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Affine Model for Credit Risk Analysis

Abstract

This paper develops a coherent analysis of term structures of T-bonds
and corporate bonds. The approach is based on a model in which general
and firm specific factors can influence the stochastic discount factor and
individual defaults. An appropriate choice of the specification of the sdf, of
the survivor intensity and of the factor distribution leads to an affine term
structure of the different types of bonds. A decomposition of the spread is
obtained for corporate bonds and first-to-default baskets.

Keywords : Term Structure, Credit Risk, Affine Model, Stochastic Discount
Factor, Affine Process, CAR Process.

JEL number C41, G21.

Modeles affines pour I'analyse du risque de crédit

Résumé

L’article propose une analyse cohérente des structures par terme des
bons du Trésor et des obligations d’entreprise. La démarche s’appuie sur
un modele ou des facteurs généraux et spécifiques des firmes peuvent influ-
encer la défaillance et le facteur d’escompte stochastique. Les formulations
des facteurs d’escompte, des intensités de survie et la loi des facteurs sont
choisies de fagon a obtenir des modeles affines de structure par terme. Ceci
permet aussi d’introduire des décompositions des spreads pour les obligations
d’entreprises et pour les ”first-to-default basket”.

Mots clés : structure par terme, risque de crédit, modele affine, facteur
d’escompte stochastique, processus affine, processus CAR.



1. Introduction

In the general strategy followed by the Basle Committee for monitoring
the risk included in their financial investments, the banks will have to com-
pute a CreditVaR. This Value at Risk defines the amount of reserve necessary
to hedge the risk of their credit portfolios, including retail credits (consumer
credit, mortgage, revolving credit, over-the-counter corporate loans) and cor-
porate bonds. This paper will focus on portfolios of corporate loans which
are traded on bond markets, and on the introduction of appropriate models
for describing the associated risk. These models have to incorporate bor-
rowers’ heterogeneity with both industry-wide and firm-specific effects. This
heterogeneity concerns the default intensity patterns at various maturities,
but also the so-called default correlation, which is important since it accounts
for what the regulators call concentration risk.

The first generation of credit risk simulators proposed by the industry
is already in place?. Even though these models fulfil the basic need for
simple credit risk measurement, they have some obvious limitations with yet
unknown consequences. The following is a list of important empirical facts
that are not accounted for in the current approaches:

e Riskfree interest rates evolve stochastically, but in most industry mod-
els they are assumed independent of the default phenomenon. This
prohibits the use of such models for pricing assets other than plain
vanilla debt.

e Default correlation is often taken into account in a very crude way, im-
plicitely assuming similar default correlation for the different categories
of firms, or for the short and long term credits. However the defaults
are driven by general, sector and firm specific factors, whose influences
vary in time.

e The models have to use the available information, including microe-
conomic data on firms (such as size, industrial sector, financial ratios,
rating by the agencies) and market information concerning the equity
or bond prices. It is well known that the KMV simulator is based on

4See Crouhy, Galai and Mark (2000) for a comparative analysis of the major industry
models, proposed by KMV, J.P. Morgan (Credit Metrics) or Credit Swiss First Boston
(Credit Risk +).



Merton’s model and incorporates observed equity prices. But more in-
formation is included in the corporate bond prices and this information
is often not taken into account.

e The returns on credit portfolios are well-known to be heavily skewed to
the left. Indeed the introduction of a firm in a watchlist for downgrade
by Moody’s or Standard & Poor has an immediate impact on bond and
equity prices, whereas the impact of an expected upgrade is slower.

Our objective in this paper is to develop a consistent valuation model for
portfolio of corporate bonds which addresses these issues. This model can be
used for pricing, but also to compute a CreditVaR. In this model, two types
of factors generate default correlation. Firstly, defaults are instantaneously
correlated because all firms are influenced by a common pool of economic
factors. They can concern the so-called aggregate state of the economy or
some sectorial effects, if we consider a restricted set of firms. Indeed the
industry and the Basle Committee suggest to partition the firms by industrial
sector and country. In a first step the CreditVaR will be computed separately
for these different classes °. In the sequel this type of factor is called general
factor. For example a source of default correlation could be information about
the term structure (i.e. short term yields, slope, curvature, etc.) and/or
equity markets. It can also be due to the natural common dependence of
same industry companies on various norms related to that industry alone.
For example profitability, intensity of competition, entrance of new players
and introduction of new products, just to name a few, are potential sources of
default correlation for firms in the same industry. Secondly it is also necessary
to link the default occurrences of a given corporate at different ages. This
can be done by introducing corporate specific factors. These idiosyncratic
factors represent for example the effect of the strategy of the firm. Typically
an investment decision has an impact on several future financial results.

Understanding and modelling such instantaneous and serial default cor-
relations is important since it significantly impacts the overall credit risk
in a portfolio. Whereas some factors are easily observable, other constitute
a much more elusive, and thus a priori difficult to measure, set of factors
. Fortunately, when such latent factors generate common default patterns,

SEven if it is known that the CreditVaR of a portfolio does not coincide with the sum
of the CreditVaR of its sector components.



their values can still be recovered from the observable corporate and Treasury
bond prices, something possible due to the affine character of our model.

Besides capturing the above empirical facts, the proposed model specifica-
tions will allow for the assessment of credit risk in a tractable manner. They
will also allow for pricing of defaultable claims and their derivatives. For
practical purposes, it is not necessary to arrive at closed-form expressions of
the future default probabilities and risk derivative prices, but only to explain
how to compute them by simple numerical methods, for instance by applying
recursive equations. Moreover the computational burden should not become
excessive when the number of credits included in the portfolio increases. In
practice such portfolios can include thousands of different securities.

In section 2, we introduce the default arrival model. The survivor inten-
sity rate depends on both systematic and firm specific factors. We compare
the model with alternative specifications introduced in the literature to cap-
ture default correlation and with models written in continuous time. By
assuming that individual defaults, conditional on state variables, are inde-
pendent, and by employing affine dynamics for the factors, we recursively
compute the conditional joint survivor function in section 3. The formulas
are simplified when the effect of the state factors on the intensity rate is time
independent . The aim of section 4 is to specify the pricing model. For this
purpose we assume an exponential affine pricing kernel (stochastic discount
factor), depending on general factors affecting default. Then the term struc-
ture of T-bonds, corporate bonds and first-to-default baskets can be derived
recursively. In particular we discuss the decomposition and interpretation
of the term structure of the spread. Monte-Carlo studies are presented in
section 5. Section 6 concludes.

