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A MODEL FOR PRICING STOCKS AND BONDS WITH
DEFAULT RISK

Abstract

This paper develops a tractable, dynamic, no-arbitrage model for the pricing of
bonds and stocks that are subject to default risk. The model produces the bond
pricing equations of the Duffie and Singleton (1999) framework. It is then shown that
a particular choice of dividend process, characterized by affine dividend yields, along
with the Duffie and Singleton (1999) default specification, produces stock prices that
are exponential affine in the model’s state variables. Importantly, the model allows for
quite general interdependence between the prices of risky debt and equity. This, along
with the model’s tractability, makes it a natural platform for empirical investigations
into the pricing of a firm’s capital structure.

JEL Classification: G12, G13.



1 Introduction

This paper develops a dynamic, no-arbitrage model capable of pricing bonds and stocks
that are subject to default risk. Importantly, the model produces bond and stock prices
whose logs are affine functions of the economy’s state variables. The existence of closed form
solutions for the prices of stocks and bonds make the model easy to implement in practice.
Furthermore, by allowing for a rich specification of state variable dynamics in a no-arbitrage
setting, the paper provides an empirically flexible, theoretically coherent framework for future
work on pricing corporate bonds and stocks.

It should be noted that deriving a model for defaultable debt and equity which produces
closed form prices is nontrivial. Indeed, in the current framework, tractability relies cru-
cially on three assumptions. First, the default convention in this model follows the default
intensity with fractional recovery of market value assumption first introduced by Duffie and
Singleton (1999). Second, the dividend process for equities follows the affine dividend yield
specification proposed in Mamaysky (2002a).! Finally, factor dynamics, short-term interest
rates, dividends yields, recovery rates, and default intensities are all restricted to be affine
functions of the economy’s state variables. 2 This paper shows that the above three assump-
tions, each one having been advantageouly employed in other contexts, may be brought
together to produce a convenient model for the valuation of corporate bonds and stocks.

To fix ideas, let us define what stocks, bonds, and default mean in the present setting:

1. Bonds are assumed to pay a fixed, one dollar dividend at some prespecified point in
the future, assuming that default has not occured before then.

2. Stocks are assumed to pay a continuous stochastic dividend stream, as well as a stochas-
tic terminal dividend at some point (potentially infinitely far off) in the future. A stock
stops making any dividend payments once default has occurred.

3. Default occurs at some random time, following which all future cashflows from the
defaulting security cease. Furthermore, at the instant of default, the owner of the
security in question is entitled to a default dividend (otherwise known as a recovery
amount) representing some fraction of the security’s value at the instant prior to the
occurence of default.

As will become clear, modeling default-free securities is straightforward in the present model.
Indeed, a default-free security is simply a special case of a defaultable security where the
parameters of the model are such that default never occurs.

'Related papers on the modeling of stocks are Bakshi and Chen (1997a,b), Bekaert and Grenadier (2000),
and Brennan, Wang, and Xia (2001). Mamaysky (2002a) contains a discussion of how these approaches differ
from the one adopted in this paper.

2More precisely, the product of the loss rate, given default, and the default intensity must be affine.
Also affine factor dynamics refers to the fact that instantaneous drifts and variances of the factors are affine
functions of the factors themselves. A general theoretical treatment of bond pricing in such economies is in
Duffie and Kan (1996).



In the context of bond pricing, Duffie and Singleton (1999) assume a very specific process
for the occurence of default and for the value of the default dividend conditional on such an
occurence: (i) Default is assumed to occur as a Poisson-type event, with a stochastic and
time-varying default probability per unit time (or default intensity), and (ii) when default
occurs, the owner of the risky bond (or stock) in question receives some fraction of the pre-
default market value of that security as the default dividend. Duffie and Singleton (1999)
then show that these assumptions, in effect, allow risky bonds to be priced by simply adding
a default spread (equal to the default intensity multiplied by the loss rate conditional on
default) to the short rate, and then discounting future promised cashflows at this adjusted
interest rate under the risk-neutral measure. In this paper, we show that this insight applies
as well to the pricing of stocks that are subject to default risk.

Since stocks, unlike bonds, represent a claim to a future stochastic dividend flow, valu-
ation of stocks relies crucially on the way in which this future dividend stream is specified.
Whereas it is straigtforward to model the future dividend of a zero coupon bond, choosing
an appropriate dividend process for equity turns out to be somewhat trickier. Following
Mamaysky (2002a), we assume that the instantaneous dividend paid by a given stock can
be written in the following form

Dividend = Affine Dividend Yield x Stock Price. (1)

The pricing of multiple stocks can be accomodated by endowing each stock with its own
dividend process. It should be emphasized that the decomposition of the dividend in equation
(1) is a result, rather than an assumption: We first assume that the dividend has the form
given by Dividend, and then solve for the no-arbitrage stock price in the economy. We then
shown that the original choice of dividend process, and the endogenously determined stock
price, are related by an affine dividend yield, as in the above formula. The fact that the
dividend specification in the paper leads to exponential affine stock prices is a major benefit
of the present modeling approach.

As in Mamaysky (2002a), the present economy is specified so as to allow for bonds and
stocks to be priced in a unified framework. Bond prices turn out to be identical to those
found in Duffie and Singleton (1999). It is shown that a certain set of state variables,
which we will call the Y-type factors, can be common to stock and bond price processes.
As is usually done in the literature, the model’s bond yields are assumed to be stationary,
implying that the Y-type factors must possess steady-state distributions. Furthermore, we
assume that dividend yields, default intensities, and recovery rates must also be stationary,
and must therefore be driven by the Y-type factors. Note that it is possible, in fact likely,
that dividend yields and interest rates may share a common component.® This feature of
the data can be captured by allowing the short rate and the dividend yield of a given stock
to load (in perhaps different ways) on the same Y-type factors. Similarly the short rate,
dividend yields, default intensities, and recovery rates may all share common Y-type factors.

3For instance, the simple Gordon dividend growth model generates a dividend yield equal to the interest
rate minus the dividend growth rate.



An important empirical regularity associated with stocks is that, in all likelihood, div-
idends contain a random walk component. To accomodate this feature of the data, the
present economy is assumed to contain another set of state variables, which we will call the
Z-type factors, which have independent increments. While, by assumption, bonds do not
depend on the Z-type factors, stock dividends may do so, which in turn induces stock prices
to contain random walk components (via the relationship in (1)). The fact that stocks are
able to load on random-walk like factors gives the model a great deal of flexibility in matching
actual stock prices. Furthermore, because stocks and bonds can both load on the same set
of the Y-type stationary factors, the present paper allows for a rich interdependence to exist
between these two asset classes. For these reasons, the present model provides a natural
platform for conducting empirical investigations into the joint behavior of defaultable bonds
and stocks.

With this goal (of empirical implementation) in mind, the paper shows that the total
returns process for a given stock (this being the value of a portfolio initially holding one
share of the stock, and then reinvesting all of that stock’s dividends back into the stock
itself, upto the time of default) is also an exponential affine function of the model’s state
variables, once a straightforward change of variables is performed on the model’s Z-type
factors. The convenience of working with total returns processes, rather than directly with
stocks and their associated dividend processes, is that total returns data is easily obtained
(from CRSP, for example), and the necessity of worrying about the exact timing and nature
of dividend payments is therefore obviated for purposes of model estimation. Also, because
bond prices, default intensities, and recovery rates do not depend on the Z-type factors, this
change of variable conveniently leaves all of these other quantities unaffected.

While the pricing of securities is accomplished under the risk-neutral measure, estimation
of the model needs to proceed under the physical measure. In order to move between these
measures, we need to specify a price of risk process. This paper shows that the “essentially
affine” price of risk process proposed in Duffee (2001) (see also Dai and Singleton (2001))
can also be used in the present setting. It is shown that this particular choice of price of
risk process, characterized by a continuous pricing kernel, leaves default intensities identical
under both measures. Also, it is shown that the ability to express asset prices as expectations,
under the physical measure, of kernel weighted future cashflows applies to dividends which
are paid at random times, such as default dividends in the present model. This result allows
us to deduce a convenient representation for the expected returns on risky stocks and bonds
under the physical measure. In doing so, we are able to make an important distinction
between the expected returns on securities where the expectation is restricted to paths of
the economy on which default does not occur, and the expected returns on total returns
securities, which do take into account the possibility of default.

Finally, we provide an example economy where all Y-type factors are of the Cox, Ingersoll,

4This would follow from stationary dividend yields and stock prices which contain random walk compo-
nents. See Campbell and Shiller (2001) for evidence regarding the stationarity of dividend yields.



Ross (1985) type, with cross-sectionally independent innovations, and where the Z-type
factor follows a random walk with a stochastic drift. In this economy, we solve for bond
prices, the stock price, and the value of the total returns process for the stock. The model
therefore provides a reduced form representation for the capital structure of a given firm.
Furthermore, all technical conditions introduced in the development of the model are shown
to hold for this example economy.

The remainder of the paper proceeds as follows. Section 2 specifies the underlying econ-
omy used in this paper. Section 3 shows how bond and stock prices are computed. Section
4 computes the total returns process for equities. Section 5 introduces the price of risk pro-
cess, and shows that kernel pricing under the physical measure applies to dividends paid at
random times. Section 6 derives risk premia for bonds and stocks, as well as the risk premia
for total returns processes. Section 7 develops the example economy. Section 8 concludes.
Those proofs which are not contained in the text are given in the Appendix.

2 The Model

2.1 Specification of the Uncertainty

We assume the existence of a complete probability space (€2, F, P), along with an augmented
filtration {F; : t > 0} satisfying the usual conditions given in Protter (1995). Furthermore,
we assume the existence of a measure Q, equivalent to P, such that the discounted gains
process (to be defined shortly) for all securities in this economy are Q martingales. It is
a well known result that, under some regularity condition, the existence of the martingale
measure Q is equivalent to the absence of arbitrage opportunities in the economy (see, for
example, Harrison and Pliska (1981) and Dybvig and Huang (1989)). Of importance for
this paper is the fact that if all discounted gains processes are martingales under Q, then
arbitrage opportunities are precluded in the economy. Hence the economy developed in this
paper is arbitrage-free by construction.

We assume the existence of an N + M dimensional vector of state variables X (¢) which is
admissible in the sense of Duffie and Kan (1996). By virtue of this assumption, X (¢) takes
values in some open subset of RY ™™ Tt will be convenient to write X (¢) as follows

x0=[ 75 |

for an N dimensional vector Y'(¢), and an M dimensional vector Z(t). Letting W (¢) indicate
a standard N 4+ M dimensional Brownian motion under Q, the dynamics of Y (¢) and Z(¢)
are given by

dY (t) = Ky (0 = Y (£))dt + Sy /V (Y (1)) dW (t) (2)
and

dZ(t) = jdt — K,Y (t)dt + Xz+/V (Y (t))dW (1) (3)



respectively. Here Ky € RVN*N . O e RN, i € RM, Ky € RM*N 5, ¢ RV*IN+M) v ¢
RM*(N+M) “and V(Y) is an (N + M) x (N + M) dimensional diagonal matrix, with elements
along the diagonal given by

(VY )an = ALY

for o, € R and 3, € RY. Also let us define Xy as follows

Hence Xy is an (N + M) x (N + M) matrix. Duffie and Kan (1996) discuss the restrictions
which need to be placed on the parameters of the above processes to insure admissibility.
For future reference, let us define Dy as the Ito operator associated with X under Q. We
then will have that

Dx f(Y.Z) = fy Ky (0 = Y) + f5(ii — KzY)
+%tr<fYY’ZYV(Y)Z’Y) + %tr<fZZ’ZZV(Y)Z’Z) + tr(fZY’ZYV(Y)Z’Z)- (4)

Each security in the economy (to be introduced shortly) is subject to default risk as
follows. At some stopping time 7, a default event is said to occur. When default occurs,
the defaulting security is assumed to immediately pay a default dividend, and to make no
further payments to the security holder. This will be discussed in more detail below.

Let us write N (¢) as the indicator function for this default event, or

[0 ift<T,
N(t):{1 ift>T.

