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Abstract

In traditional models of default it is implicitly assumed that the informa-
tion used to calibrate and run the model is publicly available. In reality,
model inputs and parameters are uncertain. We develop a class of struc-
tural default models in which investors are uncertain about the assets or
the liability-dependent default barrier. This generalizes the analysis of
Duffie & Lando (2001), who considered incomplete asset information.
We find that incomplete information about the barrier only is differ-
ent from all other instances of incomplete information, since it involves
learning effects: The historical asset low is investors’ upper bound on
the barrier. This bound improves as time evolves, leading to declining
term structures. We find that for other types of incomplete information
the term structure is qualitatively different. We describe the uncertainty
about default through the pricing trend, which is the cumulative inten-
sity. This allows to consider all types of incomplete information from
a unified perspective. We provide a reduced-form pricing framework in
terms of this trend, which generalizes the classical intensity-based frame-
work. Closed-form expressions of the trend, intensity, default probabil-
ities, prices of default-sensitive securities, and spreads are obtained.
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1 Introduction

Recently a number of accounting scandals shocked the business world. Man-
agement at Enron, WorldCom, and Tyco misrepresented the level of assets and
liabilities on corporate statements. Auditors, possibly knowingly, approved the
incorrect statements that were then released to the public. Misled investors suf-
fered huge losses from the ensuing bankruptcies, which are among the largest
ever in U.S. corporate history.

In retrospect, investors could have realized that a firm’s financial figures
are uncertain, even at the date of their publication. Therefore any model for
default prediction should include a way to quantify the degree of uncertainty
around model inputs and parameters.

How do we model a firm’s default? A natural approach is to consider
the cause and effect nature of events, i.e. the true mechanism behind default.
There are many economically plausible, or “structural” definitions of default.
The classical definition advanced by Black & Scholes (1973) and Merton (1974),
postulates that a firm defaults at debt maturity if assets are not sufficient to
pay off the debt. Another definition proposed by Black & Cox (1976) takes
as premise that a firm may default at any time before debt maturity. This is
described by defining the default event as the first time the firm’s assets fall to
some lower barrier. The asset level which triggers default can be imposed ex-
ogenously [Black & Cox (1976), Longstaff & Schwartz (1995)] or endogenously
by having the shareholders optimally liquidate the firm [e.g. Leland (1994),
Leland & Toft (1996), and Anderson & Sundaresan (1996)]. A less strict def-
inition of default in this framework would allow the asset value to cross the
barrier level multiple times, see Frangois & Morellec (2002) and Moraux (2002).
This leads to a model distinction of default and liquidation.

Absent from the discussion is the concept of information and how it is
revealed over time. In the cause and effect model it is implicitly assumed that
the information used to calibrate and run the model is available to bond in-
vestors. Model inputs and parameters are taken as known. In reality, however,
asset value, volatility and growth rate are not observable. Accounting state-
ments that purportedly contain the information required to deduce the correct
default trigger level are difficult to interpret. These issues translate into model
outputs that do not fit empirical data. One important difficulty is related to
the credit spreads forecast by cause and effect models that are based on a
continuous asset value process. Their absolute level is typically too low. Credit



Information
Complete Incomplete
Assets Barrier Both

At Histori- | Above His-

cal Low torical Low
Term Hump- Hump- Decreasing | Hump- Decreasing
Structure || shaped shaped shaped
Short Zero Non-zero Non-zero Zero Non-zero
Spreads

Table 1: Type of information vs. credit spread term structure shape for cause
and effect default models that are based on a continuous asset value process.

spreads go to zero as maturity goes to zero. This is because investors have
“perfect foresight”: they know the true distance of the firm to default so they
are warned in advance that default is imminent. Investors are hence not willing
to pay a default risk premium for short maturity bonds. This is neither intu-
itive nor empirically plausible, cf. Eom, Helwege & Huang (2002). A second
difficulty is that forecast bond prices converge continuously to their recovery
values. This is not consistent with the price jumps observed at default, see
Sarig & Warga (1989) and Beneish & Press (1995).

Duffie & Lando (2001) were the first to consider a cause and effect default
model in which investors cannot observe firm assets perfectly. In their model
investors receive noisy asset reports but have complete information about the
default barrier. In this paper we generalize the analysis of Duffie & Lando
(2001). We consider, from a common vantage point, all possible situations in
which investors are not completely informed. Besides the example analyzed
by Duffie & Lando (2001), this includes the important situation where in-
vestors have incomplete information about the default trigger level only and
observe assets perfectly. Another example is when investors have incomplete
information about both assets and barrier. The difficulty in observing the
liability-dependent barrier was highlighted in the accounting scandals.

Most interestingly, the type of bond investors’ information determines the
shape of the implied credit spread term structure. We can distinguish several
cases; these are summarized in Table 1 for a firm whose assets follow a ge-
ometric Brownian motion. The complete information case and the case with
incomplete asset information were analyzed in Duffie & Lando (2001). In this



paper we consider in particular the two remaining situations. (1) If assets are
completely observable but the barrier is not, then two term structure shapes
are possible. (i) If assets are at their historical low to date, then the term
structure is downward sloping with non-zero short spreads. (ii) If assets are
above their historical low, then the term structure is hump-shaped with zero
short spreads. However, here spreads do not converge to zero as fast as in the
complete information case. (2) With incomplete information about both as-
sets and default barrier, we find that the term structure is always downward
sloping with non-zero short spreads. Consistent with the empirical study Yu
(2002), with increasing firm transparency the short-term credit spread thus
decreases; for a fully transparent firm it is zero. Assuming efficient credit mar-
kets, the qualitative differences in term structures suggest that one can gauge
the market’s assessment of the quality of accounting information on assets
versus liabilities just by looking at the shapes of spread curves. This awaits
further empirical research.

It is surprising that different types of incomplete information lead to qual-
itative differences in the term structure. Why is unobservability of the default
trigger level any different from that of assets? One is tempted to think that
if it is the distance of the firm to default, usually proxied by the normalized
distance of firm assets to default barrier, that matters, then it should be irrel-
evant whether we are uncertain about the assets or the barrier. If either one is
uncertain, then the distance to default is uncertain as well. The answer is that
incomplete barrier information is different in that we learn over time where
the barrier is: it must lie below the historical low of assets to date. This upper
bound on the default barrier only improves as time evolves, which results in a
declining spread curve. No such learning occurs in the case analyzed by Duffie
& Lando (2001), who deal with incomplete information about assets.

This implicit information acquisition and learning over time makes a big
difference if we predict default probabilities with a model based on incomplete
barrier information. In Giesecke & Goldberg (2003a) we calibrate such a model
to historical equity prices. We find that the model is superior to the otherwise
equivalent model with perfect information. First, the incomplete information
model reacts more quickly to changes in the asset value, since it takes account
of the whole history of asset values, not just current values. It thus allows
to detect credit quality deterioration earlier. Second, the implied spread term
structure changes its shape upon the arrival of relevant news. As an example,
we considered United Airlines before and after the attack on the World Trade



Information
Complete Incomplete
Assets Barrier Both
Default Anticipated Unexpected Unexpected Unexpected
Intensity || No Yes No Yes
Trend No Yes Yes Yes

Table 2: Type of information vs. default event, intensity, and pricing trend for
cause and effect default models with continuous asset process.

Center. On September 17, 2001, the first trading day after the attack, United
stock fell more than 40 percent, resulting in a term structure much more steeply
sloped in the short end. Short spreads became positive, reflecting the distress
of United after the attack.