2. The default arrival model
2.1 Assumptions

Let us consider a cohort of n obligor firms with the same birth date
fixed by convention at ¢ = 0. The birth date can be defined in different
ways according to the problem of interest. It can correspond to the date of
creation of the firms if we focus on new industrial sectors, or to the date
of the first rating by agencies such as Moody’s or Standard and Poor if we
consider the introduction on bond markets, or even an arbitrary initial date
corresponding to the period of analysis. We denote by 7;,7 = 1,...,n the



failure date for corporation ¢. The aim of this section is to specify a joint
distribution of the durations compatible with various patterns of the term
structure of default correlation. The distribution of the set of durations is
defined in two steps. We first assume that the durations are independent
conditionally to the past, present and future values of a set of systematic
and corporate specific factors. Then the future realization of the factors is
integrated out to derive the joint distribution of durations conditional on
information available at time t and to create the default dependence.

Since credit risk analysis is useful to satisfy the requirement of the Basle
Committee concerning the reserves, and since the Committee demands a
reporting of the CreditVaR (Value at Risk) at regular discrete dates, it is
preferable to develop the model in discrete time. Therefore we will assume
that t =1,2,...

Assumption A.1 : There exist underlying systematic and firm specific
factors®, denoted by (Z;),(Z!),i = 1,...,n, respectively. These factors are
independent, Markovian and their transitions are such that :

E(expu'Zi111Z,) = explag(u)'Zy + by(u)],

E(expu'Z},1|Z}) = explac(u)'Z] +bc(u)],i =1,...,n,

where the above relations hold for all arguments u for which the expec-
tation is well defined. Moreover we assume that the marginal distributions
of Z!,i=1,...,n are identical.

Note that the factors can be multi-dimensional.

Thus the factors satisfy a compound autoregressive (CAR) process [see
Darolles, Gourieroux, Jasiak (2002), Polimenis (2001)] (also called affine pro-
cess in the continuous time framework by Duffie et al (2001)]. The conditional
distributions are defined by means of the conditional Laplace transform, or
moment generating function, restricted to real arguments u 7. Since the func-
tions agy, by, ac, b, are not highly constrained a priori ®, the CAR dynamics

6The model can be easily extended to also include sector specific factors. These addi-
tional factors are not introduced for expository purpose.

"We assume in the sequel that the real Laplace transform characterizes the factor
distribution. This condition is satisfied for nonnegative or bounded variables [see Feller
(1971)]. In the general case it may require power conditional moments at any order and
the possibility to get a series expansion of the Laplace transform in a neighborhood of
ZEro.

8This is a consequence of the discrete time framework. In a continuous time framework



can be used to represent a large pattern of nonlinear serial dependence, in-
cluding long memory or default clustering around an economic recession [see
Jarrow, Yu (2001)]. By Assumption A.1. the population is assumed homoge-
nous, that is the distributions of the corporate specific factor processes are
independent of the firm. Thus the cohort is both homogenous with respect
to the birth date and to the individual characteristics such as the industrial
sector, or the initial rating. Finally note that the general factor Z, is defined
for any ¢, whereas the firm specific factor Z* can only exist until the default
date 7; of the i*" firm.

In this paper, instantaneous default correlation arises only because of the
existence of common factors that drive individual firms’ default intensities.
That is to say that, given those common factors, default arrivals of different
firms become independent:

Assumption A.2 : Conditionally on the realization path of the factors?,
Z,7Z'i = 1,...,n, default arrival times 7;,7 = 1,...,n are independent.
Moreover the conditional survivor intensities are such that :

Pl >t+1n>t,2,2%,5=1,...,n]
= P[Ti>t+1|Ti>t,Zt+1,Zg+l]
= exp[—(aq1 + ﬁ£+1Zt+1 + ’)/£+1Zf+1)]

= exp(—Ayy), say, V.

Since the conditional survivor probability has to be smaller than unity,
we get : A\ = ay + (3,2, + 1, Z; > 0,Vt. These restrictions are in particular
satisfied with nonnegative factors and sensitivities.

The survivor intensity depends on time by means of the factors Z;,1, Z§+1
and of the sensitivities a1, Bi11, V1. This double time dependence can be
interpreted in the following way. Let us assume for a moment time indepen-
dent factors Z,1 = z, Z},, = 2', say '°. For instance the general environment

the affine processes are essentially based on the geometric brownian motion, the CIR
process and some specific branching process [see the discussion in Gourieroux, Monfort,
Polimenis (2002)].

'Z = (Zt7Vt)7 ﬁ = (Ztiav’:): and, ﬁ = (Ztyt < h): Z}zl = (Zti;t < h)

0When both factors and sensitivities are age independent, we get the so-called mul-



is stable, and the characteristics of the corporation such as its size, its finan-
cial ratios.. stay the same. Even with constant factors, the survivor rate
is not the same for a young corporation and an old one. This age effect is
captured by the age dependent sensitivities. At the opposite the factor Z;
for instance will capture the calendar time effect. Of course age and calendar
time increase at the same rates.

The presence of common factors Z;, which are time dependent, can cre-
ate various term structures of default correlation. Assumption A.2 can easily
be weakened to allow for corporate dependent sensitivities. In the extended
framework, if Z; includes current and lagged values of a factor Z; = (24, 2;1),
say, and if the set of corporates is partitioned into two subsets with 3 sen-
sitivities (31441, 0), (0, B2,441), respectively, the model allows to distinguish
primary and secondary bonds [see Jarrow, Yu (2001) IV,B for another con-
strained specification for this problem)].

2.2. The link to continuous time.

As mentioned before the survival model is defined in discrete time for
practical purpose. However the main stream of the theoretical literature on
credit risk considers continuous time specifications'! and it is useful to link
both approaches.

In continuous time the factors Z, Z* will be continuous time affine pro-
cesses [Duffie, Filipovic, Schachermayer (2001)], whereas durations become
continuous positive variables. The distribution of a duration conditional on
the factors path is defined through the (stochastic) infinitesimal default in-
tensity :

~ . 1 ;

tivariate mixed proportional hazard (MMPH) model described in Van den Berg (1997),
(2001). An exponential affine factor representation of the individual heterogeneity in
the MMPH framework is usually assumed in the applications to labour [see e.g. Flinn,
Heckman (1982), Heckman, Walker (1990), Bonnal, Fougere, Seradour (1997)]. In their
labour framework the model of section 2.1 allows for a term structure of the individual
heterogeneity and for a description of the latent dynamic effort variable underlying moral
hazard.

1Note that the simulators for credit risk proposed by the industry follow discrete time
approaches for the same practical reason as in our paper.



The associated survivor probability at horizon 1 is :

. t+1 .
P[Ti>t+1|Ti>t,Z,£]:eXp—/ Aydu.
t

If the infinitesimal default intensity is rather smooth, this survivor prob-
ability can be approximated by exp —5\t+1. Thus the discrete time speci-
fication introduced in the section above is the counterpart of a continuous
time model with affine stochastic default intensity [see Lando (1994), (1998),
Duffie, Singleton (1999)] :

N =y + B2, + A1 Z].

