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Afl]_jYlaf_�;gjj]dYlagfk
H]l]j�:�j_akk]j$�9d]pYf\j]�Cmjl`$�9jeaf�OY_f]j$�Yf\�Ea[`Y]d�Ogd^

Afljg\m[lagf
Af� l`]� dYkl� ^]o�q]Yjk� l`]�imYflalYlan]�eg\]ddaf_�g^� [j]\al� jakc�`Yk� j][]an]\�Y� dgl�g^� Yll]flagf�oal`af� l`]
^afYf[aYd� af\mkljq&� K]n]jYd� eg\]dk� `Yn]� Z]]f� j]d]Yk]\� lg� l`]� hmZda[$� fglYZdq� &UHGLW5LVN���&UHGLW0HWULFV�
&UHGLW�3RUWIROLR�9LHZ�[;J1/$�;E1/$�;H10]&�9dl`gm_`�\a^^]j]fl�YhhjgY[`]k�lg�[j]\al�jakc�Yj]�mk]\$�klm\a]k
`Yn]� k`gof� l`Yl� l`]� eg\]dk� qa]d\� kaeadYj� j]kmdlk� a^� l`]� hYjYe]l]jk� Yj]� k]l� af� Y� [gfkakl]fl� oYq$� k]]� ^gj
]pYehd]�[CG10]&�&UHGLW5LVN��af�hYjla[mdYj�ak�a\]Yd�^gj�hjY[la[Yd�aehd]e]flYlagf�Yf\�`Yk�kge]�fa[]�^]Ylmj]k$
fYe]dq2�  Y!� ^]o� Ykkmehlagfk� `Yn]� lg� Z]� eY\]$�  Z!� l`]� e]l`g\gdg_q� ak� n]jq� ljYfkhYj]fl� Yf\� ZYk]\� gf
[gf[]hlk�Ydj]Y\q�mk]\�af�l`]�afkmjYf[]�Zmkaf]kk�Yf\� [!�l`]�dgkk�\akljaZmlagf�[Yf�Z]�[Yd[mdYl]\�YfYdqla[Yddq
af�Yf�]^^a[a]fl�oYq�mkaf_�Yf�al]jYlan]�hjg[]\mj]&

Gf]�g^�l`]�k`gjl[geaf_k�g^�l`]�&UHGLW5LVN��eg\]d�ak�l`]�Ykkmehlagf�g^�af\]h]f\]fl�k][lgjk&�L`]�k][lgjk
j]hj]k]fl� ^gj�]pYehd]�\a^^]j]fl� j]_agfk�gj� af\mklja]k�oal`af� l`]�][gfgeq�Yf\� af\ana\mYd�gZda_gjk� [Yf�Z]
Ykka_f]\�lg�hYjla[mdYj�k][lgjk)&� Af�gj\]j�lg�h]j^gje�Y�k][lgj�YfYdqkak$�l`]�Yml`gjk�g^�&UHGLW5LVN��hjghgk]
Yhhgjlagfaf_�Yf�gZda_gj�k�kqkl]eYla[�[j]\al�jakc�Y[jgkk�Y�eaplmj]�g^�af\]h]f\]fl�k][lgjk&�@go]n]j$�km[`�Yf
YhhjgY[`�ak�\a^^a[mdl�lg�j]Ydar]�af�hjY[la[]&
Af� l`ak� hYh]j� o]� hj]k]fl� Y� ^jYe]ogjc� ^gj� ]pl]f\af_� l`]�&UHGLW5LVN�� eg\]d� Zq� ]pYeafaf_� [gjj]dYlagfk
Z]lo]]f� af\mklja]k� Yf\� \]jan]� Y� ^gjemdY� ^gj� l`]� mf]ph][l]\� dgkk� Yf\� jakc� [gfljaZmlagfk&� L`]� [gjj][l
eg\]ddaf_�g^� [gjj]dYlagfk�g^�\]^Ymdl� jakc�Z]lo]]f� k][lgjk� ak� n]jq� aehgjlYfl� ^gj� ]pYeafaf_� l`]�]^^][lk�g^
\an]jka^a[Ylagf�gf�Y[lan]�hgjl^gdag�eYfY_]e]fl&�Fgl]�l`Yl�gfdq�l`]�dgkk�^jge�\]^Ymdlk�g^�[gmfl]jhYjla]k�ak
eg\]dd]\&

L`]� Yjla[d]� ak� gj_Yfar]\� Yk� ^gddgok2� o]� ^ajkl� \]jan]� l`]� hjgZYZadalq� _]f]jYlaf_� ^mf[lagf� g^� l`]� dgkk
\akljaZmlagf�^gj�gf]�af\mkljq�k][lgj�^gddgoaf_�l`]�&UHGLW5LVN��YhhjgY[`&�L`ak�ak�l`]f�_]f]jYdar]\�lg�k]n]jYd
k][lgjk�lg�gZlYaf�l`]�^ajkl�log�ege]flk�g^�l`]� dgkk�\akljaZmlagf$�Yk�o]dd�Yk�Y� dgkk�\akljaZmlagf��[gfkakl]fl
oal`�l`]�gZk]jn]\�[gjj]dYlagfk�Z]lo]]f�k][lgjk&

Dgkk�<akljaZmlagf�^gj�gf]�Af\mkljq�K][lgj
O]�oadd� ]phj]kk� l`]� dgkk�\akljaZmlagf�g^�Y� dgYf�hgjl^gdag�Zq� alk�hjgZYZadalq�_]f]jYlaf_� ^mf[lagf$� �o`a[`� ak
\]^af]\�Yk�Y�hgo]j�k]ja]k�g^�l`]�^gje

G z p n zn

n

( ) ( )= ⋅
≥

∑
0

$��  )!

