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Abstract
We introduce a measure for the term structure of multiple default events and investigate the term
structure induced by two families of copula functions, the extreme value copulas and the C' copulas. We

construct a family of copula functions that are term structure free under this measure, including a term
structure free version of the normal copula model.

1 Introduction

In Merton’s firm model for corporate default a firm is considered to be in default if its outstanding liabilities
exceed its total assets. This model has been widely used for valuing multi-name credit derivatives such as first
to default baskets and CDO’s. In practice, a single name default swap spread is used to calibrate the “liability
curve” (which is in general time dependent) below which a firm is considered to be in default. Multi-name
credit derivatives, which typically depend on multiple default events, can then be valued from a multi-asset
distribution and a set of individual credit liability curves. Such a model for multiple default events still allows
for the following modeling choices to be made:

1. Does a default occur at time ¢ if the asset value has crossed the liability curve between [0,¢] or only if it is
below the liability curve at time ¢7

In the standard approach a firm is considered to have defaulted by time ¢ only if its asset value is below the
liability curve at time ¢, regardless of whether or not the firm’s asset value crossed the liability curve before
time ¢. In [3] an approach is explored in which a firm is considered to have defaulted by time ¢ if its asset value
crossed the liability curve at least once before time t.

2. What is to be used for the multi-asset distribution? If a multivariate normal distribution is assumed, then
what value should be used for the correlation?

Although Brownian motion or Geometric Brownian motion is usually assumed for the multi-asset distribution,
the Student’s T copula has also been investigated in a number of reports. A correlation parameter usually refers
to the correlation of the multivariate normal distribution used to generate a normal copula, but may also refer
to the correlation of the default time distribution, or the correlation of default events (see [7]).

3. Is a deterministic or a stochastic default intensity assumed for the individual credit default process? Should
the liability curve itself be considered a random variable?

Stochastic intensity copula models have been analyzed in [9] and [5]. Models with a random default liability
curve for valuing single name default swaps have been explored recently in a number of papers, for example [2].
Such models have not yet been extended to multi-name credit derivatives.

A widely used and particularly simple approach is to consider a model in which:

1. Default occurs at time ¢ if the asset value is below the liability curve at time ¢.

2. A multivariate normal distribution, or equivalently a multivariate normal copula with normal marginals, is
used for the multi-asset distribution.

3. The default intensities and the liability curves are considered to be deterministic and time dependent.

We will consider a model as specified above to be the standard model for multi-name credit derivatives. In this
paper we will primarily explore models in which assumptions 1 and 3 hold, but assumption 2 is weakened.



Li shows in [6] that Merton’s firm model as specified above is equivalent to a model in which joint default
times are computed using a normal copula, i.e. if Si(t1),...,S,(tn) are the probabilities that credits 1,...,n
survive to times t1, ..., t,, then the joint survival probability is ¢,(S1(¢1), ..., Sn(tn)), where ¢, is a normal copula
with correlation matrix p. In fact, assumption 2 is more general than is immediately apparent; a basic property
of copula functions is that they are invariant under transformations which modify the underlying univariate
distributions by composition with monotonic increasing functions. In particular, if it is assumed that the
multi-asset distribution is log normal, rather than normal, then the same copula c, governs the joint default
times.

The probability of a default event occurring, whether the default of an individual credit, or the n’th default
in a basket of credits can be characterized by a default intensity function. Let

Si(t) = exp(— /O N(w)du) = Pr(z > )

denote the survival probability for credit i. The first to default intensity, A\(u) is defined through the following
equation:

Pr(r,...,Ty >t) = exp(—/0 A (u)du)

or equivalently

d
M) = g log(Pr(m1,...,7n > 1)) (1)
where (71,...,7n) is the joint default time distribution. If a copula function c¢(x1, s, ...,zy) determines the

probability of joint default events then:

M) = —% log(c(S1(t), Sa(t),...,Sn(t))). (2)
It can be observed numerically that if a normal copula is used to model joint default events, even if all
individual credit default intensities are flat (we say that an intensity curve is flat if A\;(t) = A; for a fixed value
A;), the first to default intensity curve will be downward sloping; in other words the first to default intensity is
decreasing as a function of time. For a normal copula with a correlation of 60%, the first to default intensity
for a basket of two credits with constant spreads of 300 b.p. and 500 b.p. is plotted in Figure 1. We refer to
the shape of the first to default intensity curve as the term structure for the first default event. We will argue
in Section 2 that if the individual intensity curves \;(t) are flat then a model imposes a term structure for the
first default event if the first to default intensity curve is not flat.
An immediate consequence of a downward sloping first to default intensity curve is that par spreads for the
corresponding first to default swaps decrease with maturity; this follows immediately from the fact that the par
spread for a default swap with maturity 7" can be expressed approximately in terms of the default intensity as

follows:
(1= R) ;L A®)D(t) exp(— [y Mu)du)dt

fOT D(t) exp(— fof Aw)du)dt

where R is the recovery and D(t) is the discount factor at time ¢ (this approximation is well known, see for
example [8]).