However it is important to note that the model introduced in section
2.1 is not the discretization of the continuous time affine model for credit
risk. First the continuous time factors generally satisfy stochastic differential
equation, which implies non smooth trajectories. Then the approximation
above cannot be applied in general; we get :

t+1 ~ .
Aot ~ / (G + . Zu + 7. Z1)du,
t

and the survivor probability does not depend on the factors through Z;,4, ZZH
only. Moreover it is known that the time discretized affine processes form a
small subset of CAR processes [see Darolles, Gourieroux, Jasiak (2002)]. As
a consequence the discrete time specification will allow for a much larger set
of patterns for the term structure of spreads and of default correlations.

2.3. Comparison with alternative approaches of default correlation

Default dependence has been introduced in the specification by means
of stochastic factors with joint influence on the underlying corporate default
intensities. However other modelling approaches have been considered in the
literature.

i) A natural approach consists in specifying directly a joint distribution
for the set of duration variables 7y, ..., 7,,. This is usually done by introducing
a copula in order to separate the treatment of marginal distribution from the
dependence features [see e.g. Van den Berg (1997), Li (1999)]. Then the
joint cdf is given by :



F(ty, ..., 1) = C[G(t), G(ta), ..., G(ty)],

where C' denotes the copula and G the common marginal cdf. In practice
the copula is selected in a parametric family, or depends on a functional pa-
rameter (see e.g. Gagliardini, Gourieroux (2002), Gagliardini (2003)]. For
instance, it is possible to use an Archimedean copula, which admits a fac-
tor interpretation in a proportional hazard model framework (see e.g. Joe
(1997)]. However this strategy has several drawbacks. First when a para-
metric family is selected, the number of parameters is generally small and
the family is not compatible with various patterns of the term structure of
default. Second the copula C' provides the dependence between the duration
at age 0. But we are also interested in the dependence between durations
for still alive obligors at any age h. It is difficult to study how the copulas
evolve with age and even if they will belong to the same family as the initial
one.

As an illustration, let us consider an Archimedean copula :

Cluy, ... uy) = b(uy) + ... +Y(uy)],

where ¢ is the Laplace transform of the heterogeneity distribution 2. The
nonlinear dependence at age h when all individuals are still alive is also
summarized by an Archimedean copula. This copula is given by :

Crlug, ... un) = Uy n(ur) + ..+ ()],

where 1, (u) = 1 (u+nh)/¢(nh) is the Laplace transform of the heterogeneity
distribution at age h [Gourieroux, Monfort (2002)]. Typically the choice of
the Archimedean copula implies restrictions between the dependencies at
different ages.

ii) Another approach is based on the interpretation of the formula giving
the survivor function. Indeed we have (in continuous time) :

12Recall that this copula corresponds to a MMPH specification with constant survivor
intensity : P[r; > t + 1|7, > t,Z] = exp—Z, where Z is a time invariant heterogeneity
factor.



t..
Plri>t] = exp—/ A, du

t ..
- P[/ Nodu < B,

where E; is an exponential variate independent of the stochastic intensity.
Thus we get the same model by defining the duration in terms of stopping

t..
time as [Bremaud (1981)] : 7, = inf{¢: / A, du > E;}.

It has been proposed in the literature to consider intensities \, which are
independent between individuals, and to extend the joint distribution of the
thresholds Fi,..., E, by allowing for dependence between the thresholds.
Then a copula is introduced for defining the joint distribution of Ey, ..., E,
[see e.g. Schonbucher and Schubert (2001)]. Moreover it has been advocated
that this strategy allows for a larger range of admissible correlations between
the durations than the stochastic intensity model [see e.g. the discussion in
Van den Berg (1997)]. It is proved in Appendix 3 that this argument is not
valid.

The main drawback of this approach is the introduction of default corre-
lation by means of age independent factors F;,7 = 1,...,n which does not
allow to manage the term structure of default correlation. Indeed, let us
consider stochastic baseline intensities independent between individuals and
independent of the thresholds. We get :

P[Ti>t+1|Ti>t,E1,...,En]
t+1 t .
- P[/ )\Ldu<EZ~]/P[/ Nodu < B

where E(t;.) denotes the cumulative distribution function of the cumulated
baseline hazard. Thus we get a factor representation of the survivor intensity
with time invariant factors. In some sense this approach is a slight modifi-
cation of the basic MMPH Model. Typically with this strategy it is difficult
to select a copula providing high default correlation in the short run and low
default correlation in the long run '3 .

13 At the beginning of the development of the internet sector, the default probabilities

10



3. Duration distribution

We first consider the case of general factor sensitivities and then the case
of constant sensitivities.

3.1 General case

Under Assumptions A.1-A.2, it is possible to compute the joint condi-
tional survivor function. This function depends on the information available
at date . When this information is complete, that is includes the current
and lagged values of the factors together with the information on corporate
default, we define the conditional survivor function for any subset S of the
set I; of firms which are still operational at time ¢ :

= Pln>t+h,i€S|L,SCL,(qli€l),Z,Z,j=1,...,n]

where I, = {i : 7; > t} and I; denotes the complement of I;.
The property below is proved in Appendix 2.

Proposition 1 :

= Pl >t+h,i€S|,SCIL,(rlj€L),Z,Z,j=1,...n]

= Pl >t+h,i€ S|, S C 1y, Zy, Z;,i € ),

Thus, given the evolution of factors up to now, the default history is not
informative.

Proposition 2 : The conditional survivor function is given by :

and default correlations were both high. After some years the remaining firms are more
specialized and the default correlation has diminished.

11



h
= exp[— > nypaugn + By MOt ¢+ h) + A7 (¢t + h)' Z,
k=1

+ Yo Bt )+ > A+ ) Z),

€S €S

where, for any deterministic sequence'* [u], operators Al BlUl are recur-
sively defined by :

At t+h) = afug + AM(E+ 1, + D)),

Bt t+h) = blug + A+ 1, +h)] + Bt +1,¢t+ h),
for h > 0, with terminal conditions :
At 1) =0, BM(t,t) =0, Vi

Furthermore h = max;cg h;, the deterministic sequence [n] is defined by
nr = Card {h; > k, i € S} , and the product sequence [n|[A] by n:A;.

Proof : See Appendix 2

Proposition 2 can be used to derive the distribution of a given failure time.
It can also be used to derive the distribution of the time to the first failure
in a basket of securities. These computations are especially important for
credit derivatives currently traded on the market [see sections 4.4 and 4.5].
The credit default swaps (CDS) are options on default occurrence during a
given period, whereas other options concern the occurrence of a default in a
basket of securities (first-to- default basket security).