o`]j] p n( ) ak� l`]�hjgZYZadalq�g^� dgkaf_� l`]�Yegmfl� n �Yf\� z � ak�Y� ^gjeYd� nYjaYZd]&�?]f]jYlaf_� ^mf[lagfk

hgkk]kk� kge]� fa[]� ^]Ylmj]k�  k]]� 9hh]f\ap!� Yf\� Yj]� hj]^]jj]\� lg� hjgZYZadalq� \akljaZmlagfk� af� l`ak� hYh]j$
Ydl`gm_`�Zgl`�Yj]�bmkl�\a^^]j]fl�j]hj]k]flYlagfk�g^�l`]�kYe]�l`af_&�Af�l`]�^gddgoaf_$�o]�]phj]kk�Ydd�dgkk]k
Yf\�]phgkmj]k�Yk�afl]_]j�emdlahd]k�g^�kge]�^ap]\�[`gk]f�mfal&�D]l� p A �Z]�l`]�\]^Ymdl�hjgZYZadalq�g^�gZda_gj

A � Yf\� ν A � Z]� alk� ]phgkmj]� f]l� g^� j][gn]jq&� L`]� j][gn]jq� jYl]k� Yj]� Ykkme]\� lg� Z]� [gfklYfl&� L`]� dgkk

\akljaZmlagf� ^gj� Y� kaf_d]� gZda_gj� A $� `Ynaf_� log� hgkkaZd]� klYl]k� oal`� n = 0 �  fg� \]^Ymdl!� Yf\� n A= ν
 \]^Ymdl!$�[Yf�Z]�]phj]kk]\�Zq�l`]�^gddgoaf_�hjgZYZadalq�_]f]jYlaf_�^mf[lagf

G z p z p z p zA A A A
A A( ) ( ) ( )= − ⋅ + ⋅ = + ⋅ −1 1 10 ν ν &  *!

9kkmeaf_�af\]h]f\]f[]�g^�\]^Ymdl�]n]flk�Z]lo]]f�gZda_gjk�%�Yf�Ykkmehlagf�o`a[`�ak�j]dYp]\�af�]imYlagf
 ,!�%�o]�gZlYaf�l`]�_]f]jYlaf_�^mf[lagf�^gj�l`]�hgjl^gdag�dgkk�\akljaZmlagf� [gehYj]�Yhh]f\ap!
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1 Henceforth we are using sector and industry interchangeably.
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o`]j]�o]�mk]�l`]�YhhjgpaeYlagf� log( )1+ ≈h h $�o`a[`� ak�nYda\� ^gj�keYdd�\]^Ymdl�hjgZYZadala]k� %�Y�_gg\

Ykkmehlagf� ^gj� egkl� dgYf� hgjl^gdagk&� O]� [Ydd� P z p zAA
A( ) = ∑ ν � l`]� SRUWIROLR� SRO\QRPLDO&� L`ak

hgdqfgeaYd�[gflYafk�Ydd�g^�l`]�j]d]nYfl�af^gjeYlagf�YZgml�l`]�hgjl^gdag�^gj�gmj�hmjhgk]$�a&]&$�l`]�]ph][l]\
fmeZ]j�g^�\]^Ymdlk�h]j�]phgkmj]&�O]�j]eYjc�l`Yl�l`]�\akljaZmlagf�\]k[jaZ]\�Zq�l`]�_]f]jYlaf_�^mf[lagf�af
]imYlagf� +!�ak�FRPSRXQG�3RLVVRQ� [^&�[:M/(]!&�Af�l`]�kh][aYd�[Yk]�g^�a\]fla[Yd�]phgkmj]k�ν A = 1$�o]�`Yn]

P z z( ) = µ $� o`]j]� µ = ∑ pAA
� ak� l`]� ]ph][l]\� fmeZ]j� g^� \]^Ymdlk� af� l`]� hgjl^gdag&� L`]� j]kmdlaf_

\akljaZmlagf�ak�Hgakkgf&�Af�^Y[l$�l`ak�ak�l`]�\akljaZmlagf�g^�l`]�fmeZ]j�g^�\]^Ymdlk&
Af�l`]�f]pl�kl]h$�l`]�eg\]d� ak�j]^af]\�lg� af[dm\]�l`]�kqkl]eYla[�jakc�g^�[gjj]dYl]\�[`Yf_]k� af�l`]�\]^Ymdl
jYl]k$� l`]j]Zq� \jghhaf_� l`]� Ykkmehlagf� g^� l`]� af\]h]f\]f[]� g^� \]^Ymdl� ]n]flk� af� ]imYlagf�  +!&� L`ak� ak
Y[`a]n]\�Zq� afljg\m[af_�Y� jYf\ge�k[Ydaf_�^Y[lgj� γ �eg\]daf_�[`Yf_]k� af� l`]�][gfgeq&�L`]�nYjaYZd]� γ
\]k[jaZ]k�l`]�j]dYlan]�fmeZ]j�g^�\]^Ymdl�]n]flk�af�l`]�][gfgeq�fgjeYdar]\�lg�l`]�e]Yf�]imYd�lg�gf]&�D]l

g( )γ � Z]� l`]� [gjj]khgf\af_� hjgZYZadalq� \]fkalq� ^mf[lagf� oal`� nYjaYf[]� σ 2 $� o`a[`� o]� [Ydd� l`]� UHODWLYH
GHIDXOW�YDULDQFH&�Fgl]�l`Yl�l`ak�imYflalq�ak�af\]h]f\]fl�g^�l`]�hgjl^gdag&
Lg�gZlYaf�l`]�_]f]jYlaf_�^mf[lagf� F z( ) �g^�l`]�mf[gf\alagfYd�dgkk�\akljaZmlagf�o]�Yn]jY_]�l`]�[gf\alagfYd

_]f]jYlaf_�^mf[lagf�G z( ) ( )γ �gn]j�l`]�hgkkaZd]�klYl]k�g^�l`]�][gfgeq$�[`YjY[l]jar]\�Zq�γ 2

[ ]F z G z g d P z P g d( ) ( ) ( ) exp ( ( ) ( )) ( )( )= ⋅ = ⋅ − ⋅
∞ ∞

∫ ∫γ γ γ γ γ γ
0 0

1 &  ,!