The term structure of the first to default intensity curve as imposed by a normal copula model is a cause
for concern for two separate but related reasons. One problem is that even if the correlation is a fixed constant
and the individual credit curves are flat, forward starting swaps will price with less risk than swaps of the same
maturity starting today (in a forward starting default swap contract if a default occurs before the forward start
date the trade is terminated without any economic consequence to either the protection seller or buyer). In
other words the par spread of a forward starting N year first to default swap will be less than the par spread of
an N year first to default swap starting today. Another effect of a downward sloping term structure is that first
to default swaps will appear more risky as they mature. For similar reasons the equity tranche of a synthetic
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CDO valued using a normal copula will appear more risky as the deal matures and the super-senior tranche
will appear to be less risky.

The two questions that we explore in this paper are:

1. How do we measure the term structure of the default intensity of multiple default events — in particular the
n’th default in a basket of credits — as imposed by a copula model?

In Section 4 we introduce two measures for the term structure of multiple default events (see equations (13)
and (15)). We also define the notion of a completely term structure free model for multiple default events.

2. Which copula models, unlike a normal copula model, do not impose a term structure for the default intensity
of joint default events?

In Section 5 we introduce a new family of copula functions which are completely term structure free. In
particular we construct a “flat” version of a normal copula (see equations (24) and (26)):

s (N = exp(—/o1f()\l(t),/\g(t),...,AN(t);t)dt—/t2f(O,)\g(t),/\g(t),...,)\N(t);t)dt

tN

.*/Nﬂ f(o,...,O,AN_l(t),AN(t);t)dt*/ F(0,---,0, A (1); t)dt)

tN72 tN—1

where u; = exp(— f(f Ai(uw)du),t; <ts <...<ty (we provide a more general definition in the sequel that does
not assume increasing survival times),

f(xl, Z2,...,TN; t) = - log(cp(t)(eiwla 67127 R eimN))
and ¢, ;) is a normal copula with correlation matrix p(t). If the correlation p(t) is flat then such a model satisfies
the completely term structure free measure as defined by equation (14).

2 First and Second to Default Intensities

In a world in which the default intensity curves A;(¢) are flat the forward default time distribution (conditional
on survival to the forward date) is identical to the default time distribution as measured from today: let 7;
denote the default time distribution for credit ¢, then for A;(¢) flat (recall that a parameter is said to be flat if
it is not time dependent) and ¢ > s,

Pr(r >t|r; > s) = Pr(r; >t—2s).

Ignoring the term structure of the risk-free discount curve it follows that forward starting single credit default
swaps and swaps starting today of the same maturity will have the same par spreads.

The basic data for a first to default swap are the individual intensity curves, A;(t) and a set of dependence
parameters 6x(t),k = 1,...,m which determine the dependence term structure. For example, in the normal
copula model the correlation p(t) is the dependence parameter that completely determines the dependence term
structure. Similar to the case of a single name default swap we expect that if all of the basic data is flat then a
forward starting first to default swap and one starting today should have the same par spread. In particular the
first to default intensity should be flat; as noted in Section 1 this is not the case for the normal copula model.
For this reason we believe that the term structure imposed by a normal copula model is a defect of the model.
For completely term structure free models as defined in Section 5, the first to default intensity curve is flat if
all individual intensity curves and dependence parameters are flat.

Unlike the first to default intensity, we expect to see an intrinsic term structure for the second to default
intensity (or the n’th to default intensity for n > 1) in any reasonable model in which the underlying credits are
positively correlated and the individual credit default intensity curves are flat. This can be explained roughly
as follows. Let A?(u) denote the intensity for the second default event, i.e. S(t) = exp(— fot A2 (u)du) is the
probability that the second default event occurs after time ¢, or equivalently A\?(¢)dt is the probability that the
second default event occurs at time ¢ (conditional on the second default event not occurring before time ¢). Let



t1 > to denote two possible default times; then it is more likely that the second default event occurs at time
t; than at time o since it is more likely that the first default event has occurred by time ¢; than by time ¢;.
Therefore, \2(t1)dt > \%(to)dt, or equivalently A\%(t1) > A2(to).