From a methodological point of view, incomplete information resolves the
dichotomy between the cause and effect or structural default models and the
purely statistical, or reduced-form models. In the latter ad-hoc models the de-
fault event is not causally modeled in terms of the firm’s assets and liabilities,
but is typically given exogenously. It is assumed that the default comes un-
expectedly. The stochastic structure of default is directly prescribed in terms
of an intensity; see for example Artzner & Delbaen (1995), Jarrow & Turn-
bull (1995), Duffie & Singleton (1999), Duffie, Schroder & Skiadas (1996),
and Lando (1998). The intensity can be interpreted as a conditional default
rate, or as the conditional density of the default time, given the information
available on the bond market. In the reduced-form models the short spread
is given directly by the default rate. In close analogy to ordinary default-free
term structure modeling, the term structure of defaultable bonds can be con-
veniently represented in terms of the default rate.

In complete information cause and effect models investors have typically
perfect foresight so such models do not admit an intensity. With incomplete
information, investors are always uncertain about the distance of the firm
to default, so default comes unexpectedly as in the reduced-form models. A
natural question then is whether we can describe our uncertainty about the
default in terms of an intensity. Duffie & Lando (2001) were able to establish
such an intensity for the case with incomplete asset information. If it is the
uncertain distance of the firm to default that matters, it is tempting to conclude
that we can use Duffie & Lando’s (2001) techniques to find the intensity for



the other situations with incomplete information as well. Surprisingly, this fails
for the case with incomplete information about the barrier only, because such
a model does not admit an intensity (see Table 2). The reason for this is the
implicit learning of investors, which is only possible in this situation. Here,
whenever assets are above their historical low, the conditional probability of
defaulting in the next instant (the intensity) is zero, since we learned that the
default barrier must lie below the historical asset low.

The reduced-form framework for the pricing of default-contingent claims
has proven to be extremely useful in the valuation and empirical analysis of
default-sensitive securities. If there is no intensity, it cannot be applied. So a
natural question is whether there is a reduced-form pricing framework that
is predicated on the surprise nature of default and is general enough to deal
with no-intensity cases as well. If there is an intensity then this general frame-
work should ideally reduce to the well-understood intensity based one. We
develop such a general reduced-form pricing framework. Subject to only tech-
nical conditions, it can be applied to all default models that are predicated on
the surprise nature of default. This includes all previous reduced-form models
and all cause and effect models based on incomplete information. Moreover, in
some cases we are able to obtain closed-form expressions of the default rate,
default probabilities, default-sensitive security prices, and credit spreads.

The salient concept we introduce is that of a pricing trend. Any default
model with incomplete information admits a pricing trend, no matter of what
type the available information is (see Table 2). If the trend is differentiable,
then the derivative is the intensity. Hence we can think of the trend as the
cumulative intensity. We explicitly calculate the trend for our class of default
models with incomplete information in terms of the conditional distribution
of assets and default barrier as assessed by bond investors. Duffie & Lando’s
(2001) main result arises as the special case with incomplete asset information.

While in this paper we focus on a single firm only, Giesecke (2003b) extends
the pricing trend characterization to a multi-firm setting with correlated de-
faults. In the multi-firm context the learning effects lead to information-based
default contagion effects; these are analyzed in Giesecke (2003a).

In Section 2, we describe a first-passage cause and effect default model.
The evolution of information and its implications are considered in Section 3.
In Section 4 we introduce the pricing trend and provide a reduced-form pricing
framework. In Section 5 the trend is characterized more explicitly. In Section
6 we examine the spread term structure. The proofs are in the Appendix.



2 A Cause and Effect Model of Default

In this section we set up an cause and effect model for default, which will
exemplify the general concepts we develop below. While there are several eco-
nomically plausible default definitions, to aid comparison with the existing
literature we adopt a standard first-passage definition of default. Here default
is triggered by firm value falling below some specified boundary, cf. for example
Black & Cox (1976), Leland (1994), or Longstaff & Schwartz (1995).

Uncertainty in the economy is modeled by some fixed complete probability
space (2, G, P). There exists some asset that pays interest at a rate r, which
we assume to be deterministic. We define a risk-free numéraire security with
value a; = exp( fot rsds) at time ¢t. The agents in our economy are assumed
to be risk-neutral, so the probability measure P is a martingale measure with
respect to the numéraire a.

We take as given some stochastic process V', called asset process, where V;
is a sufficient statistic for our given firm’s future cash flows as seen from time t.
We may think of V' as the market value (log-market value) of the firm; standard
models for V' include geometric (arithmetic) Brownian motion or more general
jump-diffusion processes. We assume that all investors agree on the stochastic
process followed by V', but do not adopt a specific model for V' at this stage.
The running minimum asset process M is defined by

M; =min{V; | 0 < s < t},

and describes the evolution of the historical asset low over time.

We suppose that the firm is (partly) financed by a bond, which is issued
at time ¢t = 0 on the public bond market. When the firm stops servicing
its contractually agreed payment obligations associated with this bond issue,
we say it defaults. The firm then enters financial distress and some form of
corporate reorganization takes place. The firm’s management decides whether
and when to default, and we suppose that it chooses to default if the firm’s
expected future cash flows are sufficiently low. Bond investors are aware of
this liquidation policy. Thus there exists a default threshold D < Vj such that
debt service is ceased when the asset value V falls to D for the first time. The
threshold is a random quantity which does not vary through time.! The firm’s

LA default threshold that is constant through time is consistent with a stationary cap-
ital structure. This is reasonable in our frictionless continuous-time framework, where the
firm has no incentive to alter its capital structure. Black & Cox (1976) consider a thresh-



default time T is then given by
r=inf{t > 0|V, < D}. (1)

The default indicator process N is defined by N; = 1g>-. That is, N is zero
before default and jumps to one upon default. Note that {r <t} = {M, < D},
meaning that default by time t is equivalent to the historical asset low at ¢
being below the default threshold.

3 Information

In the previous section, we described a standard first passage default model,
which is fully characterized by a firm’s default threshold and the parameters
of its asset process. Once these parameters are set, the default probabilities
depend only on the value of firm assets. Note that this model implicitly assumes
that the information used to calibrate and run the model is publicly available
and static. In practice, firm value, volatility and growth rate are usually not
observable investors. Corporate statements are difficult to interpret, making it
challenging to deduce the correct default barrier level. These issues translate
into model outputs that are at odds with empirical observations.

We assume that investors have incomplete information and acquire new
information over time. This leads to a generalization of the standard model,
which allows to specify the degree of confidence that investors have around
model parameters and inputs.

Our approach is formulated in terms of a mathematical model of uncer-
tainty and the time dependent revelation of information. The probability space
(Q2,G, P) is our model for the uncertainty in the economy. In particular, the
sigma-algebra G determines the resolution to which agents can distinguish dif-
ferent states of the world w € €). In this context information corresponds to
the ability to distinguish different states of the world, and we are interested in
the evolution of information over time. The mathematical model for this is a
filtration. A filtration is a sequence (G;):>o of sub-sigma algebras of G indexed
by time t. Here G; stands for the set of events which can be distinguished at
time ¢, or the information available at ¢. Since information is accumulated over
time, a natural requirement is that the family (G,;) is nondecreasing, Gs C G;
for s < t. We impose two additional technical conditions, often called the

old which varies deterministically through time, while Nielsen, Saa-Requejo & Santa-Clara
(1993) develop a first-passage default model with stochastically varying threshold.
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“usual conditions.” The first is that (G;) is right-continuous. The second is
that Gy contains all P-null sets, meaning that one can always identify a sure
event. Without mentioning it again, these conditions will be imposed on every
filtration that we introduce in the sequel.

