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1 Introduction

Default risk must be one of the oldest sources of financial risk that one can
think of and yet there has been a surge of interest in the area in the 1990s.
It is difficult to say why this surge did not come earlier, but now that it is
there one can look for some reasons:

e Risk management of financial institutions is becoming increasingly com-
plex and relies more and more on quantitative methods. The quanti-
tative revolution in pricing and hedging 'market risk’ is beginning to
spill over into credit risk management and it is likely that banks will
use increasingly sophisticated quantitative credit risk models to allo-
cate capital internally and to convince regulators that capital adequacy
standards are being met.

e (Credit derivatives are becoming more popular, perhaps as part of a
general tendency towards ’derivatizing’ wider classes of risk and defi-
nitely as a low transaction cost means of diversifying loan portfolios.
The idea behind such derivatives is typically to allow a bank to diver-
sify without having to give up its core customer base which may have
a strong regional concentration or a large concentration in a specific
industry. The pricing and hedging of credit derivatives is impossible
without a solid modeling framework.

The models we build to handle credit risk are centered around modeling
credit events (e.g. defaults or downgrades) and payments on contracts made
at such events. When choosing a modeling framework it is important to keep
in mind what the purpose of the model is. Different models have advantages
in different areas and an attempt to single out a single framework as generally
superior is in my opinion misguided. What are the key issues that credit risk
models have to address?

1. Pricing bank loans and corporate bonds: The fact that these types
of loans exist is of course reason enough to study their pricing. But
they serve a special role of basic building blocks for modeling credit
risk in many applications, in much the same way that zero coupon
bonds are used to set up a term structure of default free bonds from
which term structure derivatives can be priced. At a more fundamental
theoretical level, the pricing of corporate bonds is intimately linked



with questions of optimal capital structure and the study of conflicting
interest between different creditors in a firm.

2. Risk management: Our models should be able to quantify risks associ-
ated with having credit risky instruments in a portfolio. The difficult
question here is not only describing the stochastic behavior of prices
but also to describe and measure correlation between price movements.

3. Pricing credit derivatives: Credit derivatives are contracts whose pay-
out depend either on certain underlying credit events (such as default
or downgrade) or measures of credit quality such as for example the
yield spread between an A-rated bond and a treasury bond with similar
payment structure. In this area, implied modeling is key: The ability
to calibrate a model against observed data and price complicated struc-
tures off the model is the primary objective.

The main focus of this chapter is on understanding the idea of calibrating a
rating based model using a low-dimensional modification of a known transi-
tion (or generator) matrix. This chapter is not intended as a survey but to
put the chapter in a context, it does provide an introduction to a few basic
ideas in credit risk modeling. The list of references is far from complete. A
much more complete view of the literature would be obtained by consulting
the references in such papers as Anderson and Sundaresan (1997) Cooper
and Martin (1996) Duffie and Singleton (1997) Jarrow and Turnbull (1995)
Lando (1997), Leland (1994) and Schénbucher (1997).

2 Connections between default probability and
spreads

A first intuition which is important when modeling credit risk to know the
connections between spreads in forward rates and default probabilities. First
recall a little interest rate mathematics: Throughout, we let B(¢,T) denote
the price at time ¢ of zero coupon bond maturing at year 7. The yield using
discrete time (annual) compounding is
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and the yield using continuous compounding is
1
Y(0,1) = —5 log B(0, 1)

The forward rate at time ¢ seen from 0 (discrete time) is

f(O,t) — M—l

B(0,t+1)
and in continuous time the instantaneous forward rate at time ¢ seen from 0
1S

0
f(O:t) = —EIOgB(O,t)

Of course, the exact same quantities can be defined for a defaultable zero
coupon bond. Let v*(0,) denote the price of zero coupon bond maturing at
t issued by a firm 4. The credit spreads are obtained by taking differences:
The yield spread is then defined as

ysi(oa t) = yi(oa t) - y(o’ t)

and the forward spread is

fSi(O,t) = fi(O,t) - f(O,t),

and the continuous time versions may be defined this way as well.