We can verify this argument analytically in the special case where default events occur independently. Let
S(t) denote the probability that a second to default basket with two underlying credits survives to time ¢. Then,
assuming that \;(¢) = A\; (where )\; is the default intensity of credit ),

S(t) = Pr(m,m2>t)+ Pr(mn >t <t)+ Pr(r >t,1m <t)
67()\1+)\2)t + (1 _ ef)\lt)ef)\gt + (1 _ ei,\gt)ef)\lt
~ 1= M Aat? 4 o). 3)

We can compute the default intensity for the second to default event, A?(u) using the relation S(t) = exp(— fot A2 (u)du),

Sit) = exp(f/O A2 (u)du

1

1—/0 A (u)du. (4)

Equating equations (3) and (4), for small ¢ we find that A2(t) = 2\; Aot + o(¢?); in other words the second to
default intensity curve is upward sloping. We will return to computing second to default intensities in Section
4.

3 General Results for C! copulas

For simplicity of exposition we will limit the discussion in this section to two dimensional copula functions and
assume that the individual default intensities are constant in time: A1 (¢t) = A1 and A3(t) = Aa. Let ¢(z,y) be a
C! copula, i.e. a copula function for which the partial derivatives ¢, and ¢, exist and are continuous on [0, 1]%.
The partial derivatives can be interpreted as conditional distribution functions: if X,Y are random variables
with cumulative distributions Fj(z), F»(y) such that the dependence structure is given by the copula ¢(x,y)
then c,(z,y) = Pr(Y < Fy'(y)|X = Fy '(2)) and ¢, (z,y) = Pr(X < F{'(2)]Y = F;'(y)). In particular,
ce(z,1) = ¢y(1,y) =1 for all z,y € [0,1]. An important technical point is that the random variables X and Y
need not be supported on a bounded subset of R. In this case one or more of F; '(1), F;*(0), F; (1), F5 *(0)
may be infinite and ¢, (1,1),¢,(0,1) or ¢,(1,1),¢,(0,1) are defined by continuity. For example

c:(1,1) = i:lrll ep(z,1) = 1.

The class of C! copulas includes the three most widely used copulas: the normal copula, the Students’ T
copula and the trivial copula of independence (the trivial copula is defined as c(z,y) = zy, or equivalently
a normal copula with zero correlation). It should be noted that these three copulas are all examples of the
Students T copula; the normal copula is the limit of the Students’ T copula with infinite degrees of freedom
and the trivial copula of independence is a normal copula with zero correlation . For any copula c, if ¢, and ¢,
exist we can compute the first to default intensity using equation (2) as follows:

M) = oa(e(Si(1), 5a(1)

Cz(Sl (t), So (t))51 (t))\l =+ Cy(Sl (t), Sy (t))SQ (t)/\g
c(S1(t), S2(t)) '

For C! copulas, by evaluating the above expression we find that defaults occur independently at ¢ = 0:

MH0) = (1, DA + ¢y (1, D) A2 = Ay + Ao



A consequence of this observation is the following fact:
Any C' copula with a flat first to default intensity curve will necessarily generate the same first to default
intensity curve as the trivial copula . This follows immediately from the fact that by the above argument for
any C! copula the first to default intensity at t = 0 is A; + Ag. Therefore, any copula model with a flat first to
default intensity curve that deviates from that of the trivial copula cannot be a C' copula. We will show that
a large class of such copulas exist in Section 5.
Question: Is the trivial copula the only C! copula which generates a flat first to default intensity curve?
We should note that a copula function can be C* and have tail dependence as defined in [4]. For a bivariate
copula ¢ the measure of tail dependence « is defined as:
lim c(u,u) —2u+1 .
u—1 1—u
A copula is said to have tail dependence if & > 0. A Student’s T copula with finite degrees of freedom is
an example of a C' copula function that has tail dependence (see [1] for a numerical computation of the tail
dependence).
Let X;(t) denote the Bernoulli random variable for the survival of credit i:

Pr(X;(t) = 1) = Pr(r; > t) = Si(t).