The filtration (G;) will be our model for the evolution of publicly available
information on the bond market. Below we consider different specifications
of this information structure, providing us with a whole family of standard
first-passage default models. The members of this family possess quite differ-
ent probabilistic properties, lead to different default probability forecasts, and
imply different credit spread term structures.

3.1 Complete Information

We consider the standard but fairly unrealistic situation in which public bond
investors have complete information. This premise is the basis of the majority
of cause and effect default models in the literature. In the context of our
standard model it entails that

G =0(Vy:s<t)Va(D), (2)

meaning that bond investors observe the firm’s asset value V' as it evolves over
time and, right at bond issuance at time ¢ = 0, the firm’s default threshold D.
This corresponds to a transparent firm which updates the public bond market
continuously through time about its true financial conditions.

In this situation investors know the distance of the firm to default, i.e. the
nearness of the asset value to the default threshold. So they know in particular
the default status of the firm. In mathematical terms, the default time 7 is a
stopping time: for each time ¢, the event {7 <t} is in the set G, of observable
events at t. Moreover, the default comes typically not as a surprise to the bond
market; we say it is predictable. In mathematical terms, predictability means
that there is an increasing sequence of stopping times, strictly smaller than
7, which converges to 7 with probability one. Intuitively, investors can foretell
the default event by observing a succession of pre-default events, such as the
asset value falling dangerously close to the default threshold.

The existence of such a sequence (7,) of announcing pre-default events
with complete information depends additionally on the properties of the asset
process V' on which the model is based. Suppose first that V' is modeled as a
continuous process such as geometric Brownian motion; the standard choice



in the literature. In this case 7, = inf{t > 0|V; < D + 1/n} defines an
announcing sequence (7,) of pre-default events, which converge to 7 almost
surely. Now suppose we allow for jumps in V' as in Zhou (2001). Then assets
can continuously “diffuse” to the default threshold or cross it with a sudden
jump. In this situation the sequence (7,,) defined above converges to 7 only
with a probability strictly less than one, so that 7 is not predictable any more
despite complete information.

The predictability of default has a significant implication for the credit
spread forecasts of the model. The credit yield spread S(t,T) on zero coupon
bonds issued by the firm is the difference between the yield at time ¢ on a
credit risky zero bond and that on a credit risk-free zero bond, both maturing
at T'. Throughout the paper, we base the credit spread on zero recovery bonds.
The term structure of credit yield spreads at ¢ is the schedule of S(¢,T") against
the horizon T'. The short credit spread limy, S(t,T) at t is the credit spread
for maturity 7" approaching ¢. The short spread is the excess yield over the
risk-free yield demanded by bond investors for assuming the default risk of the
bond issuer over an infinitesimal time period. The predictability of defaults
implies zero short spreads.

Theorem 3.1. If the default is predictable, then for t < T almost surely

t

1
lim— [ Plr <s+h|Gds=0.
hlo h Jg

In particular, short spreads are zero almost surely:
lim S(¢t,T) = 0.
Tt

Most structural default models in the literature are based on the pre-
dictability of defaults, and so is our standard first-passage default model of
Section 2 when investors are completely informed and assets follow some con-
tinuous process. Assuming that assets V' follow a continuous Brownian motion
process with drift u = 6% — %0’2, Figure 1 shows the term structure of credit
spreads in the standard first-passage default model for varying asset volatili-
ties 0. The current distance to default is V; — D = 0.4. We observe that credit
spreads go to zero as maturity goes to zero. This is robust under the variation
of the firm’s business risk, as proxied by asset volatility.

Zero short spreads imply that bond investors do not demand a risk pre-
mium for taking over the default risk of the bond issuer for sufficiently short

10
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Figure 1: Term structure of credit spreads with complete information.
We plot the credit yield spread S(¢,7") (in percent) as a function of time to
maturity 7" — ¢t (in years), for firms with asset volatilities o = 15%, 20%,
and 25%. It is assumed that assets V' follow a Brownian motion with drift
uw=6%— %02. The current distance to default is V; — D = 0.4.

maturities. In our illustration in Figure 1, this would include maturities of
up to 3 months, depending on the riskiness of the firm. This is economically
hardly plausible, as it would correspond to investors with perfect foresight
over short horizons. Empirical spread studies such as Sarig & Warga (1989)
find that credit spreads remain in general bounded away from zero, and thus
are at odds with the predictability of defaults.

3.2 Incomplete Information

In this section we deviate from the transparent firm concept of the previous
section. We take account of the fact that bond holders are outside investors
and their access to inside firm information is limited after the bonds have been
issued. Investors are typically not kept fully informed about the true assets of
the firm and the true asset level which triggers default.

The uncertainty about the liability-dependent default threshold D was
highlighted by the recent accounting scandals at Enron, WorldCom, and Tyco.
This uncertainty is described by a prior distribution G on D, on which all
investors agree. For example, investors may choose (G such that its expectation
is equal to the published liabilities of the firm. Then the variance of G is a

11



simple measure of the degree of confidence investors have around the published
numbers. For simplicity we assume that D is independent of assets and that
G admits a density g.

The direct observation of the firm’s asset value V' over time is generally
difficult as well. The source and nature of the available asset information can be
quite diverse, and depend on the legal status of the firm, its information policy,
or whether its equity is traded publicly. The evolution of this asset information
over time is modeled by the filtration (A;);>¢. The following examples describe
some possible asset information scenarios.

Example 3.2 (Lambrecht & Perraudin (1996), RiskMetrics Group
(2002)). Bond investors observe assets, so

Ay =0(Vi:s <t).

This is plausible for a public firm, where investors can infer information on
the firm’s assets from the price of its shares.

Example 3.3 (Duffie & Lando (2001)). Bond investors receive at times
t <ty < ... <t, anoisy asset report Y, = Vi, + Uy, , where U, is some
independent noise random variable:

Ay =05, s <t,s€{ty,...,tm}).

The variance of Uy, can be interpreted as a measure of the degree of asset noise
at time t. The Uy, can be serially correlated, reflecting persistence of noise in
time, or correlated with the asset value Vi, .

Example 3.4 (Kusuoka (1999)). Bond investors receive noisy asset reports
continuously through time by observing some process Y whose drift p = f(V;,t)
is modulated by the asset process V' for some smooth function f:

.At:O'(Y;,SSt).

Example 3.5. Bond investors receive no asset information at all: Ay = {Q, 0}.
This is plausible for a private firm with restrictive information policy.

Due to the uncertainty about the default threshold, asset information A4,
alone is not sufficient to discern whether a default has occurred or not. That
is, the event {7 <t} is not included in the set A;. In reality however, a default

12



event is publicly announced. To take account of this, we define the information

flow on the bond market to include also the default information:?

gt:Atva(N87S St)a (3)

meaning that public bond investors’ asset information evolves according to the
model (A;), and that they observe the default in the moment where it occurs.
Now the event {7 < t} is included in the set G; of observable events at t.3

Even with complete asset information, public investors are uncertain about
the distance of the firm to default V;, — D, so that the default hits the bond
market as a complete surprise. Indeed, here the default is an unpredictable
phenomenon: we have P[r = T = 0 for all predictable stopping times 7" < oo.
In contrast to the case with complete information, in this situation the default
cannot be foretold by observing a sequence of pre-default events, because such
an announcing sequence does not exist.