To establish a connection between spreads and default probabilities we
must have a model for the pricing of risky bonds. The cleanest picture
is obtained in the case of the following very simple model for pricing the
risky bond at time 0: Let the (random) default time of the firm be denoted
7. Now consider a defaultable zero coupon bond with maturity ¢, whose
recovery in the event of default is equal to a constant J, received at the time
of maturity. This is equivalent to receiving at the default time a fraction §
of a treasury bond maturing at the same time as the defaulted bond. We
let the probability of the firm surviving past ¢ be denoted S%(0, 1), i.e. if our
underlying probability measure is P, we have

SH(0,t) = P(1 > t).
A simple pricing formula for the risky bond is then given as

v'(0,t) = §B(0,t) + (1 — 6)B(0,1)S*(0,1) (1)
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with the obvious interpretation that the bondholder always gets at least the
discounted value of the recovery and - if the firm survives - the remaining
value is received as well. The assumptions underlying this expression could
be that P is a risk neutral measure obtained in some underlying arbitrage-
free model and that under this risk neutral measure the default event is
independent of the evolution of the variables governing the pricing of riskless
bonds. One could also merely assume risk neutrality. What is important is
that this simple pricing formula has a structure general enough to capture
the essential structure of many model setups.
In the case where recovery is 0, the price simplifies to the expression

v*(0,t) = B(0,1)S%(0,1).

The issue of stripping out such a price is a delicate one and information
from credit swaps may have to be added in practice to get enough pricing
information to use for the calibration. For more on decomposing an observed
spread into default probability and recovery rate, see Das and Sundaram
(1998). The one year conditional default probability between time ¢ and
t+ 1, i.e. the probability, computed at time 0, of default before t + 1 given
survival up to and including time ¢ is given by

S4(0,t) — S'(0,t + 1)
S0, 1)
and rewriting this using our pricing formula gives us
S10,t) = S"(0,t+1) S0,t+1)
Si(0, t) T 590, 1)
v(0,t+1) B(0,t)
~ w(0,t) B(0,t+1)
1+ f(0,1)
1+ £(0,1)
~ fo(0,1) = f(0,1)
Hence we see that forward spreads in discrete time are (almost) conditional
default probabilities. To get an exact relationship, consider the continuous
time case. Before computing the spread recall that any distribution on the

positive reals which has a density can be expressed as a function of its hazard
rate h defined as .

Tl F(t)
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where f(t) is the density of the distribution and F'(¢) is the distribution
function. From this it follows that

S'(t) = exp (— /Ot h(s)ds)

Now consider the forward spread:

0 , 0
—alogvz(o,t)—f((),t) = —alog(P(TEt))
—2P(r>t)
P(r > t)
_f
- 1-F

which is precisely the hazard rate of 7. The hazard rate gives conditional
default intensities in the following sense:

P(t € (t,t + At] |7 > t) = h(t)At

Note the conditioning information: We are looking at the conditional default
probability given only the information of survival up to time ¢. The central
element of reduced form models (or intensity models) is the conditional de-
fault probability given survival and additional information which may have
been collected at time ¢.

3 Some notes on reduced form modeling

Rating based models are typically formulated as a special case of reduced
form models. The fundamental object of modeling in these models is the
stochastically varying instantaneous rate of default, i.e. the intensity A.
Let information at time t be represented by JF;. Then, heuristically, A is
F,—adapted process such that!

P(r € (t,t + At]|F) ~ Mt)1ran At

IFor precise definitions of this and a review of some of the results, see for example
Duffie and Lando (1998).



Under some technical conditions (see Duffie (1998)) that need not worry
us here it is the case that the survival probability over a given horizon T is
given by

S(0,T) = Eexp (— /0 ") ds)

Note that this is of the same functional form as the formula for a bond price
computed from the spot rate process r :

B(0,T) = E exp (— /tTr(s) ds>

Expressing the bond price in terms of the (instantaneous) forward rate

B(0,T) = exp (— /OTf(O, 5) ds>

and comparing with the form of the survival probability in terms of its hazard
rate