@]j]$� al� ak�Ykkme]\�l`Yl�l`]�_]f]jYlaf_�^mf[lagf�g^� l`]� dgkk�\akljaZmlagf�[gf\alagf]\�gf�l`]�klYl]�g^� l`]

][gfgeq� γ �ak� ( )[ ]G z P z P( ) ( ) exp ( ) ( )γ γ= ⋅ − 1 &�L`ak�e]Yfk�l`Yl�l`]�kqkl]eYla[�\]^Ymdl�jakc�Y^^][lk�Ydd

gZda_gjk�af�l`]�kYe]�oYq&

J]eYjc2
A^�o]� Ykkme]� g( )γ � ^gddgok� Y� ?YeeY%\akljaZmlagf$� l`]f� F z( ) � [Yf� Z]� ]phj]kk]\� YfYdqla[Yddq$� Yf\� l`]

]phda[al�^gje�g^�l`]�dgkk�\akljaZmlagf�ak�Ye]fYZd]�lg�]^^a[a]fl�[gehmlYlagf� k]]�[;J1/]!&�O`]f�[gmflaf_�l`]
fmeZ]j� g^� \]^Ymdlk�  a&]&$� ^gjeYddq� hmllaf_� ν A = 1$� Yf\� [gfk]im]fldq$� P z z( ) = µ !$� l`]� [gjj]khgf\af_

\akljaZmlagf�ak�QHJDWLYH�ELQRPLDO� [^&�[:M/(]!&
Egj]gn]j$� l`]� \akljaZmlagf� g^� dgkk]k� Yddgok� l`]� ^gddgoaf_� eYl`]eYla[Yd� \]k[jahlagf2� kmhhgk]� l`Yl
X X X1 2 3, , ,... � Yj]� af\]h]f\]fl� a\]fla[Yddq� \akljaZml]\� `Ynaf_� Yk� _]f]jYlaf_� ^mf[lagf� l`]� hgdqfgeaYd

P z( ) µ $�Yf\�d]l� M �Z]�f]_Ylan]�ZafgeaYddq�\akljaZml]\$�af\]h]f\]fl�g^�l`]� Xi &�L`]f�l`]�\akljaZmlagf�g^

dgkk]k�ak�_an]f�Zq� Xii

M

=∑ 1
&

L`]�Ege]flk�g^�l`]�Dgkk�<akljaZmlagf�^gj�gf]�Af\mkljq�K][lgj

L`]� ]ph][lYlagf�  ]ph][l]\� dgkk2� EL !� Yf\� l`]� klYf\Yj\� \]naYlagf�  mf]ph][l]\� dgkk2� UL !� g^� l`]� dgkk
\akljaZmlagf�[Yf�Z]�]phj]kk]\�Yk�^gddgok2

EL P’ p  A
A

A= = ∑( ) ,1 ν ���������UL P P P2 2 21 1 1= + +’( ) ’’( ) ’( )σ &  -!

L`]�]phj]kkagfk� P’( )1 �Yf\� P’’( )1 �Yj]�l`]�^ajkl�Yf\�k][gf\�\]janYlan]k�g^�l`]�hgjl^gdag�hgdqfgeaYd� P z( )
Yl� z = 1 &�Al�ak�aehgjlYfl�lg�fgl]�l`Yl�]ph][l]\�dgkk�Yf\�nYjaYf[]�g^�l`]�dgkk]k�gfdq�\]h]f\�gf�l`]�hgjl^gdag

hgdqfgeaYd� P z( ) �Yf\�l`]�j]dYlan]�\]^Ymdl�nYjaYf[]�σ 2 ��L`]�k`Yh]�g^�l`]�\]^Ymdl�\akljaZmlagf� g( )γ �ak�l`mk

LUUHOHYDQW� ^gj� [gehmlaf_� EL � Yf\� UL &� >jge� ]imYlagf�  -!� o]� gZlYaf� l`]� nYjaYf[]� Yk� af� &UHGLW5LVN�$

j]dYlaf_�l`]�ngdYladalq�af�l`]�dgkk]k�UL �lg�l`]�j]dYlan]�\]^Ymdl�nYjaYf[]�σ 2 $�Yf\�l`]�hgjl^gdag�kljm[lmj]2

UL EL pA
A

A
2 2 2 2= + ∑σ ν &  .!

L`]�^ajkl�]phj]kkagf�j]hj]k]flk�l`]�jakc�\m]�lg�kqkl]eYla[�[`Yf_]k�af�l`]�][gfgeq$�j]^d][l]\�Zq�l`]�j]dYlan]
\]^Ymdl�nYjaYf[]&�L`]�k][gf\�l]je�ak�l`]�jakc�[gfljaZmlagf�\m]�lg�l`]�klYlakla[Yd�fYlmj]�g^�\]^Ymdl�]n]flk$
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o`a[`� ak� gfdq� aehgjlYfl� ^gj� ]al`]j� keYdd� hgjl^gdagk� gj� ^gj� [Yk]k� oal`� dgo� kqkl]eYla[� jakc&� >gj� dYj_]� Yf\
`geg_]f]gmk� hgjl^gdagk� Yf\� nYdm]k� σ � g^� l`]� gj\]j� g^� gf]$� l`]� [j]\al� jakc� ak� gfdq� \jan]f� Zq� l`]� EL $
k[Yd]\�oal`�l`]�kqkl]eYla[�jakc�^Y[lgj� σ &�L`]�\]lYad]\�kljm[lmj]�g^�l`]�hgjl^gdag�\g]k�fgl�Y^^][l�l`]� dgkk
\akljaZmlagf&�>jge�]imYlagf� .!�o]�Ydkg�\]jan]�l`Yl�l`]�nYjaYf[]�g^�l`]�fmeZ]j�g^�\]^Ymdlk�af�l`]�hgjl^gdag