We assume that N (¢) has a decomposition as follows
¢
N = [ (= N )Y (), wdu+ M), o)
0

where M(t) is a martingale under Q, and where (1—N(¢)) h(X,t) > 0 is the default intensity
process under Q (see Lipster and Shirayev (2001b) for a discussion of random point processes
such as N'). Our use of the term “default intensity” for h(¢) comes from the following, well-
known result. Under Q, the probability of no-default from time ¢ through time 7', conditional
on no-default as of time ¢, is given by

E2 [exp (— /t : h(u)du)] : (6)

This corresponds to h(t)dt representing the instantaneous probability of default under Q.
For now, we will assume that a single default process N (¢) drives all defaults in the
economy. This corresponds to the case where all securities are associated with the same



issuer. An extension of this analysis to the case of security classes with different default
processes is straighforward, and is discussed later in the paper.

We assume the existence of a short-rate process r(¢). Investments in a money market
account are not subject to default risk, and therefore grow risklessly at the rate r(t). Fur-
thermore, we assume that markets are complete with respect to the evolution of uncertainty
as defined in this section.

Bonds

We assume the existence of a continuum of bonds. Each bond is characterized by a time
T at which it matures, as well as by a loss process L,(t) which determines the portion of
the bond’s value which will be lost if default occurs (in a sense which will be made precise
momentarily). We will assume that Ls(¢) < 1, which we will soon see implies limited liability
for bond holders in the case of default. Once the bond has defaulted, it entitles its owner
to no future cashflows. In particular, a defaulted zero-coupon bond will not pay anything
upon maturity. If the time ¢ price of such a zero-coupon bond is given by PS,T(t), then the
above assumptions imply the boundary condition that

A

Por(T) = 1 - N(D). (7)

Hence, if by its maturity, the bond has not defaulted, it pays $1 to its holder; if default has
occured, implying that N (T) = 1, then the bond pays nothing upon maturity.

We assume that the economy is characterized by s = 1, ..., .S loss processes, all associated
with the same default event A/ (¢). The interpretation of these multiple loss processes is that
bonds of a given issuer may have different seniority levels, and hence may face different
recovery rates in the event of a default.

For reasons which will become clear later, in order to maintain the affine structure of the
model, we assume that the product of the default intensity process and the loss rate process
must be affine. Therefore, let us write

Ps (t) = h(t) X Ly (t) = QSS,O + Qs;,YY(t)' (8)

Here ¢50 € R and ¢5y € RY. In our implementation of the model, one of h(t) and Ly(t)
will be assumed to be affine, with the other assumed to be constant. Which assumption is
the more reasonable one depends on the nature of the problem at hand.

If default occurs at some time 7 < T, a bond which matures at time T" and which has a
loss process given by Lg(t) pays a default dividend of DS’T(T), where

Dor(t) = (1= Ly(t) exp(Asr(t) = Bor ()Y (1)) (9)



where A, r(t) and B, p(t) satisfy the following sets of ordinary differential equations

N+M
~, ~ 1
0 = —7o— oo+ 0Aur(t)/0t — 'Ky Bor(t) + 5 > Sy Bar(t)]aom, (10)
n=1
N+M
0 = —ry —¢oy —0B,1(t)/0t + KB Z (24 B (t)]? B, (11)

subject to the constraints that A, (7)) = 0 and B, r(T') = 0. This is admittedly a strange
looking default dividend. To understand why this is an appropriate choice, let us write
P, r(t) as the price of the bond in question, conditional on no-default. We will show in
Section 3.1, that P () is given by

Pyr(t) = exp(A,r(t) = Bor(t)Y (). (12)

This equation allows us to interpret the default dividend in (9) as representing a recovery
of a fraction (1 — Ly(7)) of the bond’s price at the instant 7~ immediately before default.
However, at this point, equation (9) should be interpreted simply as an assumption about
the behavior of the bond at the time of default.” The fact that the price turns out to have
the form in (12) is a result of our analysis, one which just happens to provide us with a
convenient interpretation for the exogenous default dividend specified in (9).

Let us emphasize at this point the disctinction between P, p(t) and P,p(t). The latter is
the stock price, assuming that default has not yet occured. The former, given by PS’T(t) =
(1 — N(t))Psr(t), is the actual stock price. The crucial point, to which we will return
in Section 6, is that the drift of the no-default stock price does not reflect the per unit
probability of default, whereas the drift of the stock price PS’T(t) does reflect this default
probability.

Because of our assumption about the default dividend, it will be convenient to assume
that, at the default time 7 and thereafter, the value of the defaulted bond is zero, or

Pyp(t) =0 for t>T. (13)

Note that this assumption is simply a modeling tool, and could be changed to require that,
at default, the value of the defaulted bond is equal to the default dividend. The difference
between these assumptions on the behavior of the security’s price at the instant of default
show up in the way in which cashflows are accounted for in the discounted gains process of
the in question. The assumption that the value of the defaulted security, at the instant of
default, is zero allows for a convenient representation of the discounted gains process, and
so will be maintained throughout the paper.

5This assumption about the behavior for the default dividend of the bond is slightly different from
the modeling choice made in Duffie and Singleton (1999). We make this assumption because it facilitates
modeling of the cashflows associated with stocks. In any case, bond prices in this model are identical to the
ones in Duffie and Singleton (1999), despite the slightly different modeling formalisms.

7



Our assumed decomposition of the default process into a default dividend and a bond
price worth zero allows us to write down the following discounted, cumulative-gains process
for bond expiring at time T', with a loss process given by L(t):

t
G50 (t) = gur(0) + € FoT OB P p(t) + / e oD g (w)dN (u). (14)
o+
Note that the above integral with respect to NV (¢) begins at 0", indicating that if default has
occured at time 0, the value of the default dividend is in the g, r(0) term. Also, the bond
price must satisfy the boundary condition that P, 7(T) =1 — N(T).
Under the risk-neutral measure Q, it must be the case that this discounted gains process
is a martingale. We will show in Section 3.1 how this observation allows us to conclude that
no-default bond prices, Ps7(T") are indeed given by (12).

Stocks

In addition to bonds, the present economy is assumed to contain a set of I stocks, which are
referenced by ¢ = 1,..., 1. Stocks differ from bonds in two ways:

1. Assuming default has not occured, stocks pay a random terminal dividend D;(T) at
some point 7T in the future, whereas bonds only pay $1 at time 7.

2. In addition to the terminal dividend, stock 7 entitles its holder to a cumulative dividend

of .
/ D;(u)du
0

through time ¢ as long as default has not occured. We will refer to D;(t) as the
instantaneous dividend of stock <.

Like bonds, stocks pay a default dividend in the case of a default event. This default dividend
for a stock is given by D;(t). We assume that when default occurs, the stock price at the
time of default and thereafter is equal to zero. Writing S;.7(t) for the ex-dividend price of
the i*" stock, this implies that

Sir(t)=0 for t>T. (15)

Recalling the discussion following equation (13), we see that this decomposition of the stock
default event into a default dividend and a zero value stock price shows up in the specification
of the discounted gains process for stocks in (26).

Once default has occured, the stock entitles its holders to no future payments. With this,
the instantaneous dividend dividend of the stock may be written as

(1= N(@)Di(t).



The terminal dividend, given by (1 —N(T))D;(T), implies the following boundary condition
Sir(T) = (1= N(T))Dy(T). (16)

We make one further assumption about the terminal dividend process of a given stock: model
parameters must be chosen so as to satisfy the following transversality condition
lim EP |(1 - N(T))e # "@ D] =0, (17)
— 00
The role of this condition will be to insure the existence of a unique price for an infinitely
lived stock. This idea will be developed in Section 3.2.1.
Each stock has associated with it a loss process L;(t) < 1, which has the same interpreta-

tion as the bond loss processes Ly r(t). Again, to maintain the affine structure of the model
we assume that the following product is affine for all ¢

¢i(t) = h(t) x Li(t) = dio + @iy Y (t). (18)

Here ¢;,0 € R and ¢;y € RY. Just as for bonds, we will take one of h(t) and L;(t) to
be affine, and one to be constant. Note that the default intensity process h(t) in equation
(18) is the same h(t) as in equation (8). This follows from the assumption that stocks and
bonds are subject to the same default risk process. Note as well that stocks in this model
do not literally need to be stocks of a corporation, but may refer to any security which pays
a dividend stream which may be modeled in the above fashion.

We will assume that for the i" stock, the instantaneous dividend D;(t) is given by

Dit) = (B0 + 0y Y (1) exp(as x £ = BY (1) — C12(1)) (19)

where 52"0 c R, 51"1/ € RN, 01 € RN, and a; : {52-,0,52-,1/,01-,(;52-,0,@-71/} — R and B; :
{0i0,6i.v, Ci, hio, biy } — RY solve the following equations

N+M

. 1 2
a; = 7o+ ¢io— i+ O'KyB; + i'C; — B Z <[EIYBz]n + [Z'ZC)]”) O, (20)
n=1
N+M
_ N 1 2
0 = _my_¢mp+&ﬁ+K}Br+Kyz+€§}:(m;B&,+m;q%)5W (21)
n=1

Also we assume that the time T terminal dividend D;(T), assuming that no default has
occurred, is given by

&HU:MNQXT—BWUU—QZUD, (22)
and that in the case of default at time 7, the stock pays a default dividend of Di(T), where
Di(t) = (1 — Li(t)) Dy (t). (23)

9



Note that so far we have exogenously specified a dividend process of the stocks in the
economy. The dividend process for stock ¢ can be fully described by the parameters

{51',0: 61,Y7 C’i7 ¢’i,07 ¢’i,Y}-

Of these, the first three serve to define the instantaneous and terminal dividends of the stock,
and the last two define the default dividend. The a; and B; functions, which also determine
properties of the dividend process, may not be chosen arbitrarily, but must satisfy equations
(20) and (21) above. These restrictions, as will become clear in the proof of Proposition 3,
are crucial in order to maintain an exponential affine form for stock prices in the model. The
fact that (21) may have multiple solutions is addressed in Section 3.2.2 of the paper.

A comment is in order at this point about the above dividend specification. The de-
velopment of the present model has been guided by two goals: tractability and empirical
flexibility. As will become clear momentarily, the somewhat convoluted dividend specifica-
tion given above leads to a very simply expression for the stock price. Furthermore, this
simple stock price expression allows us to easily interpret the above specified dividend pro-
cess. This happy outcome comes about at the cost of giving up some amount of empirical
flexibility. An example of this is the fact that the instantaneous dividend D;(¢) in (19) is
restrictited to be of the form of an affine process multiplying an exponential affine process,
where some of the latter’s coefficients are restricted to satisfy equations (20) and (21) above.
If these restrictions were removed from the specification of the instantaneous dividend, we
would still be able to obtain stock prices in the model, however stock prices would no longer
have the convenient feature of being exponential affine functions of the model’s factors. It
is the hope that, with the restrictions given above, the dividend specification remains suffi-
ciently rich to provide a reasonable fit for observed dividend series of equities. To the extent
that this is not the case, the above restrictions also restrict the model’s ability to provide an
adequate description for the data.

To make the above discussion more concrete, let us write S; () for the ex-dividend price
of a stock with a dividend process of {d; 0, iy, Ci, dio, ¢iy}, conditional on no-default. The
dividend process specified in the above discussion is convenient because, as we will show in
Section 3.2, S; () is given by

Sir(t) = exp(ai xt— BY(t) c;Z(t)). (24)

Hence, as promised, no-default stock prices are indeed exponential affine functions of the
model’s factors. Furthemore, it should be emphasized that this fact makes the model very
well suited for empirical implementation.

With a no-default stock price of the form in (24), we can provide the following interpre-
tation of the stock’s dividend process:

e The instantaneous dividend may be written as
Di(t) = (di0 + 0i Y (1)) i (t).

10



Because of the above relationship, which holds if the stock price turns out to satisfy
(24), we see that the instantaneous dividend yield on a stock 0;(¢) is given by

6i(t) = 0i0 + 0; v Y (1). (25)

Hence the specification of the instantaneous dividend in (19) amounts to specifying an
exogenous dividend yield process. Also we exogenously specify the dependence of the
instantaneous dividend on the Z-type factors in the economy. With this, though, the
dependence of the stock price on time and on the Y-type factors (through the a; and
B; coefficients) is fully determined by equations (20) and (21) respectively.

e The terminal dividend of the stock D;(T) is seen to satisfy
Di(t) = Sir(t)

for all ¢, T. Because of this, we see that the stock price does not depend on the
time T at which the terminal dividend is paid. Going forward we will simply write
S;(t) for the no-default, ex-dividend, time ¢ price of a stock with a dividend process
{6i0,0iv, Ci, dip, Piy}, regardless of the actual date of the terminal dividend.

o We see as well that the default dividend D;(t) is actually equal to a fraction 1— L;(t) of
the stock price at the instant 7 immediately before default. This justifies our calling
L;(t) the loss rate for stock i.