The unpredictability of default is consistent with the empirically observed
fact that bond prices jump at or around the bankruptcy announcement, cf.
Beneish & Press (1995) and Duffie, Pedersen & Singleton (2003), who consider
sovereign bonds. Predictability is not consistent with jumps, since it implies
that bond prices converge continuously to their default-contingent values.

The extent of available information and hence the probabilistic properties
of default are closely related to the completeness of the financial market. If
the default is predictable, then the market is complete if the firm’s assets are
traded. In this case a default can be perfectly hedged by dynamically trading in
the riskless asset and the firm’s assets. If the default is unpredictable, then the
market is generally incomplete unless there are securities available for trading,
such as default swaps on the bond, which provide default-contingent payoffs.
In this situation there exists no perfect hedge for the unpredictable jumps in
bond prices at or around default, and the bond carries intrinsic risk.*

2Here (G;) is the smallest filtration that includes (A;) and makes 7 a (G;)-stopping time.

3To retain such a simple information model for the bond market, we maintain the follow-
ing additional assumptions throughout. By insider legislation for example, management is
not permitted to trade in the bond market. Otherwise management could control the firm so
as to maximize the value of their debt investments, and depart from the liquidation policy
defined by (1). Also, management’s transactions could reveal inside firm information, for
example on the true default threshold or asset value of the firm.

4We refer to Follmer & Schweizer (1990) for a characterization of hedging strategies which
minimize the remaining risk, when incomplete information may lead to market incomplete-
ness.
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4 Pricing Trend

In the previous section we characterized a family of standard first-passage de-
fault models parameterized by the level of available information. In this section
we provide, under technical conditions, a convenient and tractable reduced-
form representation of all those family members that are based on incomplete
information. The evolution of information is prescribed by (3).

Based on the asset information model (4;) and the default barrier model
G, investors assess the credit quality of the firm and value the firm’s bond. A
measure of the credit quality is the conditional survival probability

L, = P[r > t| A). (4)

We assume that L; > 0 for all ¢ > 0. This implies the natural requirement on
the asset filtration that we mentioned informally earlier: having information
A; allows investors not to discern whether the default has occurred by time ¢
or not. Let furthermore L;_ = limgy; Ly and Lo— = 1.

A significant observation is that the process L has a downward trend: the
present value L, is at least as big as the conditional estimator E[L; | A,] of L;
at time ¢ > s. In other words, given the asset information A, at time s, the
probability that the firms survives time s is as least as big as the probability
that the firm survives until a later time ¢ > s. A process L with this property
is called a supermartingale. A process Z with zero downward trend is called a
martingale: here the estimator E|[Z;| A is equal to the present value Z; for
s < t. A martingale is “fair” in the sense that the expected gain or loss is zero.

It is possible to isolate the downward trend from L. This is a consequence
of the Doob-Meyer decomposition theorem, which is a fundamental result in
the theory of stochastic processes. It states that there exists an increasing pre-
dictable process K starting at zero such that the sum process L+ K becomes a
martingale, cf. Dellacherie & Meyer (1982). The unique process K counteracts
the downward trend in L; it is therefore called compensator. Together with
its compensator, the conditional survival probability is now used to define the
central object of this section.

Definition 4.1. The increasing process A defined by

LAK
A = s 5
t /L (5)

is called the pricing trend associated with the default time 7.
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The pricing trend characterizes prices of default-sensitive securities issued
by the firm. A default-contingent claim is a security specified by a pair (7', X),
where T is a maturity date and X € Gr is an integrable random variable. The
security pays X at T if there was no default by 7" and zero otherwise. We give
two examples of such contracts.

Example 4.2. Let X = 1. The associated default-contingent claim is a de-
faultable zero bond issued by the firm. This bond matures at time T and has
zero recovery.

Example 4.3. Let X = F(1 — R). The associated default-contingent claim
15 the default-contingent loss payment leg in a default swap with maturity T,
referenced on a bond with face value F', maturity T', and recovery rate R issued
by the firm.

The main result of this section is a convenient and tractable reduced-form
representation of the default probability and the price of (7', X) in terms of
the pricing trend. We need to impose a mild technical condition on conditional
survival probabilities, which is equivalent to the pricing trend being continuous
(see Proposition B.1 in the Appendix).

Condition 4.4. For every predictable stopping time o in investors’ filtration
(Gy), the conditional survival probability L satisfies

The unpredictability of default is necessary but not sufficient for Condi-
tion 4.4 to hold, cf. Dellacherie & Meyer (1982). Hence all models with un-
predictable defaults, and in particular all standard first-passage models with
incomplete information are consistent with that condition. All models with
predictable defaults, and in particular all standard models with complete in-
formation violate Condition 4.4.

Theorem 4.5. Suppose Condition 4.4 is satisfied. If the process Y given by
Y, = E[Xe I redstA-ar | g

is continuous at default, then the default-contingent claim (T, X) has a value
of Yiljyery at time t < T'. Default probabilities are then given by

Pr<T|G]=1-E[*47|G], t<T, t<T.
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Theorem 4.5 shows that the valuation of a default-contingent claim can be
reduced to that of a non-defaultable claim by simply adjusting the numéraire
a; = exp( fot rsds) for the prevailing default risk. The default-adjusted numéraire
is given by oy exp([) dA,) = exp( [, r4ds + A;). This underlines the interpre-
tation of the pricing trend as a cumulative default premium. A closely related
result has been proved, under an additional hypothesis, by Elliott, Jeanblanc
& Yor (2000). Their price representation distinguishes between the asset fil-
tration (A;) and the bond market filtration (G;).

The convenient principle of simply adjusting discount factors in order to
price defaultable claims has already appeared in the intensity-based approach
to default, cf. for example Jarrow & Turnbull (1995), Duffie & Singleton (1999),
Dulffie et al. (1996), and Lando (1998). This intensity-based approach is in fact
a special case of the general reduced-form framework considered here: if there is
some integrable non-negative (.A4;)-predictable process A such that the pricing
trend can be written as

t
A, = / Asds, (6)
0

then we say that A admits the intensity A. In other words, if the trend is differ-
entiable, then the derivative is the intensity. Hence we can think of the trend
as the cumulative intensity. The intensity with respect to the bond market
filtration (G;) is given by A\;lp<ry, and can be interpreted as the conditional
default arrival rate at time ¢:

1
— lim = P[r <
At l’g{)th[T_t—I—Mgt] a.s., t<T. (7)

Condition 4.4 is a necessary but not sufficient condition for an intensity
to exist: there are plausible situations where the pricing trend A is continuous
but not absolutely continuous.’ In Section 5.1 below we provide an example
of such a situation. If Condition 4.4 is satisfied and the pricing trend admits
an intensity, Theorem 4.5 leads immediately to the well-known intensity-based
representations of default-contingent claim prices and default probabilities.

Corollary 4.6. Assume that the pricing trend admits the intensity \. If the
process Y given by

T
Y, = E[Xe_ Ji (rs+Xs)ds | gt] (8)

5We can summarize the relation between existence of an intensity, Condition 4.4, and
the unpredictability of defaults as follows: (6) = Condition 4.4 = 7 unpredictable.
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is continuous at default, then the default-contingent claim (T, X) has a value
of Yiljpery at time t < T'. Default probabilities are then given by

Plr<T|G]=1-E[e*»¥=|g], t<r, t<T.