We can compute the correlation of X (t), Xo(¢) assuming that the joint survival probability is determined by a
copula function c¢(z,y):

EXi(6)Xa()] — EIX(D]E[Xo(t)] _ c(Si(h), 52(t) — S1(8)Sa(t)
Vvar(Xi(t))var (Xa(t) VS1(t)(1 = S1(1)S2(t) (1 — Sa(1))
Not surprisingly we find that at ¢t = 0, by taking a limit, that the correlation is zero for a C' copula.
It is interesting as a comparison with the case of C! copulas to compute the first to default intensity curve

for two Bernoulli random variables X (¢), X2(t) defined as above, but with fixed correlation p. We define the
default intensity as in equation (1):

Mi) =~ los(BIX () Xa(0)

= *% log(B[X1 (1) E[Xa(t)] + pv/var(Xy(t))var(Xa(t))

= *% log(S1(8)Sa(t) + py/S1(8)(1 — S1(t))S2(t)(1 — Sa(t)))

At t = 0, by taking a limit we find that the default intensity reduces to:
)\1 + )\2 —p )\1 )\2.

This model exhibits asymptotic dependence unlike the case of dependence structures determined by C' copulas.

4 Default Intensities and a Measure of Term Structure

Let A;(t) denote the default intensity curve for credit ¢ (this intensity may be inferred from a series of credit
default swap quotes). In a non-stochastic intensity setting, a copula function and a collection of default intensity
curves \;(t),7 = 1,... N completely determines the joint default time distribution. Let (71, ...,7n5) denote the
joint default time distribution. Let 7(,) denote the n’th to default time distribution, i.e. if the default times are
listed in ascending order, 7;, < 73, < ... < 7y then 7(,,) = 7;,. We define the density for the n’th to default
time distribution, p™(t) as

p"(t) = Pr(r(m € [t.t +dt])



and the survival probability to time ¢ for the n’th default event, S™(t) as

S™(t)=1 —/0 " (u)du.

Define the n’th to default intensity A™(¢) by

S™(t) = exp(—/o A" (w)du).
Then
SH(HA™ () = p"(D),

or equivalently
/\n(t)dt = P’I"(T(n) € [t,t + dt”T(n) > t).

Define AZ'(#) to be the n’th to default intensity due to credit i:

Ar(t) = PT’(T(n) € [t,t + dt] and T(n) = 7','|T(n) >t).

Then
A"(t) = P?"(T(n) € [t,t-i-dt“T(n) >t)
= Eil\ilpT(T(n) S [t,t—|— dt] and T(n) = Ti‘T(n) > t)
= =N AP@). (7)
We can explicitly compute A7 (¢) in terms of a given copula function ¢(x1, z2, ...,z ); for example (for n = 1),
i(S1(t), S2(t), ..., SN (t)S:(t) A
M) = ci(S1(t), S2(t) N (1)) Si(t) ()

C(Sl(t)7 SQ(t)a R SN(t))

where ¢; is the partial derivative of ¢ with respect to x;.
For a C! copula, by continuity as computed in equation (5),

AL(O) = lim AL () = (9)
where ); is the default intensity for credit ¢ and therefore

MO0) = M +Fd+... Ay (10)

We can decompose the default intensity A;(¢) into a weighted sum of the expected intensity conditional on at
least one default in the basket, which we will denote by ;(¢) and the intensity conditional on the survival of all
credits, A}(¢). Let A denote the set of events where credit i defaults after time ¢ and at least one of the credits
1,...,i—1,94+1,..., N default before time t:

A={r>t,min(r,...,Ti—1, Titl,---,TN) < t}.
Notice that by the above definition,
Si(t) = c(S1(t), ..., Sn(t)) + Pr(A)

where Pr(A) is the probability that any event in the set A occurs. Let v;(t) denote the instantaneous default
probability for credit ¢ conditional on being in A:



Si(t)\i(t)dt = Pr(m € [t,t+ dt])
(r; € [t,t +dt]|T1,...,75v > t) - Pr(71,..., 78y > t) + Pr(m € [t,t + dt]|A) - Pr(A)
= A(Oc(S1(t), .., Sn(t))dt +7i(£)(Ss(t) — c(S1(t), ..., Sn(t)))dt
(11)
By the above calculation we can write the default intensity \;(t) as a weighted sum of A} (¢) and v;(¢t):
Xi(t) = wiAj (t) + w2 (t)

where w; + we = 1. We define a “positively correlated default model” to be a model in which A} (¢) < \;(¢) <
vi(t), i.e. default is more likely for credit ¢ if at least one credit has defaulted and less likely if all credits have
survived. (In [9] it is shown that in a normal copula model the default intensity for credit ¢ decreases conditional
on the survival of credit j if the correlation parameter is positive.) Taken together with equation (9) we find
that if all \;(¢) are flat in a positively correlated model:

AL(E) < A (0)

and therefore \'(¢) < A'(0) for ¢+ > 0. The above result does not show that the default intensity curve \(t) is
downward sloping, but it does indicate that this is plausible in a postively correlated model.
Question: What are the sufficient and necessary conditions that a copula must satisfy to ensure that the
conditional default intensity curves, A}(¢) are downward sloping if the individual intenstiy curves \;(t) are flat?
As noted in Section 2 for n’th to default events, where n > 2, if default times are positively correlated or
indepedent then we expect that the default intensity curve A™(t) is necessarily upward sloping. Therefore \" ()
for n > 2 does not measure the term structure imposed by a copula model. In a term structure free model if
the state of the world is the same at time s — in the future — as it is today then an n’th to default basket has
the same forward price at time s as it does today. More precisely, let

Q"(s,s+T)

denote the probability that the n’th to default basket survives to time s + 1" conditional on the survival of all
credits to time s. If all credit curves A;(¢) are flat then the state of the world at any future time (conditional
on the survival of all credits) is the same as it is today. Assuming that the curves \;(¢) are flat, comparing the
survival probabilities @™(0,T) and Q™ (s, s+T) is a measure of the term structure imposed by the copula model
at time s; for example if Q™(s,s + T) > Q™(0,T) then a forwarding starting n’th to default basket of term T
(starting at time s) is less risky than the same basket starting from today. Assuming that the default intensity
curves \;(t) are flat, a copula model is term structure free for the n’th default event if at each future time s,

Q"(0,T) =Q"(s,s +T). (12)
As in equation (2) it is helpful to express Q™ (s, s+ T') in terms of a default intensity:

T
Q"(s,s+T) = exp(f/0 al(u)du).

In Figure 2 we have graphed o?(u) for a basket of two credits with spreads 300 b.p. and 500 b.p., assuming a
normal copula with correlation 60% for s = 0, 3,5, i.e. the default intensity curves for a second to default swap
starting today, in 3 year from today and in 5 years from today. As can be seen from the graph, even when all
curves \;(t) are flat in a normal copula model a forward starting second to default basket starting in the future
is less risky than one starting today.

For n = 1, Q"(s,t) reduces to the survival probability generated by the first to default intensity A (u):

o SIS )
QD = 5 o)

= exp(— / A w)du)




where A (u) was defined by equation (7).
We can also compute Q" (s, t) explicitly in terms of a copula function; for a basket of two credits and copula
c(z,y), Q*(s,t) reduces to:

Q%*(s,t) = Pr(mi,m >t|T, 7> 8) 4+ Pr(m > t;s <o < t11,72 > 8) + Pr(m >t,s <71 <t|11,70 > 5)
c(S1(t), S2(t)) 4 (c(Si(t), S2(s)) — e(S1(t), S2(1))) + (c(Si(s), S2(t)) — e(Si(t), S2(1)))
c(S1(s), Sa2(s))

Although we would expect the n’th to default intensity curve A"(t) to be upward sloping for n > 2 in any
positively correlated model, it is at least of academic interest to consider copulas in which the underlying credits
are anti-correlated.

Question: Is it possible to construct a (negatively correlated) copula function for which some or all of AV (¢) are
flat for n > 27

If the default intensity curves A;(t) are not flat then comparing Q™(0,7") and Q"(s,s + T') is no longer
a valid measure of the term structure imposed by the copula. For example if A\;(t + s) > X;(¢) then it is
more likely that the first default event occurs between times s and s + T (conditional on the survival of all
credits to time s) than between today and time T'; in this case we expect that for a term structure free copula
model, Q'(s,5+T) < Q*(0,T). A solution to this problem is to translate the intensity curves, \;(t) from the
future date s to today and then apply the measure as defined above. In the sequel we will use the notation
Q"(s,s + T, \i(t),c) to denote the dependence of the measure Q™ on the intensity curves \;(t) and the copula
¢. We can now generalize the definition given in equation (12) to the case where the intensity curves \;(t) are
not flat; a copula model is said to be term structure free for the n’th default event if

Q"0, T, \i(s+1t),c) = Q"(s,s+T,\(1),c). (13)

In a universe of N credits at each future time there are 2%V possible states of survival and default; equation
(13) as defined above only measures the term structure of the N distinct states corresponding to the survival
of the n’th to default basket for n =1,..., N. For a copula function ¢ and a set of curves A;(t), let

R(s,tiy \i(t),e) = Pr(m>s+ty,...,7N > s+tn|T1,..., TN > 9) (14)

where 7; is the default time for the i’th credit. Then a copula c is said to be completely term structure free if
for all s,tq,...,tnN,

R(S,ti,qu(t),C) = R(O,ti,Ai(S +t),C). (15)

It is easy to check that any copula model that satisfies equation (15) is necessarily term structure free for the
n’th default event as defined by equation (13). In Section 5 we will construct a family of copula functions that
are term structure free as defined by the above equation.