It should be emphasized that all of these observations are results, rather than assumptions.
That is, we have exogenously assumed a dividend process for a stock (consisting of the
processes D;(t), D;(t), and D;(t)), and then if we show that the no-default, ex-dividend
price of a stock with such a dividend process is given by (24), the interpretations given
above apply. As we have already pointed out, it is our hope that the restricted dividend
process described thus far does a good job of describing the data because the restrictions
that have been imposed are, unfortunately, necessary in order to insure that the no-default
stock price has the convenient form given in (24).

With the above dividend specification, the discounted, cumulative-gains process for a
stock with dividend process {0; 0, iy, Ci, ¢io, ¢y } which pays a terminal dividend at time
T is defined as

t
gi,T(t) = gi,T(O) + / (1 — N(u))e_ fou T(S)dsDi(U)d’U, +e fo r(s)dsgi(t)
0

t
+/ eI D (w)dN (u), (26)
0

+

subject to the boundary condition that S;(T) = (1 — N(T))Di(T) for some time T > t.
Notice that the integral with respect to N () begins at 0%, implying that if default has
occured at time 0, the value of the default dividend is reflected in the g; 7(0) term.

11



As will be shown in Section 3.2, the requirement that g;(¢) be a Q martingale will allow
us to prove that, conditional on no default, stock prices in this model are indeed given by
(24).

At this point, we have enough structure to show one case in which the transversality
condition in (17) holds.

Proposition 1 Let us assume that for a stock with dividends process {d;0, iy, Ci, ¢io, div},
we have

8i(t) + h(t)(1 — Li(t)) > e > 0. (27)
Then the transversality condition in (17) holds.

Since h(t) > 0 by definition, we note that one sufficient condition for this proposition is to
have §;(t) > 0 and L;(t) <1 — that is, dividends must be strictly positive, and default losses
cannot exceed the market value of the defaulted securities at the instant before default.

2.2 The Issuing Firm

So far we have specified the cashflow characteristics of a set of securities called bonds and
stocks (or more accurately, stock-like securities). The assumption that the bonds and stocks,
as defined in the previous sections, are driven by the same default process N (¢) may be taken
to indicate that these bonds and stocks are issued by a single firm. If we further assume that
all of the cashflows generated by the firm’s operations have financial claims (in the form of
bonds and stocks) issued against them, then the value of the firm is, by definition, equal to
the sum of the prices of the bonds and stocks which exist in the present economy. Because
we have assumed that markets are complete and that we are working under an equivalent
martingale measure Q, we know that the economy has no arbitrage opportunities. This
naturally implies that the Modigliani-Miller Theorem holds in the present context.

To make this point more precisely, let us assume that the firm represents a claim on

the cashflows of a set of bonds and stocks. These bonds come from s = 1,...,S credit
classes, with maturities of T7,..., Ty, within each credit class. Furthermore, the principal
amount due at each maturity, for each credit class, is given by C3 for n = 1,..., N,. Here

N, represents the number of maturities of zero-coupon bonds which exist inside each credit
class. Therefore there are Zle er:]; C} zero-coupon bonds issued by the firm. Furthermore,
assume that there are i = 1,..., I stocks (or stock-like) securities, each with a maturity 7;.
The firm is therefore, by definition, a claim to the following sets of cashflows:

CF[i]. C% one dollar dividends set to occur at time 7 for s=1,...,Sand n=1,..., N,.
CFlii]. A default dividend D 4 (t) associated with each of the zero-coupon bonds listed above.
CF[iii]. A stochastic dividend stream D;(t) for each i =1,..., 1.

CF[iv]. A terminal dividend D;(T;) associated with each stock-like security.

12



CF[v]. A default dividend D;(t) associated with each of the stock-like securities.

We will take this list of cashflows as the definition of the output of the firm’s production
technology, regardless of how these cashflows are allocated to financial securities. The fact
that these cashflows are allocated to the set of bonds and stocks listed above is simply a con-
venience. Since markets are complete and no arbitrage opportunities exist, any reallocation
of these cashflows (adapted to the filtration {F; : ¢ > 0}) to a set of different securities will
leave the value of the firm unchanged, as these new securities can be perfectly replicated by
the existing set of stocks and bonds. If this were not the case, then an arbitrage opportunity
would arise where the cheaper allocation could be bought and the more expensive alloca-
tion could be sold, for an instantaneous riskless profit (riskless because, by definition, both
allocations represent claims to the same set of cashflows). Therefore, by construction, the
Modigliani-Miller Theorem holds in the present context. This argument is basically identical
to Merton’s (1974) proof as to why the Modigliani-Miller Theorem holds in the context of
his model for risky debt.

Going forward, let us refer to the value of a firm with the above-listed cashflows as V (¢).

2.3 Bonds and Stocks from Multiple Issuers

As has already been pointed out, we have thus far assumed that all securities in the model
are driven by the same default process. This amounts to the assumption that all bonds and
the stock(s) are issued by a single corporation, and hence the default event affects all of the
securities in the model.

However, there is an alternative interpretation of the present setup. Assume that, in
fact, the bonds and stocks in the economy are subject to default processes with the same
intensity h(t), though the actual default processes for different bonds and different stocks
may be different. In this case, the pricing of bonds and stocks proceeds in exactly the same
way as in the single issuer case, with the caveat that there are multiple N () processes.
Because the values of all securities in the model, conditional on no-default, depend only on
the distribution of the future payoffs, the presence of multiple issuers does not affect the
values of the securities in the model, as long as default has not yet occured. Of course, the
fact that the N (¢) processes are different across different securities implies that the paths
of prices may not be the same, though the no-default prices are. For example, two stocks,
subject to the same distribution of future default, may today have the same price. However,
it may be the case that one of these stocks defaults tomorrow, whereas the other one does
not, implying different price paths.

Whether we are assuming a single or a multiple-issuer economy turns out not to matter
for most of the ensuing analysis, and so this point will not be discussed further unless it is
directly relevant for the topic at hand.

13



2.4 No Default Risk

It should be noted that (with very few exceptions having to do with the mechanics of default)
all of the analysis in this paper applies equally to an economy with no default risk. We simply
set h(t) = 0 for all t. A detailed analysis of the no-default version of the present model,
which includes several results not presented in this paper, is in Mamaysky (2002a).

3 Bond and Stock Prices

In this section we discuss how to price the bonds and stocks in the economy set out in the
previous section. Also, we solve for the value of the firm defined in Section 2.2 (a task which
is trivial, once we know how to value the bonds and stocks in the model).

3.1 Bond Prices

In this section, we solve for bond prices in the present model.® Under the risk-neutral
measure Q, discounted gains processes must be martingales. Given the gains process in (14)
and the boundary condition in (7), it is easy to check that g, r(t) = E2[gsr(t')] (see proof
of Proposition 2), for ¢t < t' < T, is equivalent to

T

Por(t) =E2 |e” I r($)ds(1 — N(T)) + / e I " D p(u)dN (u) | . (28)
t+

An immediate consequence of this is that bond prices are zero at the instant of default, and

thereafter. This is in keeping with our stated assumption in equation (13). To solve for the

bond price in (28), it is enough to find a bond price which satisfies the boundary condition

in (7), such that the associated discounted gains process g,r(t) is a Q martingale. The

following proposition makes this argument in a precise way.

Proposition 2 Assume that a function f’siT 18 given by
Pyr(t) = (1= N (1) Pr(t) (29)
for Pyp(t) given in (12). Furthermore, assume that the following integral is a Q martingale

/ "o B ) ‘981;(8’7 S /T (2)

0

N /0 f e ir (D, (1) — Por(t) ) dM(). (30)

6Note that this derivation differs slightly from the one in Duffie and Singleton (1999), though the resulting
bond prices are identical.
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Then PS’T(t) is equal to the expectation in (28). Furthermore, subject to a reqularity condition
given in the Appendiz, the no-default bond price satisfies the following

Purtt) = 88 [oxp (= [ () + 6, w)an )] (31)

The proof is given in the Appendix.

We note that if there are multiple issues in the economy, all being driven by the same
default intensity process, then the no-default bond prices P r(t) will all be the same (as-
suming identical recovery rates). However, if there are multiple A/ (¢) processes, then the
actual price paths (in equation (29)) may be different, as one bond in a given credit class
may default, whereas others do not. This comment applies as well to Proposition 3, which
gives no-default and actual stock prices in the economy.

3.2 Stock Prices

Let us now turn our attention to stocks. From the requirement that discounted gains pro-
cesses are martingales under the risk-neutral measure Q, we have that

gir(t) = B2 |gir(t)] (32)

for t <t < T. It is easy to check (see proof of Proposition 3) that this martingale condition
and the boundary condition for stocks in (16) are equivalent to the following pricing equation
for stocks

Sir(t) = E2 [ /t T(1 — N(u))e 9D, (w)du + (1 — N(T))e I 74 Dy(T)

T
+ / e I D (w)dN (u) | - (33)
tt

An immediate consequence of (33) is that, at the time of default and after, ex-dividend
stock prices are equal to zero, in keeping with our assumption in (15). To solve for the stock
price in (33), it suffices to find a stock price which satisfies the boundary condition in (16),
and whose discounted gains process g; r(t) satisfies equation (32). The following proposition
formalizes this argument.

Proposition 3 Assume that a function S’@T(t) is given by

A

Sir(t) = (1= N(1))Sir(t) (34)
for Sir(t) from (24). Furthemore, assume that the following integral is a Q martingale
g — [T r(u)du dS;r T
e Jo (1—-N(1)) 8X” Yx/V(t)dW(t)

0

+

N /0 " (Dit) = Sir(t) ) dM (). (35)
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Then S’Z-,T(t) is equal to the expectation in (33). Furthermore, subject to a regularity condition
given in the Appendiz, the no-default stock price satisfies the following

Si(t) = E? [ /t e NG Dy (1)) oy 4 e i WML D (T | (36)

The proof is given in the Appendix.

From (34) we see that the stock price at time ¢ is equal to the ex-dividend no-default
stock price S;(t), as long as default has not taken place. If default has occured, then at the
instant of default and thereafter, the price of the stock is equal to zero. Going forward we
will refer to S;(t) as the no-default stock price for a stock with a dividend process given by

{5i,07 5i,Y7 C’ia d)i,Oa qsi,Y}-

3.2.1 Infinitely Lived Stocks

With the above results, we are now ready to determine the price of an infinitely lived stock.
Let us assume that we have an infinitely lived stock which pays a dividend stream for ever,
unless a default event occurs. In this case, the stock pays its default dividend, and will
make no further payments in the future. As for a finitely lived stock, it will be convenient
to assume that at the time of default, the value of the defaulted, infinitely lived stock will
be zero. This implies that S°(t) = (1 — N (t))S(t). This cashflow specification is almost
the same as for the finitely lived stocks which we have discussed upto this point, the one
difference being that the infinitely lived stock characterized by {0, 0, diy, Ci, ¢i0, iy }, does
not pay a terminal dividend D;(t). Let us write S(t) for the price of such a stock.

The requirement that the discounted gains process associated with this stock is a Q
martingale, implies that for all 7', we must have that

St = EP [/t (1= N (w)e™ K78 Dy(u)du + (1 = N (T))e e 78822(T)

—|—/tTe J7s P () AN (u )] (37)

+

We also impose the following transversality condition which requires that

lim E2 [(1 — N(T))e= i r(s)ds Goo (T)} —0. (38)

T—o0

We will say that an infinitely lived stock is admissible, if its price process S{°(t) satisfies
both conditions (37) and (38). Since equation (37) holds for all 7', we know that the limit
of the right-hand side of that equation must exist. Therefore we can write that

T—o00

T
S®(t) = lim E2 [ /t (1 — N (u))e™ 5 "4 D (w)du + (1 — N(T))ede 75 Goo ()

+/Te J2 7S . () AN (u)

+
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Noting the transversality condition in (38), we observe that the limit of the sum of the D;(t)
and the D;(t) terms must also exist, and must equal the infinitely lived stock’s price. Hence
we can write that an admissible stock price satisfies

T T
S7°(t) = lim EP [ /t (1 — N (u))e™ I 74 Dy (u)du + /t+ eI TEOE Dy (u)dN (u) | . (39)
Because the terms in the above integral are all exogenously specified (via equations (19) and
(23)), and because existence of an admissible stock price also implies existence of the above
limit, we see that if an admissible stock price exists, it is unique.