Let us consider a given obligor 7. Then the conditional survivor function
specific to this firm is P[r; > t+ h|7; > t, Zy, Z{] and corresponds to the joint
survivor function with S = {i}, h; = h, and nypy =1 for 1 < k < h.

14The [u] sequence may be infinite or not, provided it is defined at least for the interval
t+ 1 to t + h, corresponding to the values included in the recursive computation.

12



Corollary 1 : We get :
P(Ti >t + h|7’z > t, Zt, Zz)
h

= exp[— Y e + B, PNt t + h) + APt t + h) Z,
k=1
+ Bt t+ k) + AZDI(t, ¢t + h)' Z]),

where functions Ag“], Al Bg“], Bl are recursively defined in Proposition

Let us now consider the first to default time for a set S of still operating
obligors, 7§ = mingecgcy,) 7. The survivor function of 75 is defined by :

Plri>t+h|I;,S C I, Z;, Z},i € S]. Tt corresponds to the joint survivor
function evaluated at h; = h,Vi € S. Thus, for all 1 < k < h, we have
nir =n = Card (9).

Corollary 2 : We get :

Plrs>t+h|I,,S C 1,7, Zi i € S

h
= exp[—n Y. app + B, "t t + h) + A"t t + ) Z,
k=1

+ nB 0t t 4+ h) + AZDIE t+ ) Ses 21,

where n[3] denotes the sequence 1.

Even if the expressions of the survivor functions given in Proposition 1
and Corollaries 1 and 2 are rather cumbersome, they are easily computed
from recursive equations. An interesting observation is that the distribution
of the first to default time does not depend on the state of individual obligors
since the average state %Zz‘es Z! is a sufficient statistic. That is the first to
default probability of a security basket that contains some severely distressed
corporations is identical with another basket where none of the corporations
is distressed, but their average state is the same. This is a direct consequence
of the homogeneity assumption.

3.2 Constant factor sensitivities

13



In the general framework of Assumption A.2, the conditional survivor
probability for a given obligor i (for instance) varies with ¢ because of the
stochastic evolution of the factors Z;, Z¢, but also because of the determin-
istic aging of coefficients ay, 5;,7:- An important special case arises when
the sensitivity functions «, 3,y are constant. In this framework formulas of
Corollaries 1 and 2 can be simplified.

Let us first consider the slope operator Al“l(¢,¢ + h) when the determin-
istic sequence [u] becomes a constant vector u. The recursive equation of
Proposition 2 becomes :

Av(t,t+h) = afu+ A"(t+1,t+ h)]

= au[A"(t+1,t+ h)],h >0,

where a,(s) = a(u + s) denotes a shifted version of function a and
A"(t+ h,t+ h) = 0. We deduce that :

A“(t,t+h) = azh(o),

where a°* denotes function a(.) compounded h times. Similarly, for a con-
stant sequence u; = u, the intercept operator B* is given by :

B“(t,t+h) =Y b,(a¥(0)).
Corollary 3 : When the factor sensitivities are constant :

P[Ti >t+ h|TZ > t, Zt, th]

h—1

= exp{—ha+ > by _sl(a_s(0)] +as" 5(0)'Z; + Z be,—[al? . (0)] + a2 (0)'Z{},
7j=0

Plrt>t+h|I;,S C 1y, Z, Zi,i € S]

h—1 h—1
= exp{-nha+ Y by _nslal_ 5(0)] +as",5(0) Zs +n Y be_s[aZ_ (0)] +al (0) > Z{},
j=0 j=0 ieS

where the shifted functions are :

14



gumnp(0) = gt — 1), s (1) = a,u — ), etc.

The later expression, concerning the first to default survivor probability,
clearly shows the different effects of the general and corporate specific factors.
The corresponding survivor probability involves the number n of firms in the

basket, as well as their average state Z Zf . An interesting point is the way
ics

the number of corporations n enters by scaling the shift in the a, and b,

functions.

4. Affine term structure and credit risk

The joint historical distribution of default is an important element for
comparing the term structures of 7-bonds and corporate bonds. However
the model has to be completed by specifying a stochastic discount factor
(sdf). The sdf is used for pricing both future money and invididual defaults.
Indeed it is not realistic to study independently the term structure of interest
rates and default risk, which are both related to business cycles. For instance
in a period of high activity, we can expect both an increase of the difference
between the long and short term riskfree rates and an improvement of credit
quality [see e.g. the study by Duffee (1998)]. For this reason we assume that
some general factors Z appearing in the conditional survivor probability can
also influence the sdf. Moreover we select a stochastic discount factor which
is an exponential affine function of the general factors. As a consequence
the benchmark term structure of interest rates will be affine [see Gourieroux,
Monfort, Polimenis (2002)].

4.1 Specification of the stochastic discount factor

The pricing model is completed by specifying the stochastic discount fac-
tor My ;41 for period (¢,t+41). The sdf is the basis for pricing any derivative
written on the underlying factors and the default dates. A sdf exists as a
consequence of the absence of arbitrage opportunity assumption, even in this
incomplete market framework due to time discreteness. Typically the price
at t of a European derivative paying g;., at date ¢t + h is :

Ct(ga h) = Et[Mt,t+1 ce Mt+hfl,t+hgt+h]
= Et[Mt;H-th-h]a say, (4.1)

15



where E; denotes the historical expectation conditional on the information
including the current and lagged values of the state variables, the knowledge
of the set of corporates which are still alive at date ¢, and the default dates of
the other firms. In particular pricing formula (4.1) can be used to determine
the prices of zero-coupon bonds for both the T-bonds and corporate bonds.
For the T-bonds, we get :

B(t, t + h) - Et(Mt,t+h)7 Vt, h (42)

For the h-year zero-coupon, zero-recovery corporate bond corresponding
to corporate ¢ € I;, we get :

Ci (t, t + h) = Et[Mt,t—I—h ]lTi>t+h]7 \V/t, h (43)

For a first-to-default basket which pays nothing in case of a single default
and 1$ otherwise, we get :

C;(t, t + h) — Et[Mt,t+h]lT§>t+h]7 Vt, h (44)

To restrict the set of admissible risk neutral distributions '°, we select a
sdf which is exponential affine in the general factors.

Assumption A.3 :

M, 4i1 = explvo + V' Zi41]. (4.5)

It would be possible to also introduce the corporate specific factors in
the expression of the sdf. However the interpretation would become more
complicated because the set of alive corporate specific factors depends on the
date. When a corporation fails the factor associated with it ceases to exist.
By introducing the effect of individual factors Z;, we would also introduce risk
corrections for the number and structure of corporations, which is beyond
the scope of the present paper '°.

Also note that some components of v [resp. (3] can be zero. Therefore
general factors can influence the sdf, the default intensity or both.