]imYdk� σ µ µ2 2 + �  hml� ν A = 1 !&� >gj� dYj_]� hgjl^gdagk� Yf\� σ ≠ 0 � l`ak� ak� jgm_`dq� l`]� nYjaYf[]� g^� l`]

fmeZ]j�g^�\]^Ymdlk�σ µ2 2 �gZk]jn]\�af�l`]�][gfgeq&

Dgkk�<akljaZmlagf�^gj�K]n]jYd�Af\mkljq�K][lgjk
>gj�kaehda[alq$�o]�^ajkl�j]klja[l�gmjk]dn]k�lg�log�[gjj]dYl]\�af\mklja]k&�O]�fgo�`Yn]�Y�hgjl^gdag�hgdqfgeaYd
^gj�]Y[`�af\mkljq2� P z1 ( ) �Yf\� P w2 ( ) �\]^af]\�Yk�Z]^gj]$�Zq�Ykka_faf_�]Y[`�gZda_gj�lg�gf]� af\mkljq&�L`]

hjgZYZadalq�_]f]jYlaf_�^mf[lagf�af�l`]�[gf\alagfYd�[Yk]�ak�_an]f�Zq�l`]�hjg\m[l�g^�l`]�af\ana\mYd�_]f]jYlaf_
^mf[lagfk$�`Ynaf_�Y�^gje�Yk�af�]imYlagf� +!2

[ ] [ ]G z w P z P P w P( , ) exp ( ) ( ) exp ( ) ( )= − ⋅ −1 1 2 21 1 �&  /!

Lg�\]jan]� l`]�_]f]jYlaf_�^mf[lagf�^gj� l`]�mf[gf\alagfYd�[Yk]$�o]�Yn]jY_]�gn]j�Ydd�hgkkaZd]� klYl]k�g^� l`]
][gfgeq&� L`]k]� klYl]k� Yj]� fgo� eg\]dd]\� Zq� l`]� bgafl� \akljaZmlagf� g^� log� k[Ydaf_� ^Y[lgjk� γ γ1 2, � oal`

\]fkalq� g( , )γ γ1 2 $� \]k[jaZaf_� l`]� j]dYlan]� fmeZ]j� g^� \]^Ymdl� ]n]flk� af� l`]� log� af\mkljq� k][lgjk$� ]Y[`

fgjeYdar]\�lg�e]Yf�gf]&�O]�l`mk� af[gjhgjYl]� l`]�\]^Ymdl�[gjj]dYlagfk�Z]lo]]f�l`]�log� af\mklja]k&�L`]
dgkk�\akljaZmlagf�ak�fgo�_an]f�Zq�l`]�^gddgoaf_�hjgZYZadalq�_]f]jYlaf_�^mf[lagf

F z w G z w g d d( , ) ( , ) ( , )( , )=
∞∞

∫∫
00

1 2 1 2
1 2γ γ γ γ γ γ $ �  0!

o`]j]� ( )[ ] ( )[ ]G z w P z P P w P( , ) ( , ) exp ( ) ( ) exp ( ) ( )γ γ γ γ1 2
1 1 1 2 2 21 1= ⋅ − ⋅ ⋅ − �ak�l`]�_]f]jYlaf_�^mf[lagf

g^�l`]�dgkk]k�[gf\alagf]\�gf�l`]�klYl]�( , )γ γ1 2 &

9l� l`ak�hgafl$� al�ogmd\�Z]�fYlmjYd� lg� lYc]�kge]�kmalYZd]� log%\ae]fkagfYd�_]f]jYdarYlagf�g^� l`]�?YeeY%
\akljaZmlagf� ^gj� g( , )γ γ1 2 $� o`a[`� ogmd\� Yddgo� l`]� ]phda[al� [Yd[mdYlagf� g^� l`]� ^mdd� dgkk� \akljaZmlagf&

@go]n]j$�Yk�Ydj]Y\q�k]]f�af�l`]�[Yk]�g^�gf]�af\mkljq�k][lgj$�l`]�klYf\Yj\�\]naYlagf�g^�l`]�dgkk�\g]k�fgl
\]h]f\�gf�l`]�kh][a^a[�^gje�g^�l`]�\]fkalq�^mf[lagf&�L`]�kh][a^a[Ylagf�g^� g � ak�l`mk�gfdq�j]d]nYfl�^gj�l`]

gn]jYdd� dgkk�\akljaZmlagf�Yf\�l`]�[Yd[mdYlagf�g^�l`]�jakc�[YhalYd&� Af�Y\\alagf$�l`]j]�Yj]�^]o�\YlY�lg�kmhhgjl
l`]� ]pY[l� k`Yh]� g^� Y� emdla\ae]fkagfYd� \akljaZmlagf� ^gj� \]^Ymdl� ]n]flk&� L`Yl� ak� o`q� o]� hjg[]]\� af� Y
\a^^]j]fl�oYq2�o]�^ajkl�[Yd[mdYl]�l`]�UL �g^�l`]�gn]jYdd�hgjl^gdag�Yf\�l`]f�mk]�l`]�kaf_d]�k][lgj�YhhjgY[`
lg�[Yd[mdYl]�l`]�^mdd�dgkk�\akljaZmlagf&

L`]�Ege]flk�g^�l`]�Dgkk�<akljaZmlagf�^gj�K]n]jYd�Af\mklja]k

O]�hjg[]]\�\aj][ldq�lg�[Yd[mdYl]�l`]�]ph][l]\�dgkk� EL �Yf\�l`]�mf]ph][l]\�dgkk� UL &�L`]�]ph][l]\�dgkk
Zq�af\mkljq�k][lgj�ak2

EL P1 1 1= ’( )  , ��������������������� EL P2 2 1= ’( ) �&  1!