Now consider the price of a finitely lived stock S;(t). We know that S;(t) = D;(t) for
all t. Therefore, the finitely lived stock price satisfies the pricing equation in (37) and the
transversality condition in (38). Hence it is admissible, and we have proved the following:

Proposition 4 An admissible price process for an infinitely-lived stock exists, and is given

by
S (t) = S;(t). (40)

For this reason, going forward, we will use S;(t) to refer to the price of any stock, finitely or
infinitely lived, that has a dividend process given by {0, 0, d;y, Ci, ¢io, iy }-

3.2.2 Choosing a Solution for B; in Equation (21)

We first note that any B; which satisfies equation (21), with ¢, = 0, é;y = 0, C; = 0,
and ¢; = ¢, is a particular solution to equation (11). However, subject to the boundary
condition that B, r(T) = 0, the ordinary differential equation in (11) has a unique solution
given by By r(t). Therefore when the limit as 7" — oo of B, r(t) exists, it will be unique, will
have no dependence on ¢, and will satisfy equation (21) with the above parameter restrictions
imposed. To choose a unique solution to (21) in a way which insures that a stock, which
pays no intermediate dividends and whose terminal dividend has no loadings on the Z type
factors, has the same risk loadings as a sequence of bonds whose maturities go to infinity,
we need to choose a solution B; to (21) which converges to

Byoo = lim By1(t)
T—o0

as ;0 — 0, 6,y = 0, C; = 0, and as ¢; — ¢s.

With this, we now have a procedure for choosing a solution to (21) which is consistent
with no-arbitrage in the economy. First, we need to solve the bond pricing equations. Then,
using the limiting case of these solutions for infinitely lived bonds, we can identify the
solutions for B; which are equal to the steady-state bond solution B o, for the base case of
the stock’s dividend specification

{6i,0a 6i,Y7 C’ia d)i,Oa d)i,Y} = {07 Oa 07 d)s,(]a d)S,Y}-
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Then the B; which applies for other dividend specification must come from this base-case
solution.

Of course, in the case where §, = 0 for n =1,..., N+ M, the solution to (21) is unique,
and this procedure does not have to be followed (though it would still give the correct result).

3.3 The Value of the Firm

Since we have computed the prices for bonds and stocks, it becomes trivial to find the value
V (t) of the firm specified in Section 2.2. From the specification of the firm’s future cashflows
in CF[i]-CF[v], we see that the price of the firm is given by

UOEDY Z C3 Py (t) + Z Si(t). (41)

One interesting empirical question raised by this analysis is to see what happens to the value
of firms prior to the time that they default on their debt obligations. On the one hand,
since all bond and stock prices depend on h(t) (though in varying degrees having to do
with the L(t) process for a given security), an increase in the likelihood of default causes
security prices, and firm value, to fall. However, at the actual time of default, the above
formula for V'(¢) predicts a discontinuous drop in the firm value, reflecting default on all of
the firm’s constituent financial liabilities. The open question with regard to this is to find
the specification of the present model which most closely matches the empirically observed
pre-default drop in firm prices, as well as the (potentially) discontinuous drop in firm value
when the default event actually occurs.

4 Total Returns Processes

In empirically implementing the present model it is often useful to work not with the dividend
paying stock directly, but instead with the total returns process associated with that stock.
Let us define a total returns process for a stock as the value of a portfolio which results from
holding one share of the stock at time zero, and then reinvesting all dividends back into the
stock itself. In the case of default, we assume that the post-default portfolio is reinvested
into the short rate, and hence grows at a rate of r(¢). Let us write §;(¢) for the value of the
total returns process associated with the stock price process S’l(t) Recalling that

~

Sit) = (1 = N(1))Si(2),
we can write the dynamics of the total returns process as follows
asi(t) = m(t)((1L=N(0) (dSi(1) + Di(t)dt) + (Di(t) = Si(1)dN (1))
+(si(t) = m(B)(1 = N()Si(1))r(t)et (42)
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where n;(t) is the number of shares of the stock held in the portfolio at time t. As long
as the stock has not yet defaulted we will require that the portfolio is fully invested in the
stock. At the time of default and thereafter, the number of shares held is irrelevant, and we
can set n;(t) equal to zero for all ¢ > T. Hence n;(t) is given by

ni(t) = (Si(t))si(1). (43)

Here the notation (z)® refers to the generalized inverse of x, and is equal to 1/z if x # 0,
and zero otherwise. With this, we can solve for the value of the total returns process as of
time ¢. The following proposition gives the result.

Proposition 5 The total returns process $;(t) for stocks with dividend process

{5i,0a 6i,Y7 Cia qsi,(]a d)i,Y}

18 given by

5i(t) = (1 =N())si(t) + N(t)(1 — L;y(T))si(T) exp </ r(s)ds) , (44)

T

where T is the random default time, and s;(t) is the value of the total returns process at time
t, assuming that default has not yet occured, and is given by

() = sty ([ LU 5y - ST, ()

The proof is in the Appendix. Note that a crucial assumption for the proof to go through
is that L;(t) < 1, indicating limited liability in the case of default. This prevents the total
returns process from ever becoming negative, and permits us to represent the total returns

process in exponential form.

We have seen, therefore, that the total returns process for a stock subject to default risk
can be written as the combination of the total returns formula for a stock without default
risk s;(t), and a second term which governs the behavior of the total returns process once
default has actually taken place. The next section shows why this is useful.

4.1 Exponential Affine Form of s;(t)

The usefulness of the representation given in (44) for total returns processes lies in the fact
that s;(¢), the no-default value of the total returns process, has an exponential affine form,
just like no-default stock prices, once an appropriate change of variables has been performed
on the Z-type factors. Note that because bond prices do not depend on the Z-type factors
this change of variables leaves bond prices completely unaffected.

It was shown in Mamaysky (2002a) that s;(¢) from equation (45) can be written as follows

si(T) = s;(t) exp <a1-(T — )+ /tT §:(u)du — B! (Y(T) - Y(t)) - c;(Z(T) - Z(t))) .
(46)
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The dynamics of the Z-type factors, reproduced here from equation (3), are

dZ(t) = pdt — K,Y (t)dt + X,/ V (Y (£)dW (2).

We now would like to construct another set of M factors, called the z-type factors, such
that the integral in equation (46) could be incorporated into the change in the values of
these factors. It turns out that it is possible to do this construction for some set S of M
stocks. For these M stocks, we will show that the expression in (46) can be written as an
exponential affine function of the Y-type variables and of the new z-type variables.

To construct this new set of factors, let us choose an arbitrary subset S of M stocks. Let
us reference the stocks in S by 1,..., M. Furthermore let us define an M x M dimensional
matrix C' as follows

05[0102---CM]

and an N X M dimensional matrix dy as

Iy = [51,1/ 52,1/ 5M,Y}-

Finally, let us define an M dimensional set of state variables z(t), such that z(0) = Z(0),
where the dynamics of the new set of state variables is given by

dz(t) = fidt — kY (t)dt + X2/ V(Y (£))dW (¢). (47)
The M x N dimensional matrix IZ:Z is defined as
ky =Ky, + (C") 16y (48)
With this, we are now ready to state the main proposition of this section.

Proposition 6 Given a set S of stocks referenced by i = 1,..., M, the no-default total
returns process for each of these stocks from equation (46) is equivalent to

si(T) = silt)exp ((ai + Gi0)(T =) = BI(Y(T) = V(1)) = Ci(=(T) = 2(1)) ) . (49)

The proof of this proposition follows immediately from the dynamics of z(¢) and from the
form of the no-default total returns processes in (46).

With this, and with equation (44) for total returns processes for defaultable stocks, we
have a convenient representation for total returns processes. In practice, when the model is
estimated using only data on stocks which have not defaulted, the only formula which needs
to actually be used is the one for s;(¢) in equation (49). If total returns data is being used
for the estimation, we are able to extract the z-type factors associated with some set S of
stocks. The one drawback of doing the estimation with only the total returns processes, and
with no dividend data outside of that contained in the actual total returns series, is that
only kz can be estimated. From equation (48) we see that this matrix actually depends on
K, and on 8y, which are not identifiable separately if only total returns data is being used.
Mamaysky (2002b) uses this observation to conduct a test of the empirical implementation
of the no-default-risk version of the present model.
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5 Price of Risk and Change of Measure

Thus far, the development of the model has proceeded under the risk-neutral measure Q.
Implementation and estimation of the model typically involves specifying the dynamics of
the model’s state variables under the true physical measure P, and then performing a change
of measure to go to the risk-neutral world in which pricing is actually done. In this section,
we will establish some results about how this change of measure may be performed in the
present setting.

Our development starts with the specification of a pricing kernel process. Let us write
m(t) for the value of this pricing kernel at time ¢. The following proposition establishes
that the pricing kernel can be used to price cashflows, involving default dividends, under the
physical measure.

Proposition 7 Assume that the reqularity conditions of Lemma E.1 hold. Furthemore,
assume that the pricing kernel m(t) is given by

and that cumulative, discounted gains processes for bonds and stocks are Q martingales (i.e.
gs7(t) from (14) and g; r(t) from (26) respectively). Then bond prices in the present economy
satisfy

tl

m(t) Py p(t) = B [ m(u) Dy (u)dN (u) + m(t’)PS’T(t’)] . (51)

tt
fort < t', and stock prices satisfy

m(t)Si(t) = EF /t m(u)(1 — N(u))Di(u)du+ [ m(u)D;(u)dN (u) + m(t')gi(t')] . (52)

tt

fort <t.

The proof is in Appendix E.

If not for the default dividend, the above would be a standard result (see Duffie (2001)
for example). However, the presence of the default dividend, which is paid at a random time,
forces us to do some more work in order to verify that (51) and (52) do indeed hold. The
proof, the main part of which is given in Lemma E.1 in the Appendix, shows that, under
certain regularity conditions, both (51) and (52) follow from the assumption that the pricing
kernel is given by (50) and from the assumption that Q is an equivalent martingale measure.

We note that the decision for how to go from the risk-neutral to the physical measure
therefore depends on the specification of the expectation of dQ/dP in (50). If we choose to
model the above expectation as

7 [52] = e (=5 [ @A [Acwyave). 6
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for some priocess A : RV*M s RV+M  which we will refer to as the price of risk process,
then from the Girsanov Theorem (see Protter (1995)), we can decompose the Q Brownian
motion W as follows

W(t)=WI(t)+ /tA(u)du, (54)

where W (t) is a Brownian motion under P. Hence, for this choice of m(t), we see that a
process W, which under Q behaves as a Brownian motion, will behave as a Brownian motion
with a drift adjustment (given by A(u)du) under the physical measure P.

The same type of decomposition exists for the default indicator process N (t). We note
that NV (t) is the same regardless of which measure we are concerned with: either default has
taken place as of time ¢, or it hasn’t. What the choice of measure affects is the decomposition
of this indicator process into a drift component and a martingale component. From equation
(5), we see that thus far we have assumed that, under Q, the following decomposition exists

AN'(t) = (1 — N'(£)h(t)dt + dM(2), (55)

where M(t) is a Q martingale. Indeed, from Protter (1995) (Theorem 18 of Chapter 3),
we know that, under Q, this is the unique decomposition of N () into a continuous, finite-
variation process fJ(l — N (u))h(u)du and a Q martingale M (t).

Recall that we have interpreted h(t) as the default intensity process, in the sense that
h(u)du gives the instantaneous probability of default under Q, assuming that default has not
yet occured (see equation (6)). With this, we might be interested in knowing whether A/ (¢)
retains an identical decomposition under P. That is, in what cases does h(t) give the default
intensity under both the physical and the risk-neutral measure? The following proposition
establishes the conditions under which this holds.

Proposition 8 The default indicator process N (t) has the decomposition given by (55) un-
der both P and Q if the pricing kernel m(t) is continuous. In particular, for the pricing
kernel given by (50) and (53), N(t) has an identical decomposition under both measures.

The proof is in the Appendix.
Note that, even with an identical decomposition of N (t), the survival probability under

k7 [exp <— /t ' h(u)du)] : (56)

will not be the same as the survival probability under Q, given in equation (6). The reason

P, which is given by

is obivous: h(t) does not have the same probabilistic behavior under both measures.