S(0,T) = exp (— / h(s)ds)

we note the analogy between, on one hand, spot rates and forward rates in
bond pricing and, on the other hand, intensities and hazard rates in survival
probability modeling. This analogy is fundamental in the approach devel-
oped by Duffie, Schroder and Skiadas (1996), Duffie and Singleton (1997) and
Lando (1994,1998) which is able to handle dependence between the stochastic
intensity and the spot rates very easily and essentially reduce the computa-
tion of prices of defaultable claims to the same form as that of default-free
bonds. This makes it technically appealing from the viewpoint of computa-
tion and the advantages are perhaps more clear when computing prices of
credit derivatives, see for example Schonbucher (1997). But there are empir-
ical reasons as well for taking this path: Given the observation that spreads
in forward rate curves are (in the case of zero recovery) the same as the
hazard rate and that in particular the spread in the spot rates is equal to
the intensity, it is clear that the spreads in the short end on yields will be
strictly positive as long as there is a positive intensity of default. In the clas-
sical approach, taken in the works by Black and Scholes (1973) and Merton
(1974), the spread in the short end goes to zero. To see this, note that if we
assume that the value of a firm’s equity starts out at a positive level Sy and



if default is defined as the first time the equity hits zero, then one has the
following limiting result:

< >
limM:hmw:O 2)

h—0 h h—0 h

This fact makes short spreads go to zero in the short end.? To see this, think
of the case with constant r and zero recovery:

v(0,h) = B(0,h)P (T > h)
where v is price of defaultable zero coupon bond. The yield spread is

_logv((],h) B

log P(T > h
h —y(O,h)— 8 ( — )

h

and inserting the result from (2) shows that spreads go to 0. The empirical
difficulties of diffusion models for firm value in explaining spreads on cor-
porate bonds, as noted for example in Jones, Mason and Rosenfeld (1984),
might be attributed to this fact. Introducing small fixes such as stochas-
tic interest rates will not change this by much. More drastic features such
as introduction of strategic debt service by the equity holders and absolute
priority violations may partially remedy this (see for example Anderson and
Sundaresan (1996)). Another immediate fix is to apply a jump-diffusion
model for the asset value of the firm. This is done for example in Zhou
(1997).

It may seem that there is a huge difference in economic content between,
on one hand, modeling default as the first time the issuer’s assets fall below
a certain level and on the other hand modeling default as a Poisson-like
process in which the default event is not specified directly as a condition
on the firm’s assets (or cash flows)3. Results of Duffie and Lando (1998)
show however, that using a classical approach in a model in which there
is imperfect observation of the firm’s assets, assumed to follow a diffusion
process, default becomes a Poisson-like process whose intensity process may
be characterized and computed explicitly in certain cases. The yield spread

2In the Black-Scholes-Merton formulation, one has to assume that the firm is has a
value larger than the face value of debt to get this result. Otherwise the yield goes to
infinity.

3Note however, that the intensity of default may well depend on the firm’s assets in a
reduced-form model



in the short end then becomes strictly positive and the size of the spread
reflects not only asset value but also the quality of information on the firm
that bondholders have.

4 Approaches using ratings

One of the simplest ways of having a stochastically varying default intensity
is to let a finite state space Markov chain - representing for example a rating
- 'modulate’ the intensity. We will from now on focus primarily on using
ratings and for illustrational purposes we will look at a pricing model which
uses only ratings, as in Jarrow, Lando and Turnbull (1997). We will explain
the idea behind calibration of such a model and give three examples based
on modifying an underlying generator matrix of a continuous-time Markov
chain. For more on calibration of rating based models, see Das and Tufano
(1996), Kijima (1998) and Kijima and Komoribayashi (1998). Rating based
models which include stochastically varying transition intensities were in-
troduced in Lando (1994, 1998) and recent contributions include Arvanitis,
Gregory and Laurent (1998), T. Li (1997) and Nakazato (1997).

We think now a rating system for pricing corporate debt or perhaps in-
dices of corporate debt. The example chosen here is one where only the rating
category matters. In practice, more advanced methods and more explana-
tory variables will have to be added, but the calibration method discussed
below is important in these frameworks as well.