With predictable defaults, short spreads are zero as shown in Theorem
3.1. It turns out that for unpredictable defaults whose pricing trend admits an
intensity, short spreads are generally bounded away from zero.

Proposition 4.7. Assume that the pricing trend admits the right-continuous
intensity A. If the process Y defined in (8) does not jump at default, short
spreads are given by the intensity:

mS(t,T)=N as., t<T.

Tt

We summarize as follows. All default models satisfying Condition 4.4 ad-

mit a reduced-form representation in terms of their pricing trend. The ones
whose trend satisfies the stronger condition (6) admit an equivalent reduced-
form representation in terms of the intensity. Then implied short spreads are
equal to the intensity:.

5 Analyzing the Pricing Trend

The class of standard first-passage default models that are based on incomplete
information can be represented through the corresponding pricing trends. Def-
inition 4.1 constructs the trend in terms of the conditional survival probability
L and its compensator. Through L, the trend is determined by (i) the defini-
tion of the default time 7, (ii) the asset information model (A;), and (iii) the
prior distribution G of the default threshold. Given our first-passage default
definition (1), different information models (A;) and G induce different trends
and thus different bond prices.

In this section we take G as given and analyze the pricing trend explicitly.
With incomplete information about the barrier, we can imagine two broad
scenarios: complete and incomplete asset information. With complete asset
information as in Example 3.2 the pricing trend satisfies Condition 4.4, but
does typically not admit an intensity. With incomplete asset information as in
Examples 3.3 — 3.5 an intensity does exist under technical conditions. These
relationships are summarized in Table 2 in the Introduction.
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We do neither put specific assumptions on asset dynamics nor on the
specific information model (A;). Our results are thus general and universal in
that they yield immediately the pricing trend for any particular asset process
and information model (A4;).

5.1 Incomplete Information About Barrier Only

If Ay =0(Vy:s <t)and assets are observable, then the trend can be derived
in terms of the historical asset low M and the barrier prior G.

Theorem 5.1. Assume that the firm’s assets are observable by bond investors.
Then the pricing trend A is given by

b dK
n= [ o
C e GO
where K is the compensator of the process (G(My)) in the filtration (A;). If
the asset process has continuous paths, then

Ay = —log G(My). (9)

If public bond investors are only uncertain about the default threshold and
the asset process is continuous, then they can calculate the pricing trend simply
in terms of their threshold prior G' and the observable historical asset value
M. 1t is remarkable that the pricing trend does not depend on the distribution
of the firm’s assets. The trend satisfies Condition 4.4, so investors can use this
trend to estimate default probabilities and prices of default-contingent claims
based on Theorem 4.5.

Can investors alternatively describe their uncertainty about default through
an intensity? Consider the instructive case A; = —log G(M;). If the asset value
process has sufficiently irregular paths,® then the set of times

{t>0: V= M}

where the asset value hits a new historical low has Lebesgue measure zero. This
implies that the derivative of A; with respect to time t is zero almost surely,
and an intensity A such that A, = f(f Agds does not exist. In other words the
continuous trend A is not absolutely continuous, but singular.

6This is the case, for example, if assets follow a diffusion process such as geometric
Brownian motion. It is not the case in the uninteresting situation where assets follow some
deterministic (non-stochastic) process.
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A standard default model with observable assets but unobservable default
threshold does admit a pricing trend-based representation, but it does not
admit an intensity-based representation. From an economic point of view, this
is due to investors’ implicit learning about the default barrier as time passes.
Since investors observe the asset process V', they are also fully informed about
the historical low of assets to date M. Under the assumption that the default
barrier is constant through time, if the firm has not yet defaulted investors
know that the default barrier must lie below M, at time t. As time evolves,
the historical asset low M can only decrease, so investors’ upper bound on the
barrier improves over time.

If V; > M; and the asset value is above its historical low to date, then
investors know that the firm is not in immediate danger to default unless the
firm value can jump downwards. Indeed, since the barrier must lie below M;,
it takes some time until assets fall from the current V; to M;. During this time
the firm cannot default. If V, = M, and the asset value is at its historical low
to date, then the firm is subject to immediate default: the barrier might be
just below M;. The trend measures the cumulative “local” default probability
or default rate, i.e. the probability of defaulting in the next instant. Hence
the trend does not change if the immediate default probability is zero, which
is when V; > M;. The trend changes whenever the probability of immediate
default is non-zero, which is only when V; = M,. In fact, the points of increase
of the trend are equal to the points of decrease of the historical low, i.e. the
points {t > 0: V; = M,}. To see this we apply Itd’s formula to (9) and get

g(My)

A, = —
da, G(M,)

dM;,

provided that G is twice continuously differentiable. Since the trend increases
only on a set of measure zero, it has no intensity in the sense of (7).

If, as in Duffie & Lando (2001), firm assets are incompletely observed,
then such implicit learning effects are not present as we will see below, and
this paves the way to an intensity.

5.2 Incomplete Information About Barrier and Assets

In this section we assume that investors will never be certain about the firm’s
true asset value after the bonds have been issued: for t > 0, V; is never con-
tained in the set of observable events G,. The firm discloses at bond issuance
(t = 0) only its initial value Vj, which we normalize to be zero without loss
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of generality. After issuance, investors may receive incomplete asset informa-
tion, such as noisy accounting reports; this is described by the model (A;)
(see Examples 3.3 — 3.5). Together with the chosen asset process this model
determines the A;-conditional distribution function of the historical asset low
M, whose regular version we denote by H(t,-,w) for ¢ > 0. We suppose that
0< H(t,z) <1, forall t >0 and x < 0.

Proposition 5.2. Assume that investors have incomplete asset information.
If H(t,-) is continuous and increasing, then the pricing trend A is given by

A, = —log <1 - /_OOO Ht,2) g(x) da;) |

The conditions on H required in this result are satisfied, for example,
when assets cannot be observed at all (Example 3.5). Under assumptions on
the distribution of threshold and assets, in Section 6 we derive a closed form
solution for the trend in this case. Stronger conditions on H are necessary to
obtain an intensity. To make these precise we introduce the difference quotient

1
F(t,h,z,w) :EE[H(t%—h,x)—H(t,x)|At](w), t,h>0, x<O0.

Theorem 5.3. Assume that investors have incomplete asset information and
that the following conditions are satisfied:

(1) For t,h > 0 and almost every w, |F(t,h,x,w)| has an upper bound
U(t, h,z,w) such that fi]oo U(t,h,z,w)g(x)dx is finite.

(2) Forxz <0,t>0 and almost every w, F(t,h,z,w) — f(t,z,w) as h — 0.

(3) For x < 0, t > 0 and almost every w, H(t,x,w) and f(t,z,w) are
bounded.

(4) Forx <0, the processes (H(t, z))i>0 and (f(t,z))>0 are (A;)-predictable.

Then the pricing trend admits the intensity

N N [T
1— 7 H(t,x)g(x)de

With incomplete asset information, public bond investors can calculate
the default intensity and thus the pricing trend in terms of their threshold
prior and the conditional distribution of the historical asset low, given the
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incomplete asset information (A;) available to the market. This remains true
even if the default threshold is disclosed to investors at bond issuance (i.e.
when D € Gy). Under the conditions of Theorem 5.3, we then have

f(t, D)

N= ——
" 1—H(t,D)’

t>0. (10)
Regardless of whether the default threshold is observable or not, a standard
first-passage default model with incomplete asset information admits an intensity-
based representation of default-contingent claim prices and default probabil-
ities. Here the intensity is explicitly linked to fundamental firm variables. In
that sense, such a model provides an economic underpinning for the ad-hoc
intensity-based reduced form models in the literature, where intensities are
typically given exogenously.