L`]�nYjaYf[]k�g^�l`]�dgkk]k�h]j�af\mkljq�Yf\�l`]�[gnYjaYf[]�g^�l`]�dgkk]k�Z]lo]]f�l`]�log�af\mklja]k�Yj]
_an]f�Zq� ^gj�^mjl`]j�\]lYadk�k]]�l`]�Yhh]f\ap!2

UL P P P1
2

1
2

1
2

1 11 1 1= + +’( ) ’’( ) ’( )σ

UL P P P2
2

2
2

2
2

2 21 1 1= + +’( ) ’’( ) ’( )σ ��

Cov P P Cov1 2 1 2 1 21 1, ’( ) ’( ) ( , )= ⋅ γ γ &��������������������������������������������������� ��������������  )(!

Al�ak�fgo�]Ykq�lg�\]jan]�l`]�\]kaj]\�^gjemdY�^gj�l`]�mf]ph][l]\�dgkk�UL �g^�l`]�gn]jYdd�hgjl^gdag�mkaf_�l`]

j]dYlagfk`ah� UL UL UL Cov2
1
2

2
2

1 22= + + , $� o`]j]� o]� ]phj]kk� l`]� [gnYjaYf[]� Zq� l`]� [gjj]khgf\af_

[gjj]dYlagf�Yf\�l`]�nYjaYf[]k2
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UL EL EL Cor EL EL pA
A

A
2

1
2

1
2

2
2

2
2

1 2 1 2 1 2
22= + + ⋅ ⋅ ⋅ ⋅ + ∑σ σ γ γ σ σ ν( , ) �&  ))!

Af�l`]�_]f]jYd�kalmYlagf�g^� N �af\mkljq�k][lgjk� k N= 1,... , �o]�gZlYaf�af�YfYdg_q

UL EL Cor EL EL pk
k

k k k l
k
k

k A A
A

2 2 2 2= + ⋅ ⋅ ⋅ +∑ ∑ ∑
≠

σ γ γ σ σ ν( , )
,

l

l

l

l
&  )*!

9_Yaf$�Yk�af�l`]�kaf_d]�k][lgj�[Yk]$�l`]�^ajkl�log�kmek�j]hj]k]fl�l`]�jakc�\m]�lg�kqkl]eYla[�[`Yf_]k�af�l`]
af\mklja]k$�j]^d][l]\�Zq�l`]�j]dYlan]�\]^Ymdl�nYjaYf[]k$�Yf\�l`]�[gjj]dYlagfk�Z]lo]]f�l`]e&�L`]�l`aj\�kme�ak
l`]�jakc�[gfljaZmlagf�\m]�lg�l`]�klYlakla[Yd�fYlmj]�g^�\]^Ymdl�]n]flk$�o`a[`�%�Yk�af�l`]�kaf_d]�k][lgj�[Yk]�%�ak
gfdq�aehgjlYfl�^gj�keYdd�hgjl^gdagk�gj�^gj�[Yk]k�oal`�dgo�kqkl]eYla[�jakc&�L`]�[gjj]dYlagf�Z]lo]]f�k][lgjk�%
a^�hgkalan]�Yk�mkmYddq�gZk]jn]\� af� l`]�][gfgeq� %� af[j]Yk]k� l`]� kqkl]eYla[� jakc� [gfljaZmlagf�Yf\�Z][ge]k
n]jq�aehgjlYfl�o`]f�ogjcaf_�oal`�eYfq�k][lgjk&

J]eYjc2
Lg� ]klaeYl]� l`]� jakc� hYjYe]l]jk� %� l`]� j]dYlan]� \]^Ymdl� nYjaYf[]� Yf\� l`]� [gjj]dYlagf� g^� \]^Ymdl� ]n]flk
Z]lo]]f�af\mklja]k�%�gf]�[Yf�[`ggk]�Z]lo]]f�l`j]]�YhhjgY[`]k2� )!�mkaf_�af\mkljq�kh][a^a[�lae]�k]ja]k�g^
`aklgja[Yddq�gZk]jn]\�\]^Ymdl� ]n]flk$�  *!�mkaf_�Ykk]l� nYdm]k� g^� ^ajek� lg� \]jan]� hYajoak]� Ykk]l� [gjj]dYlagfk$
o`a[`�Yj]� l`]f� dafc]\�lg� l`]�j]d]nYfl�\]^Ymdl�[gjj]dYlagfk�mkaf_�l`]�E]jlgf�eg\]d�  [^&� [E=/,]!$�Yf\�  +!
mkaf_�Y�^Y[lgj�eg\]d�l`Yl�j]dYl]k�l`]�j]dYlan]�fmeZ]j�g^�\]^Ymdl�]n]flk�lg�eY[jg%][gfgea[�\jan]jk&
L`]�e]l`g\�lg�Z]�Yhhda]\�\]h]f\k�gf�l`]�lqh]�g^�hgjl^gdag2�o`ad]� lae]%k]ja]k�g^�\]^Ymdlk�Yj]�kmal]\�^gj
ea\\d]�eYjc]l�hgjl^gdagk�oal`�egkldq�fgf%imgl]\�^ajek$�l`]�Ykk]l�nYdm]�YhhjgY[`�ak�Z]kl�^gj�hgjl^gdagk�oal`
dYj_]� [gjhgjYl]k&� 9� daealaf_� ^Y[lgj� ^gj� Zgl`� e]l`g\k� ak� l`]� lae]� h]jag\� gn]j� o`a[`� \YlY� ]paklk&� @]j]� Y
^Y[lgj�eg\]d�`Yk�kge]�Y\nYflY_]�Z][Ymk]�lae]�k]ja]k�g^� l`]�\jan]jk�g^�\]^Ymdl�Yj]�YnYadYZd]� ^Yj�ZY[c� af
lae]&