The rating process is modeled as a Markov chain whose basic ingredients
are a state space - often labeled {1,2,..., K}, where one should think of 1
as the top rating (AAA, say) and K as default - and a transition matriz

P11 P12 - DPik
D21 D22 - o D2k

p=\|"" " (3)
Pk1 Pk2 - -°° DPKK

Here, p;; is the probability that the Markov chain which is currently in
state 7 will be in state j next period. All entries in the transition matrix are
non-negative and the rows sum to one:

K
Y pij=1
j=1
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Formally: Let 7, denote the rating at time n. Then

Prob(n, = j|no = t0,m = i1, ., Np—1 = 1)
= Prob(n, = jnmn—1 = 1) = pij

The key property to note (the Markov property) is that only the rating at
time n—1 and not the entire history is relevant for determining the probability
of being in rating j at time n. From the one-period transition matrix, we get
transition probabilities over several periods by multiplying the transition
matrix with itself:

Prob(n, = jlno = i) = pi

where pz(-?) is the ij—th entry of P"
There are two key assumptions underlying this many period transition
phenomenon: Time-homogeneity and the Markov property. The Markov
property has already been described above. Non-homogeneity occurs if a sep-
arate matrix is used for each period (but we still have the Markov property).
The multiperiod matrix will then have to be indexed by both the starting
date and the ending date of the period over which we consider transitions.
The length of the period is not sufficient. In this case the Markov property
would be captured by the semi-group property of transition matrices:

P(s,u) = P(s,t)P(t,u)

whenever s < t < u. This means that the state at a certain time is still
sufficient for determining the transition probabilities in the future but the
transition probabilities are changing over (calendar) time. An example where
even the Markov property breaks down would be a case where the number of
time periods spent in the current rating or the precise level of the previous
rating entered into the probability. One can then regain the Markov property
by enlarging the state space but this is costly in terms of new parameters
that are introduced into the model.

However, we will look at the case where the Markov property holds and
we are interested in trying to deduce the implied transition probabilities
from market prices. In principle it is possible to imply out parameters from
a homogeneous Markov chain implied by prices if we have known recovery
rates (or known expected recovery rates) in our model for bond prices given
by (1): To see this, note from (1) that for each starting rating category and



each time to maturity £ we have

(0, ) — 6B(0, 1)
(1—6)B(0,1)

S0, 1) = -

Since (expected) recovery rates are assumed known, we can observe the im-
plied survival probabilities. To get the discrete-time transition probabilities,
first note that

pix =1 —5%0,1)

Then note that

500 = X pS (L0 4)
_ leijsj((),t—l) (5)

where we used time-homogeneity to replace S’(1,t) - the probability of sur-
viving past t given rating j at time 1 - by S7(0,¢ — 1). This gives one new
equation in the transition probabilities from category ¢ for each time to ma-
turity, since for fixed ¢ and t > 2 we get

SY0,t) = pu ST (0, — 1) + -+ pi g 1S 10,1 — 1)

Hence from K maturities we get all the parameters p;i,...,p;x from this
system. This procedure is then repeated for every rating category.

When trying to do this in practice one could replace one equation by
the restriction that the probabilities sum to one but even then there is no
guarantee that the solution is positive as probabilities should be. This reflects
the fact that time-homogeneity is much too restrictive. Why not then assume
a general non-homogeneous structure? The problem is that the unknown
parameters cumulate quickly. For each new maturity that we consider we
have as many new equations as there are rating categories, i.e. (K-1), but
we have (K — 1) new parameters to determine.

Therefore, the real world attempts of calibrating a model often intro-
duce non-homogeneity by finding a low dimensional modification of a known
homogeneous Markov chain such that we only add as many parameters for
each maturity as we can actually determine from the data using a known
base matrix.

10



To illustrate this approach, assume that a one-period transition matrix P
is given as in (3). This matrix will be our ’base matrix’. In Jarrow, Lando and
Turnbull (1997) it is based on empirically observed transitions but it need
not be in a general approach. The key is that it is known and that implied
default probabilities for different maturities will be obtained from this matrix
by a ’low dimensional’ modification. Throughout, we will assume that there
exists a matrix

A1 A - Ak
O B
Akl Ako 0 o0 =Mk
with
> M= N
JE{Lm K\ i}
)‘i > 0, 7,21, .,K
such that
exp(A) = P.