It should be noted that a copula ¢ which is term structure free as defined above for a set of default intensity
curves A;(t) is not necessarily term structure free for another set of curves A, ().
Conjecture: The trivial copula function is the only copula function that is term structure free in the sense of
equation (15) for an arbitrary set of intensity curves \;(¢).

5 Extreme Value Copulas and the Refinement Operation

An extreme value copula is defined in [1] as a copula function ¢(z1, 2, ...,z x) for which

c(zh,oh, ... 2h) = c(zy, 0, ..., oN)"

We refer the reader to [1] for a table of extreme value copulas. Using equation (2), and assuming that the
individual intensities are flat, we find that for an extreme value copula the first to default intensity is flat:

M, Anst) = —log(e(e™™,e72, L e V), (16)



where X\;(t) = A\; (we are following the notation of Section 4 for A"(¢) and AP(¢)). Assuming that default
intensities, \;(¢) are flat equation (8) takes the form:
cile Mt et em ANt TNt )

cle=Mt e=det | e=Ant)

Ap(t) =

K2

For an extreme value copula this simplifies to:

cile e 2 e AN e ),

cle= M e A2 ... e=AN)

We see from the above expression that for an extreme value copula the default intensity A! is also flat for
i1=1,...,N.

We should note that the only extreme value copula that is C! is the trivial copula. We can check this by
combining equations (10) and (16):

—log(cle™ e, ... e7™)) = A\(0)
= Mt+X+...4+ AN
(17)
As the above expression holds for all values of \; > 0 it follows that c(e™*,e7?2, ... e™?V) = e Me A2 | g7 N,
or equivalently ¢(z1,z2,...,2N5) = 2122 ... 2N for z; € [0, 1].

It is easy to check that if the intensity curves \;(¢) are flat then an extreme value copula is term structure
free for the first default event as defined by equation (12):

QY 0,T) = cleMT e T =T
= cle” ™, v, e )T
— A2 e*)\N)SJrT*S

goeeey

0(67)\1(8+T)’ e*)\Q(SJrT), e e*/\]\](S%’T))

cle=Ms e=A2s . e=ANs)
= Q'(s,s+T7).
(18)

If the credit intensity curves A;(t) are not flat then an extreme value copula is not, in general, term structure free
as defined by equation (13). For example, assuming that the credit intensity curves A;(t),7 = 1,2 are piecewise
constant,
/\z(t) = )\,’j for t € [tj,tj+1],j =1,2
and tj41 —t; = T we can measure the term structure of the Gumbel copula (an example of an extreme value
copula),
Calw1,72) = exp(—(—log(x1))* + (— log(w2))*)"/*)

for the first default event by computing

exp(—(Af) + A%, + A% + Agy)/°T)
exp(—(Afy + Agl)l/aT)

Q' (t1,ti + T, Ni(t), ca) =

and
Ql(oa Ta )"L(tl + t)? Ca) = exp(_(A(IXQ + ASQ)I/O[T)
For a # 1, the copula is not term structure free in the sense of equation (13) as Q!(t1,t1 + T, \i(t),co) #
QY (0, T, \i(t1 +1),c,) for arbitrary values of Aij-
A simple approach to constructing a term structure free model for first to default valuation is as fol-
lows: given N credits that follow a Poisson process with intensity A;(¢),4 = 1,..., N we assume that the first



to default process is Poisson with intensity f(A1(¢), A2(t),...,An(t)). If defaults occur independently then
FOL(@), A2(t)y .., AN (8)) = AM(8) + A2(t) + ... + An(t); if there is a positive dependence between credits then
FOL@E), A2 (t), ., AN (E) < A1(#) + A2(t) + ... + An(t). The survival probability for the first default event is:

T
exp(— / SO (), Aa0), . Aw(£))d). (19)

It is easy to check that this model is term structure free for the first default event as specified by equation (13).
There are three main problems with this approach:

1. It is not necessarily true that valuation using the above approach is consistent with a copula model (for
example the value of a basket with exactly one credit may not coincide with that of a single credit default
swap).

2. It is not apparent how to extend the above approach to n’th to default baskets for n > 1 or to CDO
valuation.

3. The function f(A1(f), A2(t),..., An(¢)) is a “black box” and does not have an obvious financial interpre-
tation in terms of Merton’s model.