15In this incomplete market framework the set of admissible sdf is infinite. It is restricted
in the model and the parameters v,, v can in practice be estimated from yield data.

16The number of corporations can have an effect on default correlation. If we consider
an industrial sector with two firms only, the default of a firm will increase the monopolistic
power of the remaining one and likely diminish its default probability.

16



4.2 The price of the zero-coupon T-bond.
The prices of the zero-coupon T-bonds are given by :

B(t,t+h) = E[Myr... Myip_14n]

= exp(voh)Eyexp[V' Zii1 + ... + V' Zyp).

The analytic expression of the price follows from Appendix 1 [see also
Gourieroux, Monfort, Polimenis (2002)].

Property 3 : The price of a zero-coupon T-bond is :

h—1
B(t,t+h) = exp[voh + Y by, (al,(0)) + agl (0)' Z].
j=0
In particular the geometric yields defined by :
1
r(t,t+h) = ~% In B(t,t+ h)
1 h—1 ) 1 .
o, o !/
= —V,— E ZO bgyy(ag{l,(())) — ECLQ,U(O) Zt, (46)
]:

generate an affine space driven by the general factors. Thus we get an affine
term structure of interest rates [Duffie, Kan (1996)].

4.3 The price of the zero-coupon corporate bond
This price is given by :

Ci(t,t +h) = E[Mpss1.. Mesn—1+nlr,>e4n]
= E, [exp (I/Oh +v 2?21 Zt+j) exp (— Z;—L:l[at+j + 6£+th+j + 7,§+jZ,f+j])]
h h h ;
= E [eXp (Voh — 2o Qg + 25 [V = B Zery — 2o 'Y£+jZ§+j)} '

Thus by applying Lemma 1 in Appendix 1, we derive the term structure
of corporate bonds.
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Property 4 : The price of the zero-coupon corporate bond is :

h
Ci(t, t+h) = exp |voh — Z airj + B P4 n) + AP e n) 2o+ BSD e+ h) + AV, 1) ZE
Jj=1
o 1 :
The geometric yields y;(t,t + h) = — log C;(t,t + h) for different h also

generate an affine term structure, now driven by both the general and specific
factors. The spread is given by :

si(t,t+h) =y (t,t +h) —r(t,t +h)

h
1 v— v— 1 —
= - Zat-w - —B Bl(t,t + h) — —[A Bt t + h) — al (0)] 2, — - B: DUt t 4 h)
= _ 1 ,
+3 D bywlag, (0) = T AZDNE t+ h)' Z{].
7j=0

From (4.2), (4.3), we know that :

/) 3 + — __]. .
si(l, b+ h) h ©8 B(t,t + h)

1
= _E lOg Etf[]lTi>t+h]7

where E[ denotes the forward risk adjusted measure for term h [see Mer-
ton (1973), Pedersen, Shiu (1994), Geman, El Karoui, Rochet (1995), for
definition and use of the forward risk adjusted measure].

Property 4 shows that the forward risk adjusted measure is easy to use
in the affine framework (The risk neutral measure is derived in section 4.6
below). Of course the spread is nonnegative due to its expression in terms of
forward risk adjusted survivor function.

When the sensitivities oy, (¢, 7; are constant we get :
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h—1 '
Ci(t,t+h) = exp{voh —ah+_ byy,_gla,_5(0)] + al,_4(0)'Z,

j=1
h—1 ) . )
+ D beplal L (0)] +aZ,(0)Z; ¢,
7=1
1 h—1 1 .
yl(t7 t + h) = _l/o + a — Z bgzl/ /6 g,u /6 0)] h Z:V ﬂ(O)’Z
1= 1

- _Zbc 7[ )}—E% () A

Z[ [0 0)] = by slafys(0)] = be a2, O)]

bl'—‘

1 o 4 1 o (]
E[ag?u(o) - ag?u—,@(o)] Zt - Each v(O)IZt'

4.4 Decomposition of the spread for a zero coupon corporate bond

+

In the standard actuarial approach default is assumed independent of
the riskfree rates and is priced according to the historical probability [Fons
(1994)]. Thus the actuarial value of a corporate bond is :

Cot,t+h)=B(t,t+h)Plr;>t+h|r, > t,2,Z]]. (4.7)

By considering the associated actuarial yields we get :

yi(t,t+h) =r(t,t+h)+m(t,t+h),

1 .
where : m(t,t+h) = —ElogP[Ti >t+hin > t, 2, Z}]
1 .
=-3 Y log Plry > t+ k| >t+k—1,2, 7]
k=1
J R
E Z)\;;k, say, (4.8)
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can be interpreted as an averaged (forward) default intensity !”. However the
actuarial formula (4.7), which is frequently used by the markets to estimate
the default probabilities from the spreads s;(t,t + h), is not valid in the
general framework. The aim of this subsection is to derive a more accurate
decomposition of the spread.

Let us first note that, from Corollary 1, the averaged default intensity is
given by :

h
m(tt+h) = = oy — Bt t 4 h) — EA At t + h) Z,
]:

bl*—‘bl'—‘

B, U(t,t 4 h) _EA Nt t+h) Zi.
We deduce the Proposition below.

Proposition 5 :

Si(t,t'f' h) - Wi(t,t'f' h)

_ v— —[B oh
= h[A Ot t+h) — A PNt t+ h) — a2t (0)]'Z,

—%[B;‘W] (bt +h) — BIA(E E+h) — 3 by a%, (0)])

The averaged default intensity absorbs all the idiosyncratic variability
in spreads. Even if both the spread term structure s;(¢,t + h), as well as
the term structure of averaged default intensity m;(¢,¢ + h) depend on the
stochastic state of the " corporation, their difference does not and is the
same for all corporations of this industry.

The correcting term appearing in the decomposition of the spread given
in Proposition 5 measures the price of the correlation between default and
sdf, due to common factors. Thus Proposition 5 provides the following de-
composition of the term structure of corporate bonds :

"Indeed the (forward) intensity )‘t-i-k =—logP(r; > t+k|r; > t+k— 1,7, Z}) differs
from the (spot) intensity A}, = —log P[r; > t + k|lri >t + k — 1, Zi1n—1, 2} ;4]
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term structure of corporate bonds

= term structure of T-bonds

+ term structure of averaged default intensity

+ term structure of correlation between sdf and default.

The correcting term, which can be of any sign, takes a simplified form
when the sensitivities are time independent.

Corollary 4 : When the sensitivities ay, 3, v; are time independent, we get :

si(t,t +h) —m(t, t + h)

It is easily checked that this correcting factor is zero whenever Z, is par-
titioned into two independent subvectors Z;, Z5; and the conformable parti-
tionings of v and (3 are (v{,0)" and (0, #5)’, respectively. Thus the correcting
term disappears when default and sdf are influenced by independent factors.