=imYlagf� )*!�Yddgok�gf]�lg�[Yd[mdYl]�l`]�UL �g^�l`]�hgjl^gdag�dgkk�\akljaZmlagf�af�Y�eYff]j�[gfkakl]fl�oal`
l`]�gZk]jn]\�k][lgj�[gnYjaYf[]�eYljap&�Al�Ydkg�dYqk�l`]�^gmf\Ylagf�lg�[Yd[mdYl]�UL �jakc�[gfljaZmlagfk�Yl�l`]
d]n]d�g^�af\ana\mYd�gZda_gjk$�Yk�k`gof�Z]dgo&
Lg� [Yd[mdYl]� l`]� ^mdd� dgkk� \akljaZmlagf$� o]� eYl[`� l`]� UL � ^jge� l`]� &UHGLW5LVN�� kaf_d]� k][lgj� YhhjgY[`
 ]imYlagf� �.!!�lg�l`]�UL �Yk�^jge�]imYlagf� )*!2

σ σ γ γ σ σ2 2 2 2EL EL Cor EL ELk
k

k k k
k
k

k= ⋅ + ⋅ ⋅ ⋅∑ ∑
≠

( , )
,

l l

l

l

l
&  )+!

L`]�UHODWLYH�GHIDXOW�YDULDQFH� σ 2 � ak�\]l]jeaf]\�Zq�]imYlagf� )+!&�L`]�hYjYe]l]j� σ � ak�fgo�mk]\�^gj�l`]
?YeeY%\akljaZmlagf� af� &UHGLW5LVN�� af� gj\]j� lg� [Yd[mdYl]� l`]� hgjl^gdag� dgkk� \akljaZmlagf� Yf\� l`]� gn]jYdd
][gfgea[�[YhalYd&

AddmkljYlan]�=pYehd]2
Lg� addmkljYl]� l`]�[gjj][l�Yhhda[Ylagf�g^� l`]� ^gjemdY]�o]�hjgna\]�Y�n]jq� kaehd]�]pYehd]&�O]�[`ggk]� log
af\mkljq� k][lgjk$� ]Y[`� g^� l`]e� `Ynaf_� )(((� gZda_gjk� oal`� a\]fla[Yd� ]phgkmj]k�  f]l� g^� j][gn]jq!� Yf\

a\]fla[Yd�\]^Ymdl�hjgZYZadala]k�h]j�k][lgj&�L`]�j]dYlan]�\]^Ymdl�nYjaYf[]� ak�Ykkme]\�lg�Z]� σ k
2 20 75= . � ^gj

Zgl`�k][lgjk&�L`]�\]lYad]\�^a_mj]k�Yj]�_an]f�af�LYZd]�)�Z]dgo&

Sector 1 Sector 2
Number obligors 1000 1000
Exposure per obligor 1 2
Default probability pA 4% 2%

Relative default variance 0.752 0.752

EL 40 40
UL2  (see equation (6)) 940 980
UL 30.7 31.3

7DEOH����3DUDPHWHUV�IRU�WKH�WZR�VHFWRUV�RI�WKH�VDPSOH�SRUWIROLR

Fgl]� l`Yl� l`]� eYbgj� \jan]j� ^gj� l`]� UL � ak� l`]� jakc� \m]� lg� l`]� kqkl]eYla[� nYjaYlagf� g^� l`]� fmeZ]j� g^
\]^Ymdlk$�o`a[`�[gfljaZml]k�0 75 30. * EL = �lg�l`]�k][lgj�UL ¾k&
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A^�o]�[gfka\]j� l`]�gn]jYdd�hgjl^gdag�o]�`Yn]� lg� lYc]� l`]�[gjj]dYlagf�g^�\]^Ymdl� ]n]flk�Z]lo]]f� l`]� log
af\mkljq�k][lgjk�aflg�Y[[gmfl$�o`a[`�ak�Ykkme]\�lg�Z]�-(�&�O]�_]l�l`]�^gddgoaf_�j]kmdlk2

�

Overall Portfolio (Sector 1 + 2)
Sector correlation 50%
Number obligors 2000
Relative default variance 0.652

EL 80
UL2  (see equation (11)) 2820
UL 53.1

7DEOH����2YHUDOO�SRUWIROLR�SDUDPHWHUV

A^�o]�f]_d][l� l`]�[gjj]dYlagf�Z]lo]]f� l`]� log�k][lgjk$� l`]� UL �oadd�Z]�gfdq�,+&0� %� YZgml�*(��keYdd]j
l`Yf�oal`�Y�[gjj]dYlagf�g^�-(�&�Fgla[]�l`Yl�Y�[gjj]dYlagf�g^�-(��Z]lo]]f�k][lgjk�ak�fgl�mfmkmYddq�`a_`$
kaf[]�al�\g]k�fgl�[gjj]khgf\�lg�af\ana\mYd�\]^Ymdl�]n]flk$�Zml�lg�l`]�[gjj]dYlagf�gf�Yf�Y__j]_Yl]\�d]n]d&
?an]f�l`]� UL �g^�l`]�gn]jYdd�hgjl^gdag$�o]�gZlYaf�^jge�]imYlagf� )+!�l`]�j]dYlan]�\]^Ymdl�nYjaYf[]�g^�l`]