In an attempt to follow the spirit of the above approach but avoid the limitations listed above we introduce
the refinement operation for a copula model. The refinement operation may be viewed as the discretization of
a multivariate Poisson process in which the dependence structure is determined by a copula. Let £(u,z,y) be
defined for x > y as follows

1 foru >z
E(u,zy) =1 u/x forx>u>y
y for u < y.
Given a sequence of partitions, x;;,i =1,...,N,j=1,...,m of [0,1]:
l=zqp>20>...>Tp;m >0i=1,....N
and a copula c, the refinement is defined as
¢ m—1
@y, an) = H c(€(z1, 214, T1i41), - - -, E(TN, TN, TNi41))-
i=1

It is easy to check that the refinement of a copula function is a copula function. It is not difficult to show that
the every C! copula converges to the trivial copula as the mesh size tends to zero.
Assuming a set of piecewise constant intensity curves, A;(t) = A;j on [t;,t;41), define x;7 = 1 and for j > 0,

J
Tij = H e~ ik (Bt —tk) (20)
k=1

Let ' denote the refinement of the copula ¢ under the partition z;; defined above. Then
j—1
oSy, S) = el T AT )) TT (e divltin i), e Awnltnea =ty
k=1

where T € [t;,t;41] and S;(T) = exp(— fOT Ai(t)dt). If ¢ is an extreme value copula then the above expression
takes the particularly simple form:

ef(sy, ..., Sy) :exp(—/o A L), ..., An(t)db) (21)

where A (z1,...,7x5) = —log(c(e™™1,...,e~®N)) is defined as in equation (16). Comparing equations (21) and
(19) we see that the refinement copula has the same functional form for the survival probability for the first
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default event as the simple Poisson model with the “black box” function f replaced by the first to default
intensity A'. Unlike the simple Poisson model it is a copula model that can be used in a consistant manner to
value n’th to default swaps for n > 1 and CDOs.

The refinement model as defined above is a discrete model for piecewise constant intensity curves and only
satisfies the completely term structure free condition of equation (15) on the time scale of the discretization.
To construct a copula that is completely term structure free as defined by equation (15) we choose a partition
as in equation (20) — with A;(¢) no longer necessarily piecewise linear — and let the mesh size shrink to zero.

For an extreme value copula as the mesh size tends to zero, the limit copula ref takes the form

lim>

cﬁ(ff(ul,...,uN) = exp(—/oIAI(Al(t),...,AN(t))dt—/2)\l(ml()\l(t),...,)\N(t)))dt

t1
tN—1 L tN X
..—/ A (Wilig...iN_Q()\l(t),...,)\N(t)))dt—/ A (7ri1i2...iN_1(>\1(t);~'~7)\N(t)))dt)
N2 tN—1
(22)
where u; = exp(— [y Ni(u)du), t;, <t;, <...<t;, and the projection maps 7 are defined as follows:
Wi($1;x27...71'N) = (wl,xg,...,$i,1,0,$i+1,...,$]\7)
Tivin.ip — T4y OTip O .. O T,
(23)

Inspired by the above expression, for u; = exp(— f(f Ni(uw)du), t;, < t;, < ... < t;, we define the class of
completely term structure free copulas as follows:

t1 ta
Chat (U1, un) = exp(— | FOu@), ... An(t))dt — f(miy (A (1), An(2)))dt
t
tN—1 ' tn
e / f(ﬂ-i]iz-uiNfz()‘l(t)v'"7/\N(t)))dt_ / f(ﬂ-iliz--iz\lfl(/\l(t)w"7/\N(t)))dt)
tn—2 tN—1
(24)
where the dependence function f(z1,x2,...,2x) : (RT)Y — R* must satisfy the following conditions to ensure
that cq,¢ is a copula function:
1. f(z1,2a,...,zn) > 0.
2. f(O,...,O,SCi,O,...,O) = T;.
3. flz,...,an) > flmy (@1, ... 2n)) = f(Tiyin (@1, ..o 2n)) > oo > f(Tayig. iy (@1, ..., 2 N)) for any choice

Ofil,...,ZN.
In particular the first to default intensity function, A!, satisfies the above conditions.
(In order for equations (22) and (24) to be well defined we require that each equation u; = exp(— fg C i (u)du)

can be inverted to solve for ¢;; in other words \;(¢) must be strictly positive and f0+°° Ai(t)dt = +o00.) We can
check that cq,; as defined above is completely term structure free as defined in equation (15):

exp(— o FOa (), e (t), . AN O)dE - = [ F (g i, (1), - A (8)))dE)
exp(— [ FAL(E), A2(t), ..., A (t))dt)

s+t1 s+iN
— el [ SN @A At~ [ F (a0, A ()