4.5 Term structure of yield and spread for a first-to-default basket

A first-to-default basket with residual maturity h, written on n firms
provides at t + h a cash-flow of 1$, if no firms default before ¢t + h. The price
at t of this basket is :

C(ta t+ h) = Et[Mt,t+h]1T*>t+h]7 Vta h’;

where 7° = min;—; __, 7.

Computations similar to those presented in the previous sections give the
following results.

Proposition 6 :
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h
C(t,t+h) = explvoh—nY apy+ Byt t+ h) + A0t ¢ 4+ h)' Z,
7j=1

+ B0t t+ h) + ADVt,t + h)'[Z + ...+ 27,

s(t,t+h) = Zatﬂ B” nlBl(¢, t+h)—E[A” "t +h) —ah, (0))] Zy
n 1 h—1 \
_ EB;['H(t,t‘f‘h)‘f‘EZbgy(azy(O))
7=0

1
— EAgM(t, t+h)(Z +...+ 2],

h
1
r(tt+h) = %Zatﬂ-—h [(tt—f—h)—ﬁA At t + h) Z,

~ Ipn (tt—f—h)—ﬁA Nt t+h)(Z+ ...+ 2,

h
s(t,t+h) — w(t,t+h)= h[A” "ot t 4+ h) — AN+ h) — ad (0)]' Zy
1 h—1 ]
— E[B;—n[m (t,t+h) — BVt t + h) — 21 bgw[a?,(0)].
J:

Thus we still get affine term structures for first-to-default basket. The
results are simplified if the sensitivities are constant.

Corollary 6 : If the sensitivities are constant, we get :
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h—1 ‘
Ct,t+h) = expvoh —nah+ Y by ns(ay, ,500)+al,  5(0)Z,
j=0

13 b0 O]+l (0)[2) + .+ 27),

1 h—1 .
S(t, t+ h) = na+ — Z bg v o bga'/*nﬁ[a;{ufnﬁ(o)]

btV g.v—np3
1 1 n
1 h—1 )
Rt HR) = a3 3 [y (0 0)) b a2 (0)]
j=0
1 oh 1 oh 1 n
- hag, n,B(O) Zy— Eac 7(0) [Z +Z ]
1 _

s(t,t+h) — w(t,t+h)= EZ ) + by, —np(al,_,5(0))

— bgu-op [ag‘?ufzﬁ(o)]]

1 oh oh oh
+ E[ag,u(o) + ag,—nﬂ(o) - ag,l/—n,@(o)]lzt‘
Moreover the term structure of survivor default intensity (¢, t+h) can be
decomposed into two parts. The first part corresponds to the marginal effect
of individual default risks, obtained under the independence assumption 8:

Tt t+h) =Y m(t,t+ h).

1=1

18keeping the same marginal risks.
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The second part corresponds to the residual 7 (¢,t+h) —7*(¢t,t+h). Note
that the sign of the residual term depends on the type of dependence between
the durations. Let us for illustration consider two firms n = 2. We get :

m(t,t+h) — 7" (t,t + h)
1
= —ElogP[Tl >t4+h, 7o >t+hin >t >t

1 1
+ ElOgP[TI > t+h|7’1 > 1,79 > t) + ElOgP[TQ > t+h|7’1 > 1,79 > t]
This quantity is nonnegative if and only if :
P[Tl>t+h,7’2>t+h|7’1>t,T2>t]§P[T1>t+h|7'1>t,7’2>t]P[T2>t+h|T1>t,T2>t]

& Cov []1T1>t+h7 ]1T2>t+h|7—1 > t,TQ > t] S 0.

Thus 7 (¢, t+h) is larger than 7*(¢,t+h), when 7, and 7, features negative
dependence 9.

To summarize, the term structure of first-to-default basket yields can be
decomposed as :

y(t,t+h) = r(t,t+h)+7"(t,t+h)+[7(t,t+h)—7"(t,t + h)]
+ [s(t,t+h)—7(t,t + h)] (4.9)

corresponding, respectively, to :

(1) the term structure of T-bond yields,
(2) the term structure of marginal defaults effect,
(3) the term structure of default correlation,

9This result is a consequence of standard properties on positive quadrant dependence
[see e.g. Joe (1997)]. More precisely if (71, 72) and (75,75) are two pairs of variables
such that 7, and 7{ [resp. 7 and 7] have the same marginal distribution, if the copula
of (11, 72) is larger than the copula of (77, 75), then min(r, 7)) stochastically dominates
min(7y,72) at first order.
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(4) the term structure of the effect of the correlation between stochastic
discount factor and default.

4.6 Risk neutral dynamics

Let us introduce the state vector Y; = (Y;;,7 = 1,...,n), where Y;,
denotes the state of borrower ¢ at date ¢ :

Y =1, if firm s is alive at t,

= 0, otherwise.

Under the historical probability the joint distribution of the processes is
characterized by the successive conditional densities of Y1, Z;11, Z;41 given
Y., Zi, Zy, where Z, = (Z}, ..., Z}) 2

f(yt+1; 2415 241 |@, 2ty é)

= Iy, ]1{0} (yi,t—l—l) ey, [exp _yi,t+1(at+1 + 5£+1Zt+1 + ’Y£+1Z§+1)]

[1—exp —(ae1 + B 1201 + Vg1 20)]) 70 f(2ea|2) f(Zia | 2)

= f(yt+1|yta 241, 5t+1)f(2t+1|Zt)f(5t+1|§t)a

with clear notations. The decomposition of the historical conditional density
will imply a similar decomposition of the conditional risk neutral density.

Let us recall that the conditional risk neutral density is given by :
f*(yt-Ha Zt+1, 5t+1|&; Zt, é)

f(yt—f—l; Zt41, 241 |@; 4z é)Mt,tH

/ FWer1, 201 2o Yo 20 20 My dyepdzedZen

By using the expression of the SDF, we deduce that,

20For expositional purpose, we consider latent individual factors defined even after in-
dividual defaults.
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T Wes1s 20415 Ze [Yes 24, Ze)
= f(yt+1|yt7 2t 2t)f*(ztﬂ|Zt)f(2t+1|5t)a (4-10)
!
where © f*(z41]2) = J i lz1) exp(vo + V) . (4.11)
/f(zt+1|zt) exp(Vo + V' 2141)d2i41

Proposition 7 : Under the risk neutral distribution the processes (Y;), (Z,), (Z,)
satisfy Assumptions A.1, A.2, except that the CAR dynamic of the general
factor is modified ; we get :

E*(exp ' Zy41|Zy) = explag(u)'Zy + by (u)],

where : aj(u) = a,(v+u) —a,(v),

by(u) = bylv+u) — by(v)

Proof : Proposition 7 is a direct consequence of decomposition (4.10). We
have just to compute the conditional Laplace transform of process (Z;). We
get :

E(explvy + (v + 1) Zi1]| Z)
E(explvo + V2| Z1)

E*(expu'Zy1|Zy) =

explag(v + u)'Zy + by(v + u)]
explag (V) Z; + by (V)]

The results follows.