It should also be noted that a choice of B [dQ/dP] exists which will cause the decomposi-
tion of N/ (¢) to change as we change measures (see the discussion along these lines in Lipster
and Shirayev (2001b)). The specification of a tractable pricing kernel (which will need to
have jumps according to Proposition 8) which allows for this change in decomposition to
occur is an interesting area for future work (see Appendix I in Duffie (2001)).
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5.1 Price Of Risk Process

For now, we proceed under the assumption that the pricing kernel is given by (50) and
(53). Hence the default intensity h(t) is the same under both measures. Recall that the Q
dynamics of the Y and Z-type factors are given by (2) and (3). Let us now assume that the
price of risk process is given by

A(Y) =V (V)3 ()\0 + )\YY>, (57)

where \g € RV*M and \y € RWHMIXM e require that this price of risk process be
chosen in a way that insures that the exponential in equation (53) is indeed a P martingale.
Furthermore, we would like the price of risk process to induce a change of measure which
leaves the Y-type factors as the sole determinants of conditional means and volatilities under
the physical measure. Let us refer to a price of risk process which satisfies both of these
conditions is called as admissible. Admissibility of the pricing kernel must be enforced in
order to have a well-defined pricing model.

We will see shortly that this second requirement is satisfied by a price of risk process of
the form in (57). However, the martingale condition on A(Y") must be checked on a case
by case basis. To see this first point, we simply use the relationship in (54) to rewrite the
dynamics of the Y and Z-type factors in terms of W (¢). With this we get that

dY (t) = Ky (© = Y (t))dt + Xy /V (Y (t))dW (t) (58)

and

dZ(t) = pdt — KzY (t)dt + X7/ V(Y (t))dW (). (59)
The above matrixes, without the tildes to indicate that the are under the physical measure,
are given by

Ky = Ky —Syly,

o — K;l(kyé+zyA0),
K; = K;—Y7)\y,

o= p+3XzA.

Given factor dynamics under both measures, it is straightforward to show that A\g and Ay
satisfy the following:

v L] () “
v [RTRER) o
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Hence there exists a unique mapping between factor dynamics and the parameters of the
price of risk process in (57).

Note that the price of risk process in (57) is a generalization of the more traditional price
of risk process given by

AY) =V (V)3
for some [ € RV (see, for example, Dai and Singleton (2001)). The above price of risk
process obtains in the present setting when

Loy b 51
Ao = : Ay = :

/
INym QN Invar By

This follows from the fact that V(Y) is a diagonal matrix whose n* element is o, + 3.Y .

6 Risk Premia

One of the main goals of financial economics is to understand the behavior of the risk premia
of financial securities. With this in mind, we should note that an important advantage of
using a model-based approach for working with price data is that such approaches typically
produce a risk premium as one of their outputs. Indeed, the present model, once estimated,
can produce a time series of risk premia for bonds and stocks which are subject to default
risk. The hope is that a disciplined approach for extracting such risk premia may lead to
many interesting insights into fundamental economic processes. In this section, we will show
how to derive risk premia in the present setting.

6.1 Stocks

We will focus first on computing risk premia for stocks. The computations of risk premia
for bonds are almost identical, and will be addressed in section 6.2. From the stock pricing
equation in (52), we see that the following quantity must be a P martingale:

i) = 7:(0) + m(t)S(t) + /0 m(u)(1 — N (u)) Dy (u)du + /0 DN (). (62)

From equations (50) and (53), an application of Ito’s lemma reveals that the dynamics of
the pricing kernel m(t) are given by
dm(t)

e = T =A@V (@) (63)

Recall that, from Proposition 3, stock prices in the present model are given by

~

Sit) = (1 = N (1)) Si(1),
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for S;(t) given by equation (24). The timing convention is that, at the instant of default,
the stock is worth zero, and the owner of the stock is entitled to a one time default dividend
given by D;(t) = (1 — L;(t))S;(t), and to no future payments. Let us write the dynamics of
S;(t) as follows
dS;(t)
Si(t)

The observation that +;(¢) is a P-martingale allows us to compute the drift p; for the no-

= pi(t)dt + oy () dW (1), (64)

default stock price in the above equation. The following proposition states the relevant
result:

Proposition 9 If the v;(t) of equation (62) satisfies v;(t) = B} [v;(T)] then the rate of return
of the no-default stock price S;(t) satisfies

pa(t) + 6i(t) = r(t) + ¢i(t) + A(t) ai(1), (65)

where 0;(t) is an N + M-dimensional vector which is given by
oi(t) = — (B;EY + C;EZ) V(D). (66)

The proof is given in the Appendix.

We see from equation (65) that the the risk premium on the no-default stock price S;(t)
contains two components: the first component, A(¢)'o;(¢), is the price of risk multiplied by the
risk exposures of the stock, and the second component, ¢;(¢), is an apparent compensation
for the possibility that the stock defaults, with a default dividend given by (1 — L;(¢))S;(t).
However, these two components of the risk premium both occur only in the event that there is
no default. The owner of the stock realizes that there is an instantaneous default probability
of h(t)dt per unit time, with an accompanying loss of L;(¢)S;(¢). This possibility of default
makes the expected return (per unit time) from holding the stock lower than it would be on
a path of the economy in which no default occurs.

One way in which the possibility of default may be incorporated into our assessment of
expected returns is to look at the expected return of the total returns process for a stock.
Total returns processes were discussed at length in Section 4. The dynamics of the total
returns process §;(t) for a stock with a dividend specification of {0;0, iy, Ci, ¢io, iy} are
given in equation (90). If we write the no-default stock dynamics as in (64), we can rewrite
the dynamics for the total returns process for stocks as

dsi(t) (1— N () (Nz‘(t) T 6;() — qﬁi(t))dt + N (t)r(t)dt

8i(t7)
+(1 = N (1)) (¢)' dW (t) — L;(t)dM(2).

Using the results of Proposition 65, we can rewrite this as
ds;(t)
8i(t)

(r(t) T (- N(t))A(t)’az-(t))dt
(1= N@)a(t)dW (1) — Li(t)dM(1). (67)
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Keep in mind that, by definition, the total returns process for a stock is a portfolio which
starts out by holding a single share of the stock, then reinvests all dividends back into the
stock itself, and in the event of default invests the remaining portfolio value at the riskless
interest rate r(t).

Let us refer to the drift of the total returns process as p! %(t). From (67), we see that
the instantaneous expected return on the total returns process is given by

pi () = (1) + (1= N(8)A#) i(t). (68)

This indicates that the expected return of the total returns process is equal to r(t)+A(t)'o;(1)
up until the time of default, and is equal to r(¢) thereafter (this not being surprising because
post-default the total returns portfolio is fully invested in the riskless rate). Also, using
the form for the price of risk process in (57), the forms of A\g and Ay from (60) and (61)
respectively, and the form for o;(¢) from (66), we can write the risk premium A(¢)'o;(¢) for
stocks as

A@)o,(t) = —B ((KY@ — Ky©) + (Ky — KY)Y(t))

~Ci((n =) + (K7 = KV (1)). (69)

We note that the drift of the total return process is analogous to the drift of an ex-
dividend stock added to that stock’s dividend yield. This reflects the fact that the total
returns process reinvests all stock dividends back into the stock. With this, the quantity
which is analogous to the drift of the total returns portfolio is j;(t) + d;(¢), which from (65),
is equal to

pi(t) +6i(t) = r(t) + ¢i(t) + A(t) oi(t).

Conditional on no-default as of time ¢ (i.e. N (¢t) = 0), this drift differs from the drift
of the total returns process by the presence of the ¢(¢) term. The interpretation of this
discrepancy is the following: The drift of the no-default stock price does not take into
account the possibility that a default might occur. The drift of the total returns process
does account for this possibility, and hence is penalized by ¢;(t) = L;(t)h(t) relative to the
1i(t) + 0;(t). The amount of this penalty is exactly enough to make the expected return
for the total returns process equal to the riskless rate plus a risk compensation, which is
determined by the price of risk process A(¢) and the risk loadings o;(t) of the total returns
process on the diffusion source of uncertainty.

This last point is important. From (67), we see that the total returns process for stock
i loads on two mean zero sources of uncertainty: W(¢) and M(t). However, the expected
return of the total returns process only provides compensation for the diffusion risk (via
the A(t)'0;(t) term in (68)). The loading on the M(?) term provides no additional direct
compensation in the risk premium of the total returns process. We use of the word “di-
rect” because expected returns can depend on the behavior of the ¢;(t) process through the
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volatility o;(¢) of returns.” Hence the behavior of the default process can be reflected in the
risk premium, though not directly through a dependence of the loading on the M(t) term.

Another modeling alternative is to allow the pricing kernel m(¢) to have jumps. As has
already been pointed out, this would induce a change in the default intensity h(t) as we move
from the risk-neutral to the physical measure, and would therefore open up an additional
degree of freedom in the specification of the risk premium for total returns processes. A
tractable implementation of this approach is an interesting area for future research (see
Appendix I in Duffie (2001)).

6.2 Bonds

The above discussion for stocks applies almost without modification to the case of bonds.
The main difference between the expected returns on bonds compared to stocks is the absence
of the dividend yield term in the bond equations. For bonds, the following quantity should
be a P martingale.

t
%ﬂﬂ:%ﬂm+m@3ﬂﬂ+/7M@DHWMNW) (70)
o+
Recall that, from Proposition 2, bond prices in the present model are given by
Pyor(t) = (1= N (@) Poa(t),

for P; r(t) given by equation (12). The timing convention is that, at the instant of default,
the bond is worth zero, and the owner of the bond is entitled to a one time default dividend
given by D, r(t) = (1 — Ly(t)) P,.1(t), and to no future payments. Let us write the dynamics
of P, r(t) as follows

dP; r(t)

P, (1)

The observation that v, (t) is a P-martingale allows us to compute the drift p 7 for the

= ps(t)dt + o5 7 (t)' dW (2). (71)

no-default bond price in the above equation. The following proposition states the relevant
result:

Proposition 10 If the vs1(t) of equation (70) satisfies vs1(t) = B [ys1(T)] then the rate
of return of the no-default bond price Py r(t) satisfies

par(t) = r(t) + ds(t) + A(t) our(t), (72)
where o5 (t) is an N + M-dimensional vector which is given by

os1(t) = —Bsp(t) Sy /V(1). (73)

"Recall from (66) that o;(¢) depends on B; and therefore on ¢; y because of the equation (21) which B;
must satisfy.
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The proof is almost identical to the proof for Proposition 9, and is not repeated.

The same caveat that applied for stocks applies to the interpretation of the drift of
the no-default bond price process. This will be the expected return only on paths of the
economy in which default does not occur. To overcome this difficulty with interpretation let
us consider a total returns process for bonds, which invests in a single zero-coupon bond, and
holds it until maturity. In the event of default, the remaining proceeds from the portfolio
are reivested at the riskfree rate r(¢). Let us write psr(t) for the time ¢ value of this total
returns process on bonds. From the dynamics of the total return process for stocks in (90),
we see that we can write the dynamics for the total return process for bonds as

dp, 7(t dP, 7(t
Using the form of dP/P in (71), we can write this process as
dpsr(t /
ﬁpq:i@(—; _— _/\/‘(t))<M37T(t)dt+ o1 (t) dW(t))

—Ly(1) ((1 ~ N(®)h(t)dt + d/\/l(t)) + N (t)r(t)dt

= (L= N0) (o (t) = 6,(1) ) dt + N (1)r (1)
+(1 = N(t))osr(t)dW (t) — Ls(t)dM(t),

where we recall that ¢4(¢t) = Lg(¢t)h(t). Then applying the results of Proposition 10 to the
dynamics of psr(t), we can write the drift of the bond’s total returns process as

pe (1) = r(t) + (1 = N())A®) o5 (t). (74)

The interpretation of this risk premium for the total returns process for defaultable bonds
is exactly analogous to the stock case of Section 6.1, and so will not be repeated. Also,
using the form of the price of risk from (57), the equations for A\ and Ay from (60) and
(61) respectively, and o, (t) from (73), we see that we can write the bond risk premium
A(t)os7(t) as

Aoy (t) = —BS,T(t)'((KY@ — Ky®) + (Ky — KY)Y(t)). (75)

7 An Example Economy

In this section, we give an example of an economy in which risky bonds and a risky stock
can be jointly priced. The maintained assumption is that the stock and the bonds are all
driven by the same default process N (¢) — in other words, these are all securities issued by
a single company. Bonds differ from the stock via their respective dividend processes. Also,
bonds may differ from one another because of their maturities, and also because different
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levels of seniority imply potentially different recovery rates conditional on the occurence of
a default event. Also the stock’s recovery rate, condtional on the occurence of default, can
be specified separately from the recovery rates of the bonds.

