R" where
T = (11(w),...,Tn(w)). Suppose an agent wants to price a “basket” security ¥ and
there exists market tradable securities {X;x},"; which are contingent to the default of
entity ¢ only. These instruments X’s can be single credit default option or corporate bond
in which closed form expression for its expected value is available given the KMV edfs.
By generating Monte Carlo scenarios under the physical measure, we can fit the following

least square model

where «, 3’s are the regression parameters, T;; is the known expected value of X;; under
the physical measure and ¢ is the residual risk. The fitted parameter & is the MC estimate
of the expected value of Y with control variates X’s (the bias can be eliminated by the
splitting/batching algorithm). Suppose the agent has a preference based rule in assigning
a risk premium 7(e) on the unhedgeable risk e through the simulation, then Y can be

priced as

where Py, is the price of X;; under the single entity “risk neutral” default model (or

observable market price) and B is the optimal hedge ratio.
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