R(S7 ti, )\1 (t)7 Cﬂat)

st+tn—1
ty
= exp(— f()\1(8+t)7)\2(8+t)7...,)\N(S+t))dt
0
- / i (s 8, A (s + £))dt)
= R(0,t;, N\i(s+1t), Cﬂat) (25)

11



Given an extreme value copula ¢ we can use equation (22) to compute the survival probability for the first

default event under its corresponding refinement limit copula cref

- For example, for the Gumbel copula with
parameter o,

N
c(xy,Te,...,xN) = exp(—(Z(—log xi)o‘)l/o‘)

i=1
with default intensity function A\'(xq,...,zx5) = (Zfil x$)Y/ @ the survival probability to time ¢ for the first

ref

default event under ¢, is (compare with equation (19)):

N

ES(51(0)-. S (0) = expl— [ (3 n()*) /e

i=1

Two advantages of using a normal copula model are that a well defined financial interpretation for joint
default events exists, namely Merton’s model for corporate default, and that a correlation matrix p can be
used as an input to the model or inferred as a market observable. Extreme value copulas do not share these
properties. In light of this we propose to use equation (24) and a choice of a representative time scale tg
(for example tg = 1 year) to define a “completely term structure free normal copula model” in one of the
two following ways. One approach is to define the dependence function f(z1,...,zy) in terms of the survival
probability to time ¢y of the the normal copula:

flz1,29,...,2n5) = _tl log(cp(e_““t”,e_’”zt", ., e oty
0

where ¢, is a normal copula with correlation p. If the intensity curves are flat then the survival probability

to time tg for the first default event of the completely term structure free copula, with dependence function

as above, matches that of the normal copula, i.e. c,(S1(to),...,Sn(t0)) = cgat(S1(to),---,Sn(to)). Another

approach is to define f(z1,...,zN) to be the first to default intensity at time ¢, under a normal copula ¢ as in

equation (2):

d
Flan o) = —log(e (e e e )y,

In this approach the resulting term structure free copula has the same first to default intensity as the normal
copula at time t = ¢q if the individual intensity curves \; are flat.

The purpose of this paper has been to measure the term structure of copula models for default and construct
term structure free models for default. Models for default, however, should be adaptable to arbitrageur’s views
on the term structure of multi-credit dependence. The simplest parametrization of such a view on default is to
consider a correlation matrix p(t) that is time dependent (such a matrix may be roughly inferred from market
quotes on baskets or CDOs of varying maturity). We can adapt equation (24) to model time varying dependence
by allowing the dependence function f(z1,...,zx) to be time dependent. For example, a term structure free
normal copula model with time varying correlation is given by using the dependence function

1
flxi, @, ... xN;t) = f% 1og(cp(t)(efm1t°, e~ w2lo e TNT0)) (26)

Such a model satisfies the completely term structure free condition of equation (15) when the correlation
parameter p(t) is flat. A broader definition of a completely term structure free model is a model that satisfies
equation (15) when all dependence parameters are flat.

While it is possible to simulate default events for a normal copula or Students’ T copula model using
standard methods (see for example [6]), there is no general method that works for an arbitrary copula function.
For CDO valuations especially, the analytic formulas presented in Section 4 become combinatorially intractable
and a Monte-Carlo approach seems unavoidable. For an Archimedean copula, ¢(z1,...,2zx) there are known
algorithms for sampling u; 1 conditional on u;, where w1, us, ..., uy are dependent uniform random variables
with cumulative distribution function ¢(z1,...,zy). In practice this may be difficult unless the copula partial
derivatives can be computed analytically. A better approach for sampling from an Archimedean copula is

12



proposed in [10]. A Metropolis Monte-Carlo scheme may prove useful for sampling from a term structure free
copula function (as defined by equation (24)); a new multivariate uniform sample y1,ya,...,yn is accepted or
rejected with probability

Py, 92, -, YN)

p(x1,T2,...,2N)
where 1, za,...,zn is the last accepted draw and p(uy,us, ..., uy) is the copula density function. For a term
structure free copula we can compute the copula density explicitly by differentiating equation (24) with respect

to uy,ug,...,uyn (the default time ¢; is defined through the equation u; = exp(foti Ai(u)du)):
c(ur, ug, .., un)[f (7 (A (t1), -, AN (81)) = FAL(t), - s AN ()] - [F (Tiin (A1 (F2), - -+, AN (E2))]

U (Tigiin o (M (Ev—1)s - ")‘N(tN’l)))]ul ' HUN/\I(;) o)

(27)

The convergence speed of this algorithm for multi-name credit modelling needs to be investigated.
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