[geZaf]\�hgjl^gdag� σ 2 20 65= . &�L`ak�ak�lg�Z]�[gehYj]\�oal`�Y�j]dYlan]�\]^Ymdl�nYjaYf[]�g^� 0532. $� a^�o]
Ykkme]�af\]h]f\]f[]�g^�l`]�log�k][lgjk$�l`mk�mf\]j]klaeYlaf_�l`]�jakc�af�l`]�gn]jYdd�hgjl^gdag&�Mkaf_�l`]
[Yd[mdYl]\�nYdm]�^gj� σ $�o]�[Yf�fgo�\]jan]�l`]�[gehd]l]�dgkk�\akljaZmlagf�Ykkmeaf_�Y�?YeeY%\akljaZml]\
fmeZ]j�g^�\]^Ymdl�]n]flk�af�l`]�][gfgeq$�Yk�\gf]�af�&UHGLW5LVN�$�k]]�^a_&�)&
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Loss Distribution - 
50% sector correlation

Loss Distribution - 
ignoring the sector correlation

)LJ�����7KH�ORVV�GLVWULEXWLRQV�RI�WKH�RYHUDOO�SRUWIROLR�IRU�WKH�FDVH�ZKHQ�FRUUHODWLRQ�EHWZHHQ�WKH
VHFWRUV�LV�WDNHQ�LQWR�DFFRXQW��IDW�OLQH������SHUFHQWLOH�����&+)��DQG�ZKHQ�FRUUHODWLRQV�DUH�LJQRUHG
�WKLQ�OLQH������SHUFHQWLOH�����&+)��

;Yd[mdYlaf_�Jakc�;gfljaZmlagfk
Egkl� ZYfck� Yj]� [`Yf_af_� l`]aj� YhhjgY[`� lg� l`]aj� dgYf� Zmkaf]kk$� egnaf_� ^jge� Y� Zmq%Yf\%`gd\� kljYl]_q
lgoYj\k�Y[lan]�hgjl^gdag�eYfY_]e]fl&�L`]�[j]\al�jakc�g^�[gehd]l]�k][lgjk�ak�kgd\�lg�afn]klgjk�gj�[j]\al�jakc
ak�lYc]f�gn]j�^jge�gl`]j�ZYfck�oal`�l`]�_gYd�g^�\an]jka^qaf_�]paklaf_�hgjl^gdagk&�L`]k]�ljYfkY[lagfk�[Yf�gfdq
Z]�nYdm]\�[gjj][ldq�a^�l`]aj�j]dYlagfk`ah�lg�l`]�]paklaf_�hgjl^gdag�ak�lYc]f�aflg�Y[[gmfl&�L`]�k][lgj�YhhjgY[`
ak�Yf�]^^a[a]fl�Yf\�hjY[la[Yd�oYq�g^�\gaf_�l`ak�%�o]�f]]\�lg�cfgo�gfdq�l`]�jakc�af`]j]fl�af�l`]�k][lgj�lg�Z]
ljYfk^]jj]\�  klYf\%Ydgf]!� Yf\� alk� [gjj]dYlagf� lg� l`]� j]kl� g^� l`]� hgjl^gdag&� ?an]f� l`ak� af^gjeYlagf� o]� [Yf
[Yd[mdYl]� l`]� jakc� [gfljaZmlagfk�g^� l`]� k][lgj� lg� l`]�gn]jYdd� hgjl^gdag� jakc$�mkaf_� l`]�YhhjgY[`�hj]k]fl]\
YZgn]&�L`]j]^gj]$�l`]�YZadalq�lg�lYc]�k][lgj�[gjj]dYlagfk�aflg�Y[[gmfl�o`]f�[Yd[mdYlaf_�jakc�[gfljaZmlagfk�ak
Y�hj]j]imakal]�^gj�Y[lan]�hgjl^gdag�eYfY_]e]fl&
Af�_]f]jYd$�l`]�jakc�[gfljaZmlagf�g^�Y�kaf_d]�gZda_gj�9�[Yf�Z]�\]^af]\�Yk�^gddgok2

RC
UL

UL

UL
A A

A

A

A

= =ν
∂
∂ν

ν ∂
∂ν2

2

�&  ),!

Lg� [dYja^q$� RCA � ak� l`]� k]fkalanalq�g^� l`]�hgjl^gdag� UL �oal`� j]kh][l� lg� [`Yf_]k�g^� l`]�]phgkmj]� ν A � g^

gZda_gj� A � lae]k� alk�]phgkmj]&�L`]�jakc�[gfljaZmlagfk�g^�Ydd�gZda_gjk�kme�mh�lg� l`]� UL �g^� l`]�hgjl^gdag&
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Mkaf_�l`]� UL %^gjemdY� ]imYlagf� ))!!�\]n]dgh]\�YZgn]$�Zq�Y�kljYa_`l^gjoYj\�[Yd[mdYlagf$�o]�gZlYaf�l`]
^gddgoaf_�]phj]kkagf�^gj�l`]�jakc�[gfljaZmlagf�g^�Yf�gZda_gj�A �af�k][lgj� k 2

RC
p

UL
EL Cor ELA

A A
k k k k

k
A= + ⋅ ⋅ +











≠
∑ν

σ γ γ σ σ ν2 ( , )
:

l l

l l

l
&  )-!