At first glance, it is not obvious that with incomplete information about
assets an intensity exists, while with incomplete information about the default
barrier only it does not. In both cases, the distance of default, measured by
the distance of assets to barrier, is uncertain. It is tempting to think that it
does not matter what type of incomplete information actually leads to this
uncertainty. But incomplete barrier observation is different, since it involves
implicit learning effects as we have seen. These effects are not present in the
current informational setting. Here, learning about the barrier via the histor-
ical asset low M is impossible, since M is not perfectly observable. Learning
about assets via the barrier is also impossible, since no information about the
barrier is revealed over time. The same is true if the barrier is known a priori.
It follows that investors must be prepared to suffer a firm default at any time.
There are no time intervals where a default over the next instant, given cur-
rent information, is impossible. Hence, from investors’ perspective, the “local”
probability of default over the next instant is generally non-zero. The trend A
measures the cumulative local default probability, and therefore increases on a
set of positive measure. Under the technical conditions described in Theorem
5.3, it is differentiable, and then the derivative is the intensity, or conditional
local default probability.

The standard model for asset dynamics in the literature is (geometric)
Brownian motion. For this specific choice we now clarify the structure of the
intensity by calculating f(¢,x) in terms of the conditional density of assets,
given the incomplete asset information. This quantity can often be computed
explicitly, see Appendix A for some examples.
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Proposition 5.4. Assume that investors have incomplete asset information.
Suppose investors agree that the firm’s asset value follows a Brownian motion
with drift p € R and volatility o > 0,

AV, = pdt + odB;, (11)

where B is a standard Brownian motion. Assume that the following conditions
are satisfied:

(1) For t > 0, the asset value V; admits a conditional density a(t,z,-,w)
given Ay and My, > D := x < 0 with support [x,0).

(2) For each (t,z,w), a(t,z,-,w) =0 on (—oo,z] and a(t,z,-,w) is continu-
ously differentiable on (x,00) and differentiable from the right at x.

(8) For almost every w, the derivative |a,(s,x,z,w)| is bounded on sets of
the form {(s,z,2) : 0<s<t, —oo <z <0, <z<o00}.

Then

1
flt,x) = 502az(t,z,x)(1 —H(t,x)), t>0, z<0.

This result allows us to link our intensity Theorem 5.3 to the result of
Duffie & Lando (2001). They assumed that the default threshold D is a known
non-random quantity and that investors receive incomplete asset information
through noisy reports at discrete times (see Example 3.3). Duffie & Lando
(2001) established the (G;)-intensity A directly as the limit (7) and showed
that”

.1 1
At = 1’1{{)1 EP[T S t+ h | gt] = §U2I€z(t7D>1{t<T}7 t> 0,

where k(t,-) is the conditional density of V; given A, and survivorship, and
k.(t, z) is the derivative of k(¢, z) with respect to z from the right. This is clearly
consistent with our results. From Theorem 5.3, the intensity with observable
threshold is given by (10). Together with Proposition 5.4 we then obtain for

the (A;)-intensity A\, = %02 a,(t,D, D). The corresponding (G,)-intensity is

"Using the fact that the intensity does not depend on the asset’s drift, Duffie & Lando
(2001) extend to the case where the asset value solves the SDE dV; = u(Vg, t)dt+o(Vi, t)dW;
for p and o satisfying technical conditions. Then the intensity is for ¢ > 0 given by Ay =
%‘72 (Da t) k. (t7 D)l{t<7—}-
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Atl{t<ry. Both results coincide: for given default threshold D € Gy we have
a(t,D,z) = k(t,z) for all t < 7 and z € [D, 00) by definition.

We finally stress the difference in the applied methodologies that lead
to the intensity. We characterize the pricing trend, which in turn defines the
default arrival intensity if it exists. Duffie & Lando (2001), in contrast, calculate
the intensity directly as the limit (7). We have seen that both approaches
lead to equivalent results if an intensity does indeed exist. However, if an
intensity does not exist as with complete asset information, only a reduced-
form representation based on the always existing pricing trend can be given.

6 Term Structure of Credit Spreads

6.1 Overview

In this section we illustrate the significant implications of incomplete informa-
tion on the term structure of credit spreads. Within the family of standard
first-passage default models, we compare four cases:

(1) Complete information
(2) Incomplete information

(a) Incomplete information about the barrier only
(b) Incomplete information about assets only

(¢) Incomplete information about both barrier and assets

The case of complete information (1) was analyzed in Section 3.1. We
found, in line with the conclusions in the literature, that the term structure
is hump-shaped with zero short spreads. Below we consider the incomplete
information cases (2). We find that each specific type of incomplete information
(a), (b), or (c) corresponds to a qualitatively different term structure shape.
The results are robust with respect to perturbations in the business risk of the
firm, proxied by asset volatility. Our conclusions are summarized in Table 1.

That the complete information case (1) and the incomplete information
case (2) differ in their corresponding term structures is unsurprising given the
fundamentally different probabilistic properties of default in these cases. In
fact, Duffie & Lando (2001) compared already the complete information case
(1) with the incomplete asset information case (b). They found that incomplete
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information about assets leads to hump-shaped term structures with non-zero
short spreads. So from a qualitative point of view, it is in this case the non-zero
short spread that is different from the complete information case (1).

That the term structures in the other incomplete information cases (a)
and (c) are different from the case (b) analyzed by Duffie & Lando (2001)
is surprising at first glance. In fact, all types of incomplete information (a),
(b), and (c) lead to uncertainty about the distance of the firm to default,
and hence unexpected default. So we would not expect any differences in the
corresponding term structures.

The answer is related to the revelation of information, which is different in
the incomplete information cases. In the case (a) with incomplete information
about the barrier only, we have seen earlier that investors learn over time about
the location of the barrier by observing the historical asset low as an upper
bound. This learning results in a quite singular behavior of spreads; they can
even be very similar to those with complete information. No such learning is
present in the other cases (b) and (c). These two differ in that (c) is obviously
worse from investors’ perspective. Having at least barrier information as in (b)
allows superior short-term predictions of the credit quality dynamics of the
firm. Hence spread curves are different over shorter horizons.

Assuming efficient credit markets, these qualitative differences suggest
that we can gauge the market’s assessment of the quality of accounting in-
formation on assets versus liabilities just by looking at the shapes of spread
curves. This awaits further empirical research. A first step in this direction is
Yu (2002), who finds that with increasing firm transparency the short-term
credit spread decreases. This is consistent with the predictions of our model.

6.2 Specific Assumptions

To analyze the incomplete information cases (a), (b), and (c) in detail, we
specialize in the general setup of the previous sections by making concrete
assumptions about assets and default barrier. We suppose that the total market
value Z of the firm follows a geometric Brownian motion with constant drift
m € R and volatility ¢ > 0. That is, Z; = Zye"* with initial value Z, > 0.
Here V; = ut + 0By is a Brownian motion with drift y =m — %02 and B is a
standard Brownian motion. In the sequel we take V' to be our “asset process”

in the sense of Section 2. Then the distribution function ¥(t,z) = P[M; < z]
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of the historical asset low M, is

U(t,z) = (IU_\/’;) + exp (2:—;“) o (I;:/’:t) , (12)

for £ < 0 and t > 0. ® is the standard normal distribution function. Unless

noted otherwise, our base case parameters for calculations are
m=6% and o =20%.