7.1 Conditions for Admissibility

Before we proceed with our example economy, it is useful to collect all of the conditions
which together guarantee that the economy in question is well posed. These admissibility
conditions are the following:

C1. The factor dynamics in (2) and (3) must be admissible in the sense of Duffie and Kan
(1996).

C2. The solution to the stock B; coefficient equation in (21) must be chosen in accordance
with the discussion in Section 3.2.2.

C3. The stock transversality condition in (17) must be satisfied.
C4. The bond integral in (30) must be a Q martingale.
C5. The stock integral in (35) must be a Q@ martingale.

C6. The price of risk process in (57) must be admissible, and in particular must satisfy the
martingale condition in (53).

As general results regarding whether or not these conditions hold are not available, these
conditions must be checked on a case by case basis. Some of these conditions are quite
easy to verify, whereas others, such as the martingale conditions in (30) and (35), are more
difficult. Fortunately, for sample economy presented below, all of these conditions are rather
straightforward.

7.2 Specification of the Economy

We make the following assumptions about the structure of the economy in question:
ATl. There is a single issuer, and hence just one default process N (t) in the economy.

A2. There exist N Y-type factors, all of which obey the following Cox, Ingersoll, Ross
(1985) (CIR-type) dynamics

AV, () = Ky (On = Ylt) ) dt + o /T (AW, (1) (76)
Admissibility of this process requires that the following parameter constraint is satisfied

2Ky,0, > o2, (77)
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This condition is discussed in Cox, Ingersoll, Ross (1985) and in Duffie and Kan (1996),
and guarnatees that the Y-type factors remain strictly positive, or Y;,(¢) > 0. Further-
more, note that oy, € R, implying that innovations to all the Y-type factors are
independent.

A3. There exists one Z-type factor, whose dynamics are given by
dZ(t) = dt — K;Y (t)dt + o7dW, (1), (78)

where K is a 1 x N vector. Furthermore, this Brownian motion is assumed to be
independent from the Brownian motions driving innovations in the Y-type factors.
According to Duffie and Kan (1996), such a process is admissible. Note that we have
assumed constant volatility for the random walk component of the stock price. This
assumption proves useful in checking the martingale condition in (35).8

A4. The shortrate is given by
r(t) =ro + 1y Y (),
where 79 > 0 and ry > 0, with at least one strict inequality. Since Y, (¢) > 0, this
implies that r(¢) > 0.

A5. The stock’s dividend yield is given by
6i(t) = di0 + 05y Y (1),

where 0; 0 > 0 and 6;y > 0. This implies that the dividend yield is strictly positive,
and allows us to apply the result of Proposition 1 to insure that the transversality
condition in (17) on the terminal dividend is satisfied.

A6. The default intensity process is (1 — N (¢))h(t), where h(t) is given by
h(t) = ho + hy Y (1),

where hg > 0 and hy > 0. This implies that (1 — N (¢))h(t) > 0, which must be the
case by the assumption that h(t) is a default intensity.

A7. The loss rates for different bond classes are constant, and are given by L, for s =
1,...,S. This implies that the ¢,(t) = h(t) x L processes for bonds are indeed affine,
and are given by ¢,(t) = ¢50 + ¢ Y (t), where

QSS,O = hOXLSa
¢5,Y = hY X Ls-

Furthermore, we assume that L, < 1, implying that default is a limited liability event.

8Tt would obviously be preferable to relax this constant volatility assumption. And in pricinple there is
no problem with doing this. The difficulty arises from the fact that checking the martingale condition in
(35), or in (30) if we allow for a richer volatility specification for bonds, is non-trivial. See Duffie, Filipovic,
and Schachermayer (2002) for a discussion of these issues.
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A8. The stock has a constant loss rate given by L;. This implies that the ¢;(t) = h(t) x L;
process for the stock is affine, and is given by ¢;(t) = ¢io + ¢} Y (t), where

¢z‘,0 = ho X Lj,
¢z',Y = hy x L,.

As for bonds, we assume that L; < 1, implying limited liability for the stock in the
case of default.

A9. We assume that the price of risk process A(t) is given by

A(t) =/ V(b)l (79)

for some constant vector [ € RV*! (this is the price of risk process used in Dai and
Singleton (2001)).

A10. The stock has a dividend process given by {d;0,d; v, Ci, ¢i0, iy}, with C; € R, since
there is only a single Z-type factor.

A11. Default-free bonds exist. These bonds have a default intensity process given by h(t) =
0. We will refer to the prices of the default-free bonds as Py r(t).

7.3 Bond and Stock Prices

With the economy specified, we now turn to checking the admissibility conditions set out
in Section 7.1. We first note that condition C1 is satisfied by the parameter restriction in
(77). Condition C2 implies that given a dividend specification {d;, 4y, Ci, dip, iy}, the
B; coefficient for the stock must be given by

Bl = — (—fm + JKY + 208, (rya+ i) = Bl - [I%'ZCAH)) Gy

JYn

To see that this holds, notice that for B, 7(¢) in (81) we have the following

T—o00 Yn

lim [BS,T(t)]TL = 0'% <_RY7Z + \/k%n + 20—%/71 <TYH + [¢5,Y]ﬂ)) :

Then (80) follows from the discussion in Section 3.2.2. Also we require that element by
element
ry + ¢iy —diy — K3C; > 0,

which will insure that B; > 0. The transversality requirement in condition C3 is satisfied by
Proposition 1 because the dividend yield ¢;(¢) for the stock is positive and greater than zero.
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To see that condition C4 is satisfied, let us first solve for the bond prices in the economy.
By Proposition 2, bond prices are given by

~

Pyr(t) = (1=N(1))Psx(t),

where from equation (12) P; r is given by Ps 7(t) = exp(As7(t) — Bsr(t)'Y (1)), where A (%)
and B, r(t) solve (10) and (11) respectively. The solutions to these are given by

N o7 A& L K
2Ky,0,, 2 cez(T—D(etKya)
Asr(t) = =(ro + ¢5,0) (T — 1) + Z 2 log ((C + [N(Y ) (eIt — 1) + 2¢ ‘

n=1 Yn
and _
Bty = ) (v ), s1)
(edT=t) — 1) <KYn + c) + 2c
where

¢ =\ K2, + 202, (rya+ [60x]n).

Of course we need to assume that ry 4+ ¢; y > 0 element by element. One consequence of this
assumption is that bond prices are always bounded between zero and one, i.e. Psr(t) € (0,1].
The following proposition verifies that condition C4 holds in the present economy, with no
further parameter restrictions.

Proposition 11 In the economy presented in this section, the integral in (30) is a Q mar-
tingale.

The proof of this is given in the Appendix.

Default-free bond prices are obtained in exactly the same way as above, except that
¢o(t) = 0 for these bonds.

Turning our attention to the pricing of stocks, we note that the solution B; to equation
(21) is given by (80) above. Furthermore, as has already been pointed out, we assume that
parameter values are such that B; > 0. Therefore, according to Proposition 3, in the present
setting the price for a stock with a dividend process given by {d;0, iy, Ci, ¢io, iy} is

~

Sit) = (1 = N(1))Si(t),
where S;(t) = exp(a; xt— BlY (t) — C; Z(t)), and where q; satisfies equation (20) and is given
by
~, 1
a; =Tp + ¢z’,0 - 52"0 + @IK;/BZ + ﬂC’Z — 50’%022 (82)
With this, and with the fact that Y,,(¢) > 0, we see that the stock price may be bounded as

follows
0 < Si(t) <exp(a; x t — CiZ(t)).
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We note from (78) that Z(t) is equal to

t
2(t) = 2(0) + it — KZ/ Ya(s)ds + 02 (Win(t) — Win(0))-
0
Therefore we see that the stock price may be further bounded as follows

0< Si(t) < expla; xt—C;Z(t))
= exp (ai xt—C; [Z(O) + it — Ky /OtY(s)ds + oz(W(t) — Wm(O))]>

< exp (az- xt— G [Z(O) Vit + g (Wa(t) — Wm(O))} ) (83)
where the last inequality follows from the following assumption
Ci IN(Z <0

element by element. This, with Y, () > 0, implies that C;K, fot Y (s)ds < 0, from which the
above bound on the stock price follows. With this bound on the stock price, we are now
in a position to show that condition C5 holds, i.e. that the stock martingale condition in
(35) is indeed satisfied in the present economy, with no further parameter restrictions. The
following proposition states the result.

Proposition 12 In the economy presented in this section, the integral in (35) is a Q mar-
tingale for any finitely lived stock which pays a terminal dividend given by D;(T) at some
future time T > 0.

The proof of this is in the Appendix. We note that the requirement that the stock pays
a terminal dividend at time 7" is made only for technical convenience inside the proof, and
has no economic content because 7' can be arbitrarily large, and because the stock price
remains the same for any value of T'. Indeed, it may be shown that the requirement that we
are dealing with a finitely lived stock may be dropped, though at the expense of a sufficient
condition which places additional restrictions on the parameters of the model. To avoid this,
we simply assume that the stock is finitely lived until some (very large) future time 7.

Finally, we need to check that the price of risk process A(t) given in (79) satisfies condition
C6. Given the factor dynamics specified in (76) and (78), this implies that the price of risk
process may be written as

0 B L VY:
= . A= land AW =]
0 In By InVYs
Int1 0 Int1

In a setting with [y, = 0, it was shown in Cox, Ingersoll, and Ross (1985) that this price
of risk process is consistent with no-arbitrage, which implies that it satisfies the martingale
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condition in (53). However, if the right-hand side of (53) is a P martingale for Iy = 0,
then independence of the Brownian motions clearly implies that it is also a P martingale for
Iny1 # 0. Hence the price of risk process in equation (79) is consistent with no-arbitrage in
the economy. Also the discussion in Section 5.1 implies that for this choice of price of risk
process, we have that Ky© = Ky©, implying that condition (77) is satisfied under both
measures.

7.4 Total Returns Processes

Empirical implementation of the above model will often require working with total returns
processes rather than directly with the dividend paying stocks. From Proposition 6, we see
that the no-default value of the total returns process s;(t) for the stock is given by

s:(t) = 5u(0) exp((ai + 8i0)t — BI(Y (1) = Y (0)) = CU(=(T) — 2(0))).
Recall that in this case, the z dynamics are given by
dZ(t) = fidt — kY (t)dt + o72dWp, (1),

where ky = K, + ééé,Y‘ Recall that a; and B; must satisfy (82) and (80) respectively. Let
us define a! % as follows

~, 1
a; " = a; + 60 = 1o + dio + O' Ky B + 1 G — 50202-2-

Also we note that B; can be rewritten as

[Bil, = —5— <_KYn + \/f(%n + 202, (TYn + [Diy]n — [0iy]n — [K’Zc’z]n>>

- (J«Yn + \/f(gn + 203, (ryn + [Bivln - [%’ZCi]n)) .
With this, we can write the total returns, conditional on no-default, as follows

si(t) = si(0) exp (™t = BY(Y (1) = Y (0)) = CU(=(T) — 2(0))). (84)
This is the form of the total returns process which is useful for estimation. Notice that al®
does not have ;¢ in it. Furthermore, B; only depends on k7, and not on K, or on d;y

separately. Hence only the behavior of z(¢), and not that of the dividend yield or of Z(t), is
needed to estimate the model using total returns data.
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8 Conclusion

This paper has developed an affine pricing model for stocks and bonds which are subject to
default risk. The principal advantages of the model are its tractability and the richness of the
allowable factor dynamics. The key modeling assumptions which have led to the convenient
pricing equations in the paper are the adoption of the Duffie and Singleton (1999) default
mechanism, and the adoption of the Mamaysky (2002a) dividend process for equities.

The paper suggests many important and interesting directions for future research. An
obvious next step would be to perform an empirical study of the pricing of risky debt and
equity using the framework of the example in Section 7 (see Mamaysky (2002b) for an
empirical implementation of a joint stock-bond pricing model with no default risk). Also,
it is important to extend this example to allow for more realistic factor dynamics (such as
stochastic volatilities, or time-varying long run factor means). The prinicipal difficulty with
doing so is not in deriving the pricing equations, which are already given in this paper, but in
checking the regularity conditions C1-C6. In particular, checking the martingale properties
in C4 and C5 is nontrivial for richer factors dynamics than the ones used in this paper (see
Duffie, Filipovic, and Schachermayer (2002) for example).