9_Yaf$� l`]� ^ajkl� log� l]jek� af� l`]� ZjY[c]l� j]hj]k]fl� l`]� kqkl]eYla[� jakc$� af[gjhgjYlaf_� k][lgj� \]^Ymdl
[gjj]dYlagfk$�o`]j]Yk� l`]� dYkl� l]je� ak�\m]� lg� l`]� klYlakla[Yd� fYlmj]�g^�\]^Ymdl&� L`]� jakc� [gfljaZmlagf�g^� Y
[gehd]l]�k][lgj�ak�gZlYaf]\�Zq�Y\\af_�mh�l`]�jakc�[gfljaZmlagf�Ydd�gZda_gjk�af�l`]�k][lgj&

KmeeYjq
>gj�Y[lan]�hgjl^gdag�eYfY_]e]fl$�k][lgj�YfYdqkak�ak�Yf�aehgjlYfl�af_j]\a]fl�lg�Z]f]^al�^jge�\an]jka^a[Ylagf&
L`]�klYf\Yj\�&UHGLW5LVN��YhhjgY[`�ak�ZYk]\�gf�af\]h]f\]fl�af\mkljq�k][lgjk&�Af�gj\]j�lg�h]j^gje�Y�k][lgj
YfYdqkak$�l`]�Yml`gjk�g^�&UHGLW5LVN��hjghgk]�Yhhgjlagfaf_�l`]�\]^Ymdl�hjgZYZadalq�h]j�gZda_gj� lg�\a^^]j]fl
af\]h]f\]fl�af\mklja]k&�@go]n]j$�km[`�Yf�YhhjgY[`�ak�\a^^a[mdl�lg�j]Ydar]�af�hjY[la[]&
O]� `Yn]� ]pl]f\]\� l`]� k][lgj� YhhjgY[`� lg� Y� ^jYe]ogjc� l`Yl� lYc]k� l`]� [gjj]dYlagfk� Z]lo]]f� k][lgjk
\aj][ldq� aflg�Y[[gmfl&� L`]�hjg[]\mj]� ak� ]Ykq� lg� aehd]e]fl$� Yf\�Yddgok�gf]� lg� [Yd[mdYl]� l`]� mf]ph][l]\
dgkk$�af\ana\mYd�jakc�[gfljaZmlagfk�Yf\�l`]�dgkk�\akljaZmlagf�g^�l`]�^mdd�hgjl^gdag&

9hh]f\ap
L`jgm_`gml� gmj� hYh]j$� jYl`]j� l`Yf� \]Ydaf_� oal`� hjgZYZadalq� \akljaZmlagfk� \aj][ldq$� o]� mk]� hjgZYZadalq
_]f]jYlaf_� ^mf[lagfk� afkl]Y\&� L`]� j]Ykgf� Z]af_� l`Yl� _]f]jYlaf_� ^mf[lagfk� Yj]� Y� [gehY[l� oYq� g^
j]hj]k]flaf_�\ak[j]l]�hjgZYZadalq�\akljaZmlagfk$�o`a[`�egj]gn]j�`Yn]�kge]�mk]^md�hjgh]jla]k$�fYe]dq�  k]]
^gj�afklYf[]�[DA.0]!2
• l`]� _]f]jYlaf_� ^mf[lagf� g^� l`]� kme� g^� log� af\]h]f\]fl� jYf\ge� nYjaYZd]k� ak� l`]� hjg\m[l� g^� l`]

_]f]jYlaf_�^mf[lagfk�g^�l`]�af\ana\mYd�nYjaYZd]k$
• l`]� ege]flk� g^� l`]� hjgZYZadalq� \akljaZmlagf� [Yf� Z]� ]phj]kk]\� Zq� l`]� \]janYlan]k� g^� l`]� _]f]jYlaf_

^mf[lagf&
9k�Yf� addmkljYlagf$�o]�\]jan]�l`]�[gnYjaYf[]�^gjemdY�  ]imYlagf�  )(!!� af� l`]�log%af\mkljq�[Yk]&� Af�_]f]jYd$
l`]�hjgZYZadalq�_]f]jYlaf_�^mf[lagf� F z w( , ) �g^�Y�log�\ae]fkagfYd�\ak[j]l]�\akljaZmlagf�`Yk�l`]�^gje

F z w p m n z wm

m n

n( , ) ( , )
,

= ∑
o`]j]� p m n( , ) �\]fgl]k�l`]�hjgZYZadalq�g^�l`]�klYl]� ( , )m n &�Al�ak�]Ykq�lg�[`][c�l`Yl�l`]�[gnYjaYf[]�[Yf�Z]

]phj]kk]\�Zq

( )Cov
F

z w

F

z

F

w1 2

2

11, ( , )= −
∂
∂ ∂

∂
∂

∂
∂

&

O]�fgo�[gehml]�l`]�eap]\�\]janYlan]�^gj�gmj�kh][a^a[�_]f]jYlaf_�^mf[lagf� F z w( , ) � ^jge�]imYlagf�  0!&

L`ak�aehda]k

∂
∂ ∂

∂
∂ ∂

γ γ γ γ γ γ
γ γ2

0

2

1 2 1
0

2 1 2 1 211 11 1 1
1 2F

z w

G

z w
g d d P P E( , ) ( , ) ( , ) ’( ) ’( ) ( )

( , )

= =
∞ ∞

∫ ∫ �$

o`]j]�o]�`Yn]�mk]\�l`Yl

∂
∂ ∂

γ γ
γ γ

γ γ
2

1 1 2 2

1 2

1 2
G

z w
z w P z P w G z w

( , )
( , )( , ) ’( ) ’( ) ( , )= ��&

Af�Y� kaeadYj�oYq$�gf]� [Yf� k`go� l`Yl� ∂
∂ γF
z P E( , ) ’( ) ( )11 11 1= � Yf\� ∂

∂ γF
w P E( , ) ’( ) ( )11 12 2= &�9dlg_]l`]j$

o]�gZlYaf2
� Cov P P E E E P P Cov1 2 1 2 1 2 1 2 1 2 1 21 1 1 1, ’( ) ’( ) ( ( , ) ( ) ( )) ’( ) ’( ) ( , )= ⋅ − = ⋅γ γ γ γ γ γ
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J]^]j]f[]k
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