Furthermore, the a priori default threshold distribution with respect to Z
is assumed to be independent and uniform on (0, Zy). This choice corresponds
to uninformed investors not having any specific knowledge on the default bar-
rier. It implies that investors’ threshold prior with respect to the asset process
V' is represented by the distribution function

G(z) =g(x) =¢€", z<O. (13)

With these concrete assumptions on our standard default model we obtain
closed-form expressions for pricing trends, default probabilities, bond prices,
and credit spreads from the general results of the previous sections.

6.3 Incomplete Information About Barrier Only

We start with an analysis of case (a). With observable assets but unobservable
barrier, Theorem 5.1 implies that the pricing trend is simply given by the
negative historical asset low:

At - —Mt.

Clearly A does not admit a default intensity. According to Theorem 4.5, the
conditional default probability at time ¢ < 7 for the horizon 7" > ¢ is then
given in terms of the pricing trend as follows:

Plr <T|G) =1— BeM=|G) = p(T —t,V, - M), (14)

where for s > 0 and v > 0 we define

p(s,v) = / U(s,y)e’ ™ dy.

o0
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Recalling that m = p + 02/2, defining the constants v = pu + 0%, v =
1+2u/02, § = p— 02, and B = —uy + 7?02 /2, integration by parts yields
the closed-form formula

p(s,v) = <_Z—\_/§“S> _ otemgy (—1;_\—/;8)

1 1S — v 1 0s —v
Zel=mvg — ZevtsPg . 15
e (m) e (GR) o

According to Theorem 4.5, the price B(¢t,T') at time ¢ < 7 of a zero coupon

bond maturing at 1" > ¢ with zero recovery is given by

B(t,T) = Ele~ i redstMr=tii | |
=b(t, T)[1 — p(T —t,V; — M)],

where b(t,T) = e~ S reds g the price of a default-free zero coupon bond ma-
turing at T'. The credit spread is available in closed-form as well:

S, T) = —

T_tlog [1—p(T—t,V,—M)], t<T, t<r.

It is interesting to note that default probabilities, bond prices, and credit
spreads depend upon the historical asset low M, i.e. they are asset value path-
dependent. With certainty about the default threshold as in Black & Cox (1976)
these quantities depend only on current asset values; the asset value path does
not matter. As shown in Giesecke & Goldberg (2003a), this has important
consequences for the predictive power of the default model. There we calibrate
both the incomplete and the complete information model to historical asset
value data and compare the default probability and credit spread forecasts.
We find that the incomplete information model reacts more quickly to changes
in the asset value, since it takes account of the whole history of asset values.
Loosely, a change in the asset value is not considered as “absolute,” but as rel-
ative to the historical asset low. This means that the incomplete information
model detects a deterioration in the credit quality earlier than the correspond-
ing complete information model. In the latter historical asset information is
not taken into account.

The path-dependence is also reflected in credit spread curves. In Figure 2
we graph the term structure of credit spreads for varying distance V; — M, of
current assets to their historical low. Two distinct shapes appear. If V; = M;,
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Time to maturity in years

Figure 2: Term structure of credit spreads with perfect asset observa-
tion but unobservable default threshold. We plot the credit yield spread
S(t,T) (in percent) as a function of time to maturity 7'—¢ (in years), for firms
with current distance to historical asset low V; — M; = 0, 0.05, and 0.1. It is as-
sumed that assets V follow a Brownian motion with drift 4 = 4% and volatility
o = 20%. The prior distribution of the default threshold is G(x) = e*.

then the term structure is decreasing and credit spreads are strictly positive
for all maturities. Credit spreads tend to infinity if maturity 7" approaches t:
limS(t,T) =00 for Vi= M,
Tt
at a rate asymptotically proportional to 1/4/T — t. As soon as the credit quality
of the firm improves and the current asset value V; increases above its historical

low M;, the spread curve becomes hump shaped. If maturity 1" approaches t,
spreads tend to zero:

limS(t,T) =0 for V;> M,
Tt

at a rate asymptotically proportional to exp(—ﬁ). Despite the fact that de-
fault is unpredictable with unobservable default threshold, short spreads are
zero. The convergence rate to zero is however smaller than in the case with
perfect information, cf. Figure 1. We single out the effect of the distance V; — M,
on the short spread in Figure 3 for varying asset volatilities.

The economic intuition behind these spread curves is closely related to
the implicit learning that takes place with incomplete information about the
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Figure 3: Short-term credit spreads with perfect asset observation
but unobservable default threshold. We plot the short-term credit spread
S(t,t+0.01) (in percent) as a function of distance of assets to their historical
low V; — M; > 0 and asset volatility o. It is assumed that assets V follow
a Brownian motion with drift ;4 = 4%. The prior distribution of the default
threshold is G(x) = e*.

barrier only. We discussed this earlier in Section 5.1 in connection with the non-
existence of a default intensity. We saw that investors learn that the default
threshold must lie below the historical asset low to date if the firm has not yet
defaulted. If the assets are at their historical low, then investors have to be
prepared to observe the firm defaulting in the next instance of time. Indeed,
if the unknown barrier is just below M;, then a slight deterioration in assets
can lead to an immediate default. Investors will therefore demand a non-trivial
short-term default risk premium, so short spreads are non-zero.

Whenever V; > M, the firm is not subject to immediate default. As the
asset value cannot jump, it takes time until assets can fall to the level M;.
During that time short-term or “local” default probabilities are zero. This
is quite similar to the case with complete information. Thus investors do not
demand a risk premium for short-term default risk, and short spreads are zero.
The bigger the distance of assets to their historical low, the longer extends the
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Figure 4: Term structure of default probabilities with perfect asset
observation but unobservable default threshold. We plot the conditional
default probability p(T — t,V; — M,;) (in percent) as a function of time to
horizon T'—t (in years), for firms with current distance to historical asset low
Vi — M, = 0, 0.05, and 0.1. It is assumed that assets V' follow a Brownian
motion with drift u = 4% and volatility ¢ = 20%. The prior distribution of
the default threshold is G(z) = €”.

horizon for which default probabilities are zero, see Figure 4. On the level
of the spread, the bigger V; — M, the faster the spread converges to zero as
maturity goes to zero. This relation is clearly observable in Figure 5: the bigger
Vi;— M, the closer the term structure gets to the one that obtains with complete
information. In this sense incomplete information about the barrier looses its
effect on the term structure the higher the quality of the firm, measured in
terms of V; — M,.

Learning is also the reason for the downward slope in spread curves. Since
the historical asset low M can only decrease over time, investors’ upper bound
M for the default barrier can only improve as time evolves. This leads to a
declining term structure.

Recall from Proposition 4.7 that short spreads are equal to the default
intensity if such an intensity exists. With incomplete information about the
barrier only, the short spread can only take on two values. Depending on the
distance of firm assets to their historical low, it is either zero or infinity. In line
with the conclusion we draw in Section 5.1, this is clearly not consistent with
an intensity in the sense of (7).
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Figure 5: Credit spreads with perfect asset observation but unobserv-
able default threshold. We plot the credit spread S(t,7") (in percent) as a
function of time to maturity 7" — ¢ (in years) and distance of assets to their
historical low V; — M; > 0. It is assumed that assets V follow a Brownian
motion with drift u = 4% and volatility ¢ = 20%. The prior distribution of
the default threshold is G(z) = €”.