A very promising direction for future work is to combine the present model for the
valuation of a firm’s capital structure with the structural approach of Merton (1974). In
particular, how might we reconcile Merton’s view of equity as a call option on the firm’s
assets with the firm value process given in (41)7 Which of the models provides a better
empirical description of the actual behavior of firms’ capital structures?

Another interesting avenue for future work is to solve for prices of derivatives based on
elements of the firm’s capital structure, such as convertible bonds. The fact that the present
model is set in continuous-time, as well as the empirical flexibility of the proposed factor
dynamics, make the framework of this paper a very natural setting for the pricing of such
derivative instruments.

Extending the pricing kernel in this paper to allow for default intensities to change as we
move from the risk-neutral to the physical measure seems important. Also, extending the
present model to allow for recovery rates and default intensities to be jointly affine, rather
than requiring their product to be affine, would allow for a much richer specification of the
default mechanism. Along these lines, the quadratic term structure technology proposed in
Ahn, Dittmar, and Gallant (2002) may be advantageously applied.
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Appendix

A Proof of Proposition 1 (Transversality Condition)
Assume a dividend process of the form {0, 0, diy, Ci, ¢io, ¢iy }. Let us define ((¢) as follows
(note that the i subscript is suppressed)
C(t) = Jo (6(w)+h(u)(1-L(u)))du— fo 'r(u)du(l — N(#)D(®).
d

[t is easy to check that given the definitions of @ and B in (20) and (21) we have that

DxD(t) +0D(t)/0t = D(t)(r(t) + ¢(t) — 6(2)).
Using this condition, an application of Ito’s lemma for semimartingales reveals that
¢(T) = ¢(t) + T (T). (85)

where

T
Jo (8(w)+h(u) (1= L(w) =r(u))du (1 _ h) OD(X, h) E J
| (1= M) P s T

T
_ / eJo (F)+h()(1=L()—r(w)du B by g A ().
t

We have also used the fact that dN(t) = (1 — N (¢))h(t)dt + dM(t). We know that Z,(T)
is a local martingale (see Protter (1995)). However, ((¢) > 0 by construction. Hence for all
T > t we have that Z;(T') is bounded below by —((t), known at time ¢. Therefore, conditional
on Fy, Z(T) is a supermartingale (this follows from the fact that a local martingale which
is bounded from below is a supermartingale (see Dybvig and Huang (1989))). From the
definition of C(t) and (85) we can write that

e Ji T+ [T RO- LN (1 N(T)D(T) = ((t) + T(T),
e BT (1 N(T)D(T) < ((t) + Ti(T),

where the second line follows from the assumption that (u) + h(u)(1 — L(u)) > e. Taking
expectations of both sides we find that

eXTER e 0T (1 - N(T)D(T)| < (1) + ERT(T)),
TR [ TR (L N(T)D(T)| < C(t) + T,

where the second line follows from the fact that Z;(s) with s > ¢ is a supermartingale. We
can then write that

0 < BP [ 70 (1 - N(T) D(T)] < e (¢(t) + T1)).

The result follows as T — oo.
Q.E.D.
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B Proof of Proposition 2 (Bond Pricing)
Part 1.
We first note that the P from (12) will satisfy the following partial differential equation

Dx Pyr(t) + 0P x(t)/0t = (r(t) + ¢4(1)) Pox (1), (86)

subject to the boundary condition that Ps(7) = 1. Then, applying Ito’s lemma for semi-
martingales (see Protter (1995)) to gsr(t) from (14), we find that

dgur(t) = e 0701 = N (1) (=r(t)Pur(t) + Dy Py + P, r/0t ) dt

t 0P,
te~Jormdu(1 _ N (1)) aX'TEX‘/ HdW (t

e oIt ( Dy r(t) — Pur(t) ) AN (1)
Since we have assume that

AN(T) = (1 — N ($)h(Y (), t)dt + dM(2),

we can write
dgsr(t) = e Jor@du(1 — A(1)) x

(=7 () Pr(t) + DxPur(t) + 0P, r(t)/0t + (Dyr(t) — Pur())h(t) ) dt

t 0P,
te~ Jordu (1 _ N (1)) 8X:‘FEX\/ HdW (t

e Jortwd (DS,T(t) - PS,T(t)) dM(1). (87)

Given the assumed forms of D, (t), (86) implies that the drift term in (87) is zero. Hence
gs (1) is a Q@ martingale by virtue of condition (30). We note that

gs.0(t) = B2 [g5.0(t)]
implies that
tl

+

e—f(f’"(s)dslss,T(t) =E? [e‘fé’r(s)dsps,T(t')ﬂL/ e oD, 1 (u )dN(“)]
t

for t < t'. Dividing by the exponential on the left-hand side, we find that
t/

+

PS’T(t) =[R2 [efttlr(“)dups;p(t') +/ e Jir( d“D 7(s )d./\/(s)] )
¢

This, together with the boundary condition that P, (T) = 1— N (T) imply that P, () does
indeed equal the expectation in (28).

37



Part 2.

To show that the relationship in (31) holds, let us define the following

t
hsr(t) = exp (—/ (r(h) + (;Ss(h))dh) Py r(1).
0
Applying Ito’s lemma to hsr(t) we see that

dhor(t) = e OO (1) 1 6,(1)) Py + OP, () /0t + Dy Por(t) ) dt

P,
4 e Jotr(hytos(m)dh aX'TEX‘/ H)dW (1

Since P, r(t) satisfies the partial differential equation in (86), we see that the drift of h, 1 (%)
is zero. Furthermore, if we assume that the following is a Q martingale

t
/ ¢ Jatrin)+o. dhapg;/ S /T (@) diV (u
0

then we see that hy(t) = E2[h,r(#')] for ' > t. From this and from the definition of h,(t)
we see that

P,r(t) = E2 [exp (— /tt (r(h) + ¢>S(h))dh> P, r(t)

The result in (31) follows from imposing the boundary condition that P, (7)) = 1.

Q.E.D.

C Proof of Proposition 3 (Stock Pricing)

Part 1.

We first note that the S;r(t) from equation (24) satisfies the following partial differential
equation

DxSip(t) + 0S;r(t)/0t = (r(t) + ¢i(t))Sixr(t) — 6:(t)Sir(t), (88)
with the boundary condition that S;(T) = D;(T). Then, applying Ito’s lemma for semi-
martingales (see Protter (1995)) to g;r(t) from (26), we find that

dgir(t) = e Jordu(y _ A7(4)) <—r(t)Si7T(t) + Di(t) + Dx Sir + 0S;r /at) dt

¢ a5,
e TN (L — N (1) S Sx vV (W (¢

e JorI(Dy(t) — Sir(t) ) N'(2).
Since we have assume that

AN(T) = (1 — N ($))h(Y (£), t)dt + dM(2),
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we can write
dgir(t) = e Jor@dn — N (1)) x
(—=r()Sir(®) + Di(t) + DxSir +0S,7/0t + (Di(t) — Sir(t)h(t) ) dt

¢ 8SZ
e Jordu (1 — N (1) aXf’zX\/ £)dW (t

e Jor(du (Di(t) - Si,T(t))dM(t). (89)

Given that we have assumed that D;(t) = 0;(t)D;(t) and that D;(t) = (1 — L;(t))Di(t),
(88) implies that the drift term in (89) is zero. Hence g; r(t) is a Q martingale by virtue of
condition (35). It is easy to check that

97 (t) = B2 [gir(t')]

implies that

t ’ .
g, )~ B l/ (1= e & D )+ o5 5,1
t

+

+/t/ e o T Dy )dN(u)] :

for all ¢ < t'. Dividing by the exponential on the left-hand side, we find that

Sir(t) = E?IZVI—AM)> =IO D () + e TOBG, (1)

—I—/tle s D (u)dN (u)

This, together with the boundary condition that S;(T) = (1 — N(T))Dy(T) imply that
S;r(t) does indeed equal the expectation in (33).

Part 2.

To show that the relationship in (36), let us define the following
hat) :/ o= 3 6NN D) () 4 = S EI+ WA G (1)
0

An application of Ito’s lemma to h;(t) reveals that

d5;(t)
ot

dhi(t) = e e +%)>(<ww+¢w»&@+¢mn+

¢ a5;(t
+ e Jorth)+oih)dh 8X’ EX\/ ) dW (¢
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We note that the no-default stock price S;(t) satisfies equation (88). This, together with the
fact that D;(t) = 0;(t)S;(t), implies that the drift of h;(¢) is zero. If we also have that the
following integral is a Q martingale

t
/ e Sy onman I EX\/V )dW (u
0 X'

then we see that hy(t) = E2[h;(#')]. With this, we see that

t’

e Jo(r(h)+i(h Ndhg. (1) = E2 [/ ¢ Jo r+ei)dh () du + e~ J3 )+ NG, ()
t

’

which implies that

t/

Si(t) = E2 [/ e~ i e h)dh (1) dy + e~ JE () +oi(h Ndhg. (1)1
t

| S |

from which (36) follows once we impose the boundary condition that S;(T) = D;(T).

Q.E.D
D Proof of Proposition 5 (Total Returns)
Let us divide both sides of (42) by $;(¢7) to find that
ds;(t) 7ENVA -
= AU (<1 -N (t))(dsxt)+Di<t>)dt+<Di<t) — Si(1)aN (1))
( (S:(£)2 St )))r(t)dt
B B dSZ(t) Dit)
= [1 Sz() +5()>dt+<s,(t) 1>dN(t)]
+( ) (t)dt
_ (1 —N(t)) (d;((tt)) +<51-(t)dt> — Li(t)dN(t) + N (t)r(t)dt, (90)

where we have used the facts that D;(t) = 6;(t) Si(t), that D;(t) = (1 — L;(t)) Si(t), and that
(Si(£)2Si(t) = (Si(1)>8i(1) = (1 = N (1)).

With this, let us apply Ito’s lemma for semimartingales to log($;(t)) to obtain that

1 1 1
— d5(t) — = ——
() i) 25,(t)?

+ (log 5i(t) —log 8;(t7) —

dlog(3;(t)) = d[3:(t)]°
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Here [-]° refers to the continuous part of the quadratic variation process for a semimartingale
(see Protter (1995)). Notice that two of the above terms may be written as

8i(t) = 5:(t7) = —Li(t)5:(t)dN(2),
t

log 3;(t) —log 3;(t7) = log <sz((t ))> dN(t) =log(1 — L;(t))dN(t).

With these we can the write the dynamics of the log portfolio value as

dlog(s(1) = (1—N(1)) <d§(§§) - 6i(t)dt — %déi§;3]> + N (O)r(t)dt
+log(1 — L;(t))dN (¢). (91)

Integrating we find that

log(5(T)) = log(s:(t)) + / (1-N(s)) (dsfi(gm)d _%dg5(<)>1)

/ N (s)r(s)ds +/ log(1 — L;(s))dN (s). (92)

From this we see that the total returns portfolio value can be written as

W(T) = &t e (/f(l—fv(s)) () 4 bigas - TN o / N(or(s)ds )

X exp < /t og(1 - Li(s))d/\/(s)> | (93)

+

Note that because the integration starts at ¢, the occurence of a default event at time ¢ is
reflected in the value of §;(¢). The exponential containing the jump component is equal to
the following

exp (/1t+ log(1 — Li(s))d./\f(s)> = exp((N(T) — N (1)) log(1 — LZ(T)))
= ((T) - N LT,

where 7 is the stopping time which indicates default. Let us write s;(¢) for the value of the
total returns process, assuming that default has not occured as of time ¢. Then we have that

T asi(t) 1 diSi(t)]
L S T sm:)?)'