The goal is to create a family of transition matrices (Q(0,%))s~1 such that
the implied default probabilities for each maturity ¢ are matched by the
corresponding entries in the last column of Q(0,¢). The general procedure
is as follows: Let implied survival probabilities for rating category 7 over a
time horizon ¢ be denoted S(t), so that the implied default probability is
1— S(t).

1. Let Q(0,0) = I.

2. Given Q(0,t). Choose Q(t,t + 1) such that Q(0,t)Q(t,t + 1) satisfies

3. Go to step 2

What distinguishes the methods is the way in which step 2 is performed.
Throughout we will consider an example with a rating system consisting of
4 categories A,B,C,D with D denoting default. For our example (which is

11



purely for illustration) we let P be given as

A B ¢ D
0.95 0.03 0.01 0.01
0.1 0.7 01 0.1
01 02 04 03
0 0 0 1

S Q®mev

and the associated generator is

A B C D
—0.0539  0.0350  0.0125 0.0064
0.1126 —0.3889 0.19037 0.0839
0.1369  0.3795 —0.9612 0.4448
0 0 0 0

SAQm x>

For comparison we also list the two period transition matrix obtained by
squaring P :

2) A B C D

A 0.9065 0.0515 0.0165 0.0255

B| 0.175 0.513 0.111 0.201
C
D

0.155 0.223 0.181 0.441
0 0 0 1

Assume that from prices of bonds we have deduced the following implied
default probabilities:

A B C
1-5°0,1)] 0.02] 0.12] 0.35
1—5%0,2) | 0.045 | 0.215 | 0.490

We now show different ways of modifying P (based on modifications of
A) such that the implied default probabilities are matched. Note that the
procedure does not match transition probabilities other than those to default.
If further contracts are available - such as default swaps protection against
downgrades - a higher dimensional modification of P can be used to fit not
only implied default probabilities but also implied transitions probabilities
between non-default categories. In each procedure we let

Q(0,1) = exp(A(0))
Q(1,2) = exp(A(1))

12



where A(0) is a modification of A depending on m = (w11, T2, m13) and A(2)
is a modification of A depending on my = (g1, M99, Te3). and we determine
the parameter such that

(Q(0,1));ip = 1-S%0,1) i=AB,C
(Q(O, 2))i,D = (Q(O, 1)Q(1’ 2))i,D =1- Si(oa 2), i=A4A,B,C

The extension to several periods is obvious. In each case we need to check
whether the modified generator still is non-negative in its off-diagonal ele-
ments, so that we still have a generator matrix. Once this is checked, the
matrix exponential will automatically give us a transition probability matrix.
Method 1: Modifying default intensities.

In this method we modify the default column of the generator matrix by
letting

)\AD(O) = 711" 0.0064
/\BD(O) = T2 " 0.0859
)\CD(O) = 713" 0.4448
where 71, T2, m13 are all strictly positive. The diagonal elements need mod-

ification too so that the matrix remains a generator with rows summing to
Zero:

Aaa(0) = —0.0539 — (my; — 1) - 0.0064
App(0) = —0.3889 — (my — 1) - 0.0859
Aoc(0) = —0.9612 — (m3 — 1) - 0.4448.

A(1) is computed similarly using (a1, 7o, To3) instead of (711, T2, T13). Solv-
ing the matching conditions numerically, we obtain the following values:

(w1, T2, m3) = (2.4998,1.2158,1.2116)
(7Tgl,7T22,7T23) = (26725,07884,11486)

The associated implied transition probability matrices are

Q(0,1) A B c D
0.940879 0.0295479 0.00957321 0.02
0.098418 0.68669 0.0948917 0.12

0.0956735 0.189793 0.364534 0.35

0 0 0 1

SQm
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2) A B c D
A[0.888184 0.0512025 0.0156132 0.045
B |0.170443 0.510694 0.103864 0.215
C
D

0.144236  0.209551 0.156213 0.49
0 0 0 1

Method 2: Modifying rows of the generator.