QED

Thus the risk correction is only performed by means of the dynamics of the
general factor. In particular the risk on the idiosyncratic factors is priced
to zero. It has to be noted that this correction will affect the observable
survivor functions, since the associated duration distribution is derived by
integrating out the future values of Z (and Z). Typically :

F Werrlyes 26, 20) = [(Yerrlye, 20, Z) [see (4.10)],
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whereas :

f*(yt+h|yt; Ztazt) # f(yt+h|ytazt; 5::); for h > 2.
4.7 Observability of the factors

Until now we have not deeply discussed the interpretation of the general
and corporate specific factors and especially their observability. It is well-
known that the general factors included in the sdf Z* (say) can be recovered
from the observed T-bond prices, due to the affine structure (see e.g. Dulffie,
Kan (1996)]. Equivalently the factors Z* can be replaced by mimicking
factors with yield interpretations (see equation 4.6).

A similar argument apply to the general factors which influence default
only and to the corporate specific factors. They can be recovered from the
corporate yields, taking into account the observability of Z*. Thus the dis-
cussion of factor observability is equivalent to the discussion of observability
of corporate term structure of yields, that is of the number and design of the
liquid corporate bonds.

4.8 Determination of the CreditVaR.

The results above can be directly used to compute the CreditVaR of a
corporate bond portfolio. Let us consider at date t a portfolio involving a
set S of firms. For corporation ¢ the portfolio includes a quantity x;(h) of
zero-coupon bonds with residual maturity A, h =1,..., H. The current value
of the credit portfolio is :

Wt = Z i xi,t(h)C’i(t, t+ h)

1€S h=1

whereas its future value is :

H
Wt+1 == Z in,t(h)ci(t—i-l,t—l—h),

1€SNIi4y1 h=1

where SN Iy, is the set of individuals of S, who are still alive at t + 1. The
future portfolio value is doubly stochastic : first we don’t know the set of
firms which will be still alive at ¢t + 1 ; second we have to evaluate the future
term structure of corporate bonds.
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Due to the affine structure of the model, this future value can be written
in terms of the values of the factors corresponding to date t 4+ 1 :

Wi = Z Z v (h) expla(h — 1) + Bl(h —1)Zp1 + E,(h 1)ZZ+1]

1€SNIiy1 h=1

say, where the coefficients a, b, ¢ are deduced from the pricing formulas. Then
the CreditVaR is defined from the quantile of the conditional distribution of
W11 given the information available at time ¢, that is Z;, Z!,7 € S (which are
deduced from the observed term structures, see section 4.7). This distribution
can be approximated by Monte-Carlo, in the following way.

i) First draw the future value of the factor Z7,,, [resp. Z;7] in the
conditional distribution of Z;;; given Z, [resp. Z;,, given Zj|.

ii) Second simulate independently the default occurrence between ¢ and
t+1 for the different firms in S and the drawn values of the factors. SN I},
denotes the simulated set of surviving firms.

iii) Deduce the simulated future value of the portfolio by :

= Z Z zi(h) expla(h — 1) + V' (h — Nz +¢c(h—1) fﬁl]

zESﬂIH_l h=1

iv) Replicate the procedure for s = 1,...,5, where § is the total number
of replications.
v) Approximate the CreditVaR by the associated empirical quantile from

the sample distribution of Wi ,,..., W§ 2L

5. Monte-Carlo study

The decompositions of the spreads are illustrated in this section by Monte-
Carlo studies.

21The number of required computations depend on the risk level chosen to define the
VaR. If the VaR is computed at 1%, the approach may require for instance 5§ = 500
replications, and simply consists in retaining the 5t* future simulated value of the portfolio
ranked in increasing order. Of course it does not seem reasonable to select a much smaller
threshold, such as 0.03%, say, even if a similar value can be suggested by the practice of
the rating agencies. Indeed this critical level is retained for instance for a AAA rating.
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5.1 Case of a corporate bond

Let us consider a model with one general factor and one specific factor,
and let us suppose that both factors follow autoregressive gamma processes.
Therefore the functions ay, by, a., b. have the following expressions :

Pgtl

ag(u) = l_udg,pg>0,dg>0,u<1/dg,
be(u) = —Aglog(l —udy), Ay, >0,
a.(u) 1fczdc,pc>0,dc>0,u<l/dc,
be(u) = —Acdog(l —ud.), . > 0.

We assume constant sensitivities and take the following numerical values :

sensitivities : « = 0.1, =2,v7 = .1;

sd.f: v, =—-01,v=-.2;

initial factor values : Z, = .003, Z} = .3;

factor dynamics : p, = .9,d, = .1, \; = .1,p. = .9,d. = .1, A\, = .1.
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FIGURE 1:0ne Firm Case
Corporate Bond Yield(solid), T Bond Yield(dashes),Spread(short dashes)
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Figure 1 displays the term structures of the corporate yield of the T-bond
yield and of the spread up to h = 40,. Bump shapes of the corporate yield
and of the spread, often observed on bond markets, can easily be obtained
even with fixed sensitivities.
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FIGURE 2:One Firm Case,Components of the Spread(solid)
Default effect(dashes),Default—Sdf correlation effect(short dashes)

Figure 2 displays the decomposition of the spread into a default effect and
default-sdf correlation effect. In the simulation the latter effect is negative.

.2 Case of a first-to-default basket.
Let us now consider a first-to-default basket on n firms. We still assume a

general factor and univariate specific factors, following autoregressive gamma
processes. We also assume fixed sensitivities. The numerical values are :
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portfolio size : n = 3;

sensitivities : a = .01, 3 = .05,y = .01;

s.d.f. : v, =—.15v = .05;

initial values : Zy = 1,7} =1,i=1,2,3;

factor dynamics : p, = .9,dy, = .1, Ay = 1;p. = .9,d.
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FIGURE 3:Portfolio case
Corporate Bond Yield(solid), T Bond Yield(dashes),Spread(short dashes)
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Figure 3 displays the term structures of the first-to-default yield, of the
T-bond yield and of the spread. In the example both yields are decreasing,
whereas the spread is first decreasing, and then increasing.
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FIGURE4:Portfolio Case,Components of the Spread(solid)
Marginal Default Effect(dashes),Defaults correlation effect(short dashes)
Default—Sdf correlation effect(dots and dashes))
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The decomposition of the spread is provided in Figure 4. The main part
corresponds to the marginal default effect. The default correlation effect is
negative (since the durations 71, 75, 73 feature positive quadrant dependence),
whereas the default sdf correlation effect is positive.