Using (93) we can rewrite $;(7") as follows

si(T) = si(t) exp (

5i(t) = (1= N(0)si(t) + N (B)(1 — Li(T))s,(T) exp ( / r(s)ds) . (94)

T
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E Proof of Proposition 7 (The Pricing Kernel)

It is well known that, with dividends paid at known times or with a continuous dividend
stream, pricing under the risk-neutral measure implies the existence of a pricing kernel which
allows for pricing to be done under the physical measure (see Duffie (2001) for example).
For example, the time ¢ price of a no-default zero coupon bond maturing at time 7" > ¢ is
given by the following expectation under Q

T
E2 {exp (—/ r(u)du)] .
t

Under P, for the pricing kernel m(t) given in (50), we have that the zero’s price is given by

B ()]

——E, [m(T)].

m(t)

Here we show that the same result applies to dividends which are paid at random times. Let
dQ
H=E |—=|.
o0 =5 |%2]

It is then easy to show that (see Duffie (2001), for example) for some z(7"), measurable with

us define

respect to Fr, the following holds

E7 [2(T)¢(T)] = C(1)E? [(T)). (95)

Before proceeding with the proof of Proposition 7, we first need to show the following result
about the default dividend paid by a security at its (random) default time:

Lemma E.1 For the default dividend D(t), paid at the default time T, we have that
T - 1 T -
E2 [/ e o ’"(“)d“D(s)dN(s)] = &7 [/ m(s)D(s)dN(s) |, (96)
i+ ¢(t) +
where m(t) is the pricing kernel, and is given by
d
m(t) — ]Et'P [%} e fotr(u)du7

as long as the following conditions are satisfied

E?[% (e D)) | < oo, (97)
B [iﬁ%(m(s)@(sn) < oo (98)
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Before proceeding with the proof, let us note that it is somewhat surprising that this
Lemma holds at all. The key observation is that stochastic integration with respect to
N(t) is identical to the Stieltjes integral with respect to N (¢), computed path by path (see
Theorem 17 in Chapter IT of Protter (1995)). This observation allows us to treat the integrals
in (96) as limits of sums. The proof proceeds from this obervation.

Proof. An application of (95) allows to start the calculations:

g2 [ [ e s nans)
= w7 [oon ( / D) )|

+

_ L / C(T)e i D(5)N (o)

~ L i Y C@e ) (M) - M)

<) _i_mo {mn—1,m}€T;

=B | Y (D B D) (N (5 — M)

{Tn—1,Tn }EIL;

1
= lim Y B [o(T)e B D) (Mn) - Nmo)]
Tn—lﬂ'n}enz
Here II; is the 7" partition of [¢,T], containing N; points given by t = 71 < 75 < ++- <
Tn; = 1. The third equality above follows from the definition of a Stieltjes integral with a
continuous integrand. The fourth equality requires justification. First note that we have the
following for all ¢

S0 e R D ()| (N (7) = N (7)) < C(T) sup (7070 Ds)))

{Tn—1,m }€IL; s€[t.T]

If we can show that

Etp

«(T) sup (e‘fff’(“’dulﬁ(S)l)] < oo

se(t,T

the we can apply Lebesgue’s Dominated Convergence Theorem to justify the move of the
expectation through the limit. But notice that by definition of ((¢) we have

b
]Et
SG[t,T Se[tzT

(T sup (ef(f““”“@(sn)] = ((EP [ sup (ef(f““)d“m(sn)] .

This is finite by assumption (97). Hence the fourth step is justified. The final equality follows
from linearity of the expectations operator. We now note the following holds by repeated
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application of iterated expectations
EF [((T)e™ K" 704 D) (N () = N (7))
= B [B], [(m)e "% D(r) (N () = N () |
~ B [EL[(D)]e &7 D) (N () = N7a)) |
= 7 [&2 | T3] e D) (M) - M)
= B [m(r)D(r) (N (7) = N () )| (99)

where the last step follows by definition of m(¢). Now returning to the summations we have
that

I {Tn%;}em B [c(1)e 5" 0D ) (M (7) — N ()]
_ % lim {Tng}em B [m(n)Dr) (N () = N (0]
_ % tim 7 {Tn;}emm(m)b(fn)(/\/(m)—N(Tn—l))
- _}gfgg S ) D) (M)~ N7 )

{Tn—1,7n }EIL;

- T
— i | [ meDEa)|.
| /it

where the first equality follows from (99) and the second step follows from linearity of
expectations. The third step follows from the Lebesgue Dominated Convergence Theorem,
which can be applied once we notice that for all ¢

S () D) (M) = M) ) < sup (m(s)[D(s)),

{Tn—1,m }€IL; s€[t.T]

which is integrable by virtue of assumption (98). The final step follows from the definition

of a Stieltjes integral with continuous integrands.
Q.E.D.

It should be pointed out that checking that the regularity conditions (97) and (98) do
indeed hold may be non-trivial. It seems that condition (97) is fairly straightforward in
many cases. For example, it is easy to check that it holds in the example economy given in
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Section 7. However, condition (98) is more difficult as it relies on pathwise properties of the
price of risk process. Showing that this condition holds for price of risk processes typically
used in the literature is an important technical question for future research.

We now are ready to prove Proposition 7. We will only show the result in (52) for stocks.
The result for bonds in (51) follows from almost identical arguments.

Proof of Proposition 7. Since we have assumed that discounted gains processes for stocks
are Q martingales, we have the following representation for stock prices (from equation (33)
in the text):

Sir(t) = EP [ /t T(1 — N(u))e #70EDy(w)du + (1 — N(T))e I 74 Dy(T)

T
+/ e IO D (w)dN (u) | -
t

+

We first multiply both sides by exp(— f[fr(s)ds) and then apply (96) from Lemma E.1 to
find

T
g0 = B2 | [ N D wdu+ (1 - A K D)
0

. %Ef [ /t Tm(u)[)i(u)d./\/'(u)] .

+

We now apply (95) to the E€ term above to find that

- fotr(s)dsgi,T(t) _ ﬁEf [C(T) /0 (1= N(@))e ftur(s)dsDz_(u)du}
1 P — [T r(s)ds 15
™ [ =A@ D)

bt [ [ mwdiaio].

+

We now multiply both sides by ((¢), and then from the definition of m(t) in (50), and from
standard results (as in Duffie (2001)), we write

m(t)S;r(t) = B {/t (1 — N (w))m(u)D;(u)du + (1 — N(T))m(T)Di(T)

—I—/t m(u)D;(u)dN (u)] .

+

This is identical to (52) because S;(T) = (1 — N'(T))S;(T) and S;(t) = D;(t) for all .
QE.D.
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F Proof of Proposition 8 (Default Intensity)

Let us define ((t) = E [dQ/dP]. Then from (50), we have that m(t) = (t) exp(— fot r(u)du).
Hence m(t) is continuous if and only if ((¢) is continuous. Also let N (¢) be the default
indicator process given in (5). Let us assume that AN(¢) has a decomposition given by
N(t) = A(t) + M(t), where M(t) is a P martingale and A(¢) is a finite variation process
with A(0) = 0. Then using Girsanov’s Theorem for semimartingales (see Protter (1995),
Theorem 20 of Chapter III) we can write NV (¢) as follows

N(t) = C(t) + L(),

where L(t) is a Q local martingale given by

t
1
L(t) = M(t —/—d s), M(s)],
() (2) o) [C(s), M(s)]
where [-, -] indicates the quadratic covariation process, and where
C(t) =N(t) — L(t)

is a finite variation process. Because M(t) only has a drift and a jump component, if ((s) is

continuous, then [((s), M(s)] = ((0)M(0) (see Protter (1995) Theorem 28 in Chapter IT).

Hence d[((s), M(s)] = 0, and we will have that L(t) = M(t) and C(t) = A(¢) for all .
Q.E.D.

G Proof of Proposition 9 (Expected Returns)

Recall that dN (t) = (1 — N (t))h(t)dt + dM(t). Applying Ito’s lemma for semimartingales
to 7;(t) from (62) we have that

d(t) = (1= N@)(Sit)dm(t) +m()dsi(t) + dfm(t), Si()] + m(H)Di(t))

+mi(t) <Di(t) . Sz-(t)) AN (t).
By virtue of Proposition 3, we have that
Di(t) = 6:(t)Si(t),
Di(t) = (1—L()Si(t).

Using these and the assumed dynamics of m(t) and S;(¢) from (63) and (64), we find that
following

dyi(t) = ;&)7{\9/8 (—r(t) () — oy (1) AE) + 8i(1) — @(t))
i@gg@m A(L)) VY (1) = m(0)Si(1) Li(1)dM(1)



Since martingales must have zero drifts, and since ;(¢) is a P martingale by assumption,
the condition in (65) follows by setting the drift above to zero. Equation (66) follows by
application of Ito’s lemma to S;(t) given in (24).

Q.E.D.

H Proof of Proposition 11 (Check Condition C4)

In order to verify condition C4, we will use the following result. For a standard N + M-
dimensional Brownian motion W(t) under Q, and a N 4+ M-dimensional adapted process
x(t), the following integral

[ atoyaie)

is a Q martingale if the following condition is satisfied

EQ [ /0 t:v(s)':v(s)ds} < 00 (100)

for all ¢ (see, for example, Lipster and Shirayev (2001a)). This condition implies that the
Brownian integral in (30) is a Q martingale because the zero-coupon bond price is between
zero and one, because Y, (¢) has finite expectations, and because r(¢) > 0. We still need to
check that the M(t) integral in (30) is a Q martingale. Lipster and Shirayev (2001b) give
sufficient conditions for an integral of the following type

/0 ()M ()

+

to be a @ martingale. In particular, it is sufficient that for dM(t) = dN (t) — (1 =N (t))h(t)dt
we have that the following integrability condition holds (see Theorem 18.7 of Lipster and
Shirayev (2001b)):

EQ U ()| (1 = N(s))h(s)ds| < oo, (101)
0
In our case, we see from (30) that
2(t) = —e TOBL P (#)

because D,p(t) = (1 — L,)P,1(t) by definition (notice that L, is a constant). Furthemore,
we know that r(¢) > 0 and that P, r(t) € (0,1]. So |z(t)| < |Ls|. Hence the integrability
condition satisfies the following

B9 | [ ool - N < |8 | [T - Mo

~ |L / TEQ[(1— A (s))h(s)]ds

Ll [ (B0 - NS 7).

N
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where we have first used Tonelli’s Theorem to switch the order of integration, and then used
Holder’s inequality. First note that h(s) has a steady-state distribution, and hence a second
moment bounded by some constant K. Furthermore, it is easy to show that

EQ[1 - N(5)] = B [em fi 0] < gmhoxs,

because h(t) > hg by assumption. Putting these together, we find that

L] /Ooo (B2 - N(s)]]EOQ[h(s)Q])%ds < |Ly| K /oo e=$h0xags < oo,

0

Q.E.D.

I Proof of Proposition 12 (Check Condition C5)

We first make note of the bound on the stock price given in (83). Because W,,(t) is Normally
distributed, we see that the Brownian integral in (35) is indeed a Q martingale by the
sufficiency of condition (100), the fact that r(¢) > 0, and the fact that Y, (¢) has finite
expectations for all ¢.

Let us make precise the statement that the stock pays a terminal dividend at some time
T. This implies that the M integral in (35) should actually be written as

!

/: o Jo r(w)du ([)i(t) — S@T(t)) 1[t < T)dM(t).

This indicates that the default dividend does not get paid if the stock has already paid
its terminal dividend D;(T). We now need to check that the above integral is indeed a Q
martingale. We will use an approach similar to the one in the proof of Proposition 11. In
particular, for z(¢) defined by
w(t) = e WD) — Syr(n)ff < T
= —eJordur, g (1)1t < T,
the M(t) integral in (35) will be a Q martingale if the condition in (101) is satisfied. Keep

in mind that the above L; is constant by assumption. Using the bound on the stock price
in (83), as well as the fact that (t) > ry, we see that

()] < |Li| exp((ai o — Cift) Xt — Cy | Z2(0) + 05 (Win(t) — Wm(O))D 1t < T

~ o~ 1 ~
= Ky exp((0i0 — 010+ O'KY By — 505C2) x t = Ciog(Wyn(t) — Win(0))) 1]t < 7))
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where we have used a; from (82), and where K is some constant. We note that ¢; o = L; hg
and that L; < 1. We now need to show that (101) holds, or that:

Ey

/°° exp( (610 — g + O'KYB; — §03C2) x 5 — Ciog(Win(s) = Wa(0))) ] _
0 x1[t < T] (1 — N(s))h(s)ds

/TEOQ [ ex(pl ((%(_);s;;z j &Ky B: — L02C2) x 5 = Cioz(Win(s) = Wi (0))) ] o

< Q.

The change in the order of integration is justified because of Tonelli’s Theorem. We now
note that the Brownian motion W,,(s) is independent of everything else in the economy, and
also that E§ [e?(Vm(=WnO)] = exp(1k2¢). By virtue of this we can rewrite and bound the

above integral as
T ~ ~
/ ES [exp((6s0 — dio + O'KyBy) s) x (1 - N (s))h(s)| ds <
0

sup exp((qﬁi,o — 80+ O' Ky B;) t) /0 ' ES [(1 — N (s))h(s)]ds < oo,

te{0,1'}

where finiteness follows because the integrand is non-negative and, as has already been shown
in the proof of Proposition 11, the above integral is bounded even for T = oc.
Q.E.D.
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