This method is the one proposed in Jarrow, Lando and Turnbull (1997) (see
equation (19) on page 495) but in there a numerical approximation of the
transition matrix using the generator is used to solve for the adjustment
parameters. The advantage of the numerical approximation is that it gives
linear equations which of course can be solved analytically. But the pro-
cedure requires fairly small time intervals and the resulting matrix is not
guaranteed to be a transition matrix. Here we do not use a linear approxi-
mation. Hence the transition matrix property is guaranteed, but we can only
solve numerically: Let

—0.0539 - 11 0.0350 - 11 0.0125 - 11 0.0064 - 11
0.1126 - 712 —0.3889 - 712 0.19037 - 12 0.0859 - 12
0.1369 -3 0.3795-m3 —0.9612- 73 0.4448 - 73

0 0 0 0

A(0) =

for strictly positive values of 711, 12, m13. A(1) is computed similarly using
(791, ag, Ta3) instead of (11, 12, m13). The resulting parameters are

(7'('11,71'12,71'13) = (18988,11606,12925)
(7TQ1,7T22,7T23) = (14754, 07005,16628)

and the associated transition matrices are

Q(0,1) A B C D
A[0.908042 0.0547708 0.0171868 0.02
B|0.112348 0.667519  0.100133 0.12
C|0.115383  0.223701  0.310916 0.35
D 0 0 0 1

2) A B cC D
A 0.847867 0.090461 0.0166715 0.045
B |0.166842 0.556799 0.0613593 0.215
C
D

0.162213 0.266138 0.0816494 0.49
0 0 0 1

14



Method 3: Modifying eigenvalues of the transition probability matrix.
Finally we consider a case studied first in Lando (1994) and (1998). We
assume that P (and therefore also A) are diagonalizable, we let B denote
a matrix of eigenvectors of P, and we let D denote a diagonal matrix of
eigenvalues of A. Hence we have

A= BDB™!

and we now let

A(0) = BII(0)DB !

where I1(0) is a diagonal matrix with diagonal elements (71, 712, 713) and 0,
where the value 0 should correspond to the eigenvalue of zero in the generator.
The same procedure is used for A(1). In our example this gives the following
value of parameters:

(77'11,7'('12,71'13) = (14124,118906,13326)
(’7'('21,77'22,71'23) == (12601,09561,28896)

where the order of parameters here are chosen such that m; modifies the
(numerically) largest eigenvalue. The associated transition matrices are

Q(0, A B C D
0.935037 0.0336963 0.0112667 0.02

1)
A
B 0.112148 0.652385 0.115467 0.12
C
D

0.113185 0.230881  0.305933 0.35
0 0 0 1

2) A B C D
A[0.886296 0.0518704 0.0168333 0.045
B|0.175185 0.478481 0.131333 0.215 .
C
D

0.161481 0.263352 0.0851667 0.49
0 0 0 1

One needs to check in this method that the modified generator is indeed a
generator. The rows are guaranteed to sum to zero, but off-diagonal elements
may become negative. This is a potential problem of the method. The
advantage is the fact that the equation solving for the parameter vectors
m and mo are linear and can therefore be solved explicitly. To see this,
let bj}%denote the (j, K)'thentry of B~!, where we assume that the K'th

15



eigenvalue of the generator is 0. One may check that b;xby = 1. Defining
Bij = —b,-jbj} we can write the probability of no default before time 1 as

K—
OlzK—ZﬂmeXp )

where d;(i) = dym; and since §;; is known for every ¢,j this system of
equations determines (di(1),...,dx_1(1)), and therefore m;. Now consider
the survival probability for two periods. Rewrite as before

213”01 (1,2)

and use the fact that there are only K — 1 new parameters to determine
here, namely the constants (d;(2),...,dx_1(2)) entering into the expression
S7(1,2). Fortunately, there are also K — 1 equations, which are linear in the
variables exp(d;(2)), j=1,...,K — 1. The procedure is then repeated for
maturity three years and so forth. The problem using this method in practice
is finding a good base matrix. Empirical generators seem to have too small
default intensities for high rated issuers and this leads to strange results
and possibly no solutions to the calibration. The key assumption for the
procedure to work is that there exists a common basis of eigenvectors for the
implied transition matrices of all maturities. Arvanitis, Gregory and Laurent
(1998) present results supporting this assumption. Fot the simplification and
connection with affine models which are obtained in rating based models by
using this representation in continuous time, see Lando (1994,1998).