6. Concluding remarks

We have described in this paper the affine framework for the analysis of
credit risk. This framework assumes stochastic discount factor and survivor
intensities, which are exponential affine functions of underlying affine factor
processes. The affine framework offers a coherent description of the 7'-bond
and corporate bond prices, and tractable methods for predicting the risk
included in a portfolio of corporate bonds.

The affine framework can be used in a similar way to relax the assumption
of zero recovery rate and incorporate the indeterminacy on magnitude and
timing of recovery when default occurs. Similarly, it can also be used to
analyse some events different from default, such as the up or down-grade by
rating agencies. Indeed such an analysis has to be done before using the
basic migration models.
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Appendix 1

Conditional multivariate Laplace transform
for a CAR process

Let us consider a multivariate CAR process, which satisfies :
E(expu'Z117;) = expla(u)' Z; + b(u)].

Given a deterministic sequence [u] of vectors {us, s = 1,...}, let us define
the transformation:

Elexp(upy 1 Zip1 + - -+ Wy Zuvn) | 2],

which provides the conditional joint Laplace transform of Z;.1,..., Ziip.
The following lemma holds:

Lemma 1 : For any deterministic sequence [u] of vectors {us,s = 1,...},
we have :

Elexp(ui 1 Zit1 + - - -+ upypnZirn) | 2]

= exp[AM(t,t + h)Z, + BM(t, t + h)],

where the operators Al and B™ | depend on functions a(.), b(.) as well as
on sequence [u], and satisfy the backward recursion :

At t+h) = afug + AM(E+ 1, + D)),

Bt t+h) = blugy + A+ 1t +h)] + BU(t +1,¢+ h),
for h > 0, with terminal conditions :

At 1) =0, BM(t,t) =0,V t.
Proof : We get :
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Elexp(uyy Ziv1 + - -+ Uy Zirn)|Zi]
= E (Elexp(uji1Zi41 + - -+t Zepn)| Zeg1]| Z1)
= EB(expluj 1 Zypr + AWt + 1,6+ h)' Zyq + BU(t + 1,t + h)]|Zy)
= Elexp([usrr + A+ 1,¢ + 1) Zi11)|Z;) exp(BY (t + 1, + h))
= exp{afusrr + At +1,t + 1)) Z + BM(t +1,t + ) + blugr + AM(t+1,¢ + h)]}.
The recursion follows by identification.

Finally the terminal conditions are satisfied, since :

At +1) = alugr), Bt t+ 1) = blugyy),

are deduced from the recursive equations applied with A®(¢ +1,¢ + 1) =
0, BU(t+1,t+1) =0.

QED
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Appendix 2

Conditional survivor functions

i) Let us first compute the unconditional survivor function, given the stochas-
tic factor path. By iterated expectation we deduce from Assumption A.2
that :

Plr; > h|Z,2") =10} exp{—(ow + 3,2 + 7 Z})},
where as before Z = (Z;,Vt > 0) , Z' = (Z},Vt > 0).
In particular P(r; > h|Z,Z") = P(1; > h|Z,, Z%,),
where Z,, = (Z,t < h),Z} = (Z},t < h). We also deduce that :
Plr; < h|Z,Z"] = Plr; < h|Zy, Z%),

Plr; = h|Z, z] = Plr; = hi|£h;zh]-

ii) Then the joint survivor function given the entire realization of the stochas-
tic path of the factor processes is :

P[Ti>hi,iESQIO|Z,Z_j,j:1,...,n]
= P[Ti>hi,i€SgIO|Z,Z_j,j€S]
= IWiesPln > i|Z, 2]

= sl exp{—(a; + B1Z; +~,Z1)}.
iii) We deduce that :
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P[TZ' >t+hi,i€S|It,SgIt,Zt,Z_jt,j:].,...,’I’I,]

P[TZ’ >t+hi,i65,7’k >t,k€[t—5|zt,Z_jt,j EIt]
P[Ti > tai € It|Zt>Z_jt>j € It]

E [Wies I exp (—(ay + 82, +}21) |2, 21,5 € S
HiESHj:I exp[— (ay + ﬁ Zj+ 'YJZZ]

= K [HieSH?iﬂ exp ( (erj + BiyjZevs + Visg t+])) 2,41, j € S]
= BiesIt, expl=06],, Zek — ary4]| Z]

Wies B[ exp(—7i, 1 Zi)| 28], from Assumption A.1,
= E[sz eXP(—nt+kﬁ£+th+k) | Zi]

Mies B[, exp[—1, 1 21441 Z1)

[y exp[—nsxc i), (A.1)

where : h = max;c; h; and 1,4, denotes the number of firms in set I with
h; > k.

iv) By a similar argument this quantity is also equal to :

P[TZ’ > t+hz,l € S|It,5 - It,Tj :yj,j € jtaztazj,taj = 1,...,TL:|,
where the values y; < ¢,Vj € I;, and Property 1 is shown.
v) Proof of Proposition 2

This is a direct consequence of Lemma 1 of Appendix 1 applied to formula
(A.1).
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Appendix 3
Default correlation in the stochastic intensity framework

The aim of this appendix is to compare the correlation values that can be
reached in a framework where stochastic intensities are driven by a common
factor Z with those that can be attained in a framework where the joint
default distribution is directly specified. To simplify the exposition let us
consider a unitary horizon H=1, and two companies with survivor times
71 and Ty, respectively, with identical marginal distribution. The duration
variables can only take value 0 and 1 and the joint survival distribution is
completely characterized by the 2x2 contingency table:

Poo  Po1
Po pu )’

subject to identical marginal distributions: pio + p11 = po1 + p11 = p. The
contingency table can also be written as:

1-2p+pu p—pu
P — Pu P11 )’

where p and p;; have to satisfy the inequalities below which ensure that the
probabilities are well defined:

max(0,2p — 1) < pp;; <p.

P11 — p2

p(1—p)
[resp. minimal] value of the correlation is obtained for p;; = p (resp. p1; =

i) The correlation between 77 and 7, is equal to . The maximal

max(0,2p — 1)]. Thus the range for the correlation is [—%, 1], if p <
1. 1—p . 1
1 [—T, 1], if p > 3"

This range always include [0, 1], that is the maximal range for positive
correlation.

ii) We have now to check that this range of positive correlation can also
be reached with a factor model. Let us consider a general factor Z. Con-
ditionally to Z, the durations are independent with identical distribution
B(1,exp(—a — Z)). By denoting W = exp(—a — Z), we note that =
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and 7, are conditionally independent with identical Bernoulli distribution

B(1,W). It is easily checked that Corr (71, 72) = TRl E‘[/I/IVE/(I 7 It is

equal to zero if W is constant ; it is equal to one if the factor W only takes
value 0 and 1.
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