5 Credit swaps

Given a calibrated intensity model of default, such as the rating based model
of the previous section, one may proceed to price credit derivatives. One
of the most popular credit derivatives is the credit default swap (or credit
swap) whose basic idea is to protect the holder of the swap against default
on an underlying reference security. As we will see below, with a known
recovery rate the credit default swap can be priced just knowing the default
probabilities and therefore the particular choice of calibration method is ir-
relevant. However, by changing the credit event to include a downgrade to a
non-default category, the calibration method will matter. In technical terms,

16



this is because we are only calibrating to a subset of securities which does
not span all sources of uncertainty in our model.

In a credit default swap, the protection buyer pays a fixed coupon ¢(7)
every period (typically every 3 or 6 months.) 7 is the maturity date of
the contract - the size of the constant payment naturally depends on the
length of the swap contract. The payment continues until which ever comes
first: default or maturity of the credit swap. If default occurs before the
maturity of the swap, there is (in the case of cash settlement) a payment from
the protection seller to the protection buyer usually equal to the difference
between the notional amount of the bond and the recovery value (based for
example on an average quote among dealers in the immediate post-default
market). As with ordinary swaps, the fixed side payment is set so that the
contract value at initiation is zero. In abstract terms, the cash flow of the
contract is as follows: The payment at a coupon date i for the protection
buyer is

C(T)1{7->i}

The payment of the protection seller is equal to at time 7
(1= 0)Lir<ry

To find ¢(T) such that the cash flows of the two sides are equal assuming
known survival probabilities under the pricing measure, we find assuming a
constant interest rate 7 :

(1=0)Ele "{r<my]
Y e " E sy

c(T) =

which can be readily calculated and is easy to generalize to cases with stochas-
tic interest rates and dependence between interest rates and default intensi-
ties. To see the formula illustrated in the example of the previous chapter,
consider a two period default swap entered into at time 0, and with a matu-
rity at date 2. The protection buyer pays ¢(2) at date 1 if there is no default
and c¢(2) again at date 2 if there is no default at or before time 2. If default
happens at time 1 the protection buyer receives 1 — ¢ where ¢ is the recovery
of face value and the same applies at date 2. If the default date is denotes 7
then it is clear that the value of the cash flow paid by the protection buyer
is

c(2)B(0,1)Q(T > 1) + ¢(2)B(0,2)Q(T > 2).
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The value of the cash flow paid by the protection seller is
(1-8)B(0,1)Q(r =1) + (1 — 6)B(0,2)Q(r = 2).

The swap premium is then the value of ¢(2) for which these two cash flows
have the same value. Note that we do not consider the default risk of the
parties to the contract but focus on the reference security. We also ignore for
simplicity the effects of accrued interest if default happens between coupon
dates. For the example of the previous section, the premium ¢(2) as a function
of initial rating assuming a continuously compounded interest rate of 5%, a
recovery of 50% and a notional amount of 100 is given below:

| A B o
c(2)]1.159 6.466 21.28

In practice, as swaps are becoming sufficiently liquid, the observed prices
are used to generate their own implied term structures supplementing scarce
data on defaultable bonds.

It is clear that one could generalize to swaps insuring against a down-
grade in addition to a default such that the protection seller would receive
a specified amount in the event of a transition to a category lower than a
certain boundary. In the procedure above, simply define the relevant credit
event and modify the payment accordingly. In this case, prices will reflect the
fact that transition probabilities between non-default categories depended on
the calibration method, as can be seen by comparing the implied transition
matrices. There is clearly significant variation in the probabilities of ending
in category C over, say, a two year time period. This dependence is not
surprising given that we only fitted default probabilities.

The intensity framework (and in particular the ratings-based approach)
generalizes easily to a first-to-default type swap contract, in which there is a
basket of reference securities. The loss on the first of the reference securities
to default is then covered by the swap contract. The framework developed to
handle such contracts is also relevant for taking credit risk of the parties to
the credit swap into account. The advantage of reduced form models here is
that intensities of baskets behave very nicely in that the sum of the intensities
is the intensity of the first default. For more on this see Duffie (1998b).
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