There is a basic analogy in the term structure properties in relation to
the firm’s riskiness between our standard first-passage default model with un-
observable threshold and the classic complete information model of Merton
(1974). Merton measures the firm’s riskiness in terms of the ratio of the risk-
lessly discounted bond face value to firm value. If the firm is quite risky and
this ratio is equal or larger than one, then the term structure is decreasing
with infinite short spreads. If the firm is less risky and the ratio is less than
one, then the term structure is hump shaped with zero short spreads. This
corresponds to the spread properties in our setup, the difference being that
with unobservable threshold the firm’s riskiness is measured by the distance
of current asset value to its historical low.
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6.4 No Information about Barrier and Assets

As a special but instructive case of situation (c), in this section we consider the
term structure if no information about assets and barrier is available. Investors
observe only the default. Then the conditional distribution of M, is given by
H(t,x) = ¥(t,x). By Proposition 5.2, the pricing trend is in this situation

Ay = —log [1 — p(t,0)], (16)

where p(t,0) is given by the closed form formula (15). The derivative ps(s,0)
of p(s,0) with respect to s is easily found:

0= (2) ()~ (~22) oo (25) (25)

o) @) - () -5 () ()

where ¢ is the standard normal density function. From Theorem 5.3 or by

directly differentiating the pricing trend A with respect to time we obtain the
default intensity A in closed form:

y —  Dbs(t0)
' 1_p(t70)’

In Figure 6 we graph )\; as a function of time ¢ and asset volatility o. Since

t>0.

by Proposition 5.3 limy ), S(¢,T) = A; almost surely, this gives the profile of
short credit spreads over time and asset volatility. In line with intuition, the
default intensity is increasing in the degree of business risk, as proxied by asset
volatility o. With a positive asset value drift u, the intensity is decreasing in
time: conditional on survivorship, the “local” probability of hitting the default
threshold decreases with the passage of time as assets increase on average.
Based on the continuous deterministic pricing trend A given by (16), by
Theorem 4.5 the probability at time ¢ € (0,7) of default before T' > t is

T,0) — p(t,0)
1 —p(t,0)

At time t € (0, 7), defaultable zero recovery zero bond prices are thus given by

P[T§T|gt] — 1 — At=AT — 1_e—ftT)\Sds: p(

B(t,T) = b(t, T)e 41 = b(t,T)m, >
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Figure 6: Default arrival intensity (short credit spread) when both as-
sets and default threshold are unobservable. We plot the default arrival
intensity A; (in events per year) as a function of time ¢ (in years) and asset
volatility o. It is assumed that assets V' follow a Brownian motion with drift
= 6% — 302. The prior distribution of the default threshold is G(z) = e”.

and for credit spreads we obtain

Ap — A, 1 1 —p(T,0)
S(t.T) = —_ log [ —P ) - pay
6T) === T—¢ %\1-p00 ) '~

The term structure of credit spreads is plotted in Figure 7, where we vary
the asset volatility. Spreads are bounded away from zero for all maturities.
Short spreads S(¢,T) for T | t are given by the intensity \;, cf. Proposition
5.3. With incomplete asset information there are no learning effects as in the
case with incomplete information about the barrier only. Learning is impossible
since the historical low of assets is not observable, so investors cannot derive
an upper bound on the barrier. It follows that the admissible terms structures
are qualitatively different from those in the case with incomplete information
about the barrier only. Variation in the level of the spreads is due to variation
in asset volatility. As expected, the higher the volatility the higher the spread.
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Figure 7: Term structure of credit spreads when both assets and de-
fault threshold are unobservable. We plot the credit yield spread S(t,T)
(in percent) as a function of time to maturity 7' — ¢ (in years), for firms with
asset volatilities o = 15%, 20%, and 25%. We set ¢ = 0.5 years, i.e. the bonds
were issued 6 months ago. It is assumed that assets V' follow a Brownian mo-
tion with drift 4 = 6% — %02. The prior distribution of the default threshold
is G(z) = €”.

6.5 No Information About Assets

As a special but instructive case of the situation (b) analyzed by Duffie &
Lando (2001), in this section we consider the term structure if the barrier is
observed but the assets are not. Suppose the default threshold is revealed to
the bond market at t = 0 when the bonds are issued. Before default, we then
get

1 (1 — U(T, D)

St,T)=————1log = U(D)

T>1t>0.
o (2508, 0

Figure 8 displays the term structure of credit spreads in that case (we set
D = —0.3). In line with the case analyzed by Duffie & Lando (2001), the
term structure is slightly hump shaped with non-zero short spreads. As in the
previously considered case with unobservable barrier, learning effects are not
present. Indeed, all uncertainty about the barrier is fully resolved at time zero,
so the barrier itself acts merely as a lower bound on possible asset values. As
time evolves no new information on the barrier is revealed. This explains the
qualitative difference to the spread curves in case (a). In comparison with the
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Figure 8: Term structure of credit spreads when the default threshold
is observable but assets are not. We plot the credit yield spread S(¢,T") (in
percent) as a function of time to maturity 7' —¢ (in years), for firms with asset
volatilities o = 15%, 20%, and 25%. We set t = 0.5 years, i.e. the bonds were
issued 6 months ago. It is assumed that assets V follow a Brownian motion
with drift = 6% — %0’2. The default threshold is D = —0.3.

spread curves in case (c¢) analyzed previously, here spreads are slightly humped,
whereas in (¢) there are downward sloping. This difference over shorter horizons
is due to the fact that investors are better off in case (b) than in case (c).
Indeed, knowing the exact location of the barrier allows an improved estimate
of default probabilities and spreads over shorter terms. This is due to the fact
that, in the short run the asset value can move up or down only relatively short
distances from its initial value. Over longer horizons, the uncertainty about the
location of the assets relative to earlier times increases, so the spread curve
becomes qualitatively similar to that in case (c).

Given the results of the previous section, it appears that incomplete asset
information is sufficient for the generation of strictly positive and bounded
spreads. The short spreads are given by the intensity, which is (Theorem 5.3)

(D)
1t D)’

where ¥ is defined in (12), and the derivative ¢ (¢, x) of ¥ with respect to t is
1 L x 2ue ac~|—ut> (x u) (ut—x)}
tr)=—||—=——=)e2o|—F—r |- | =+ —
von =g (G- vm) Fe (o) - (5 70) e (5
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Figure 9: Default arrival intensity (short credit spread) when the de-
fault threshold is observable but assets are not. We plot the default
arrival intensity A\; (in events per year) as a function of time ¢ (in years) and
asset volatility o. It is assumed that assets V' follow a Brownian motion with
drift 4 = 6% — 302, The default threshold is D = —0.3.

for x < 0 and ¢t > 0. In Figure 9 the intensity is plotted as a function of time
t and asset volatility o. In comparison to the intensity curve in the previously
analyzed case (c), the humps reflect the informational advantage of investors
if they know the exact location of the default barrier. This is similar to the
humps in spreads curves.

7 Conclusion

Cause and effect models of default postulate that a firm defaults when its
assets fall below some liability-dependent trigger level. In these models it is
typically assumed that the information used to calibrate and run the model
is publicly available. In practice, however, asset value, volatility and growth
rate are difficult to observe directly. As highlighted by the recent accounting
scandals, corporate statements are difficult to interpret, making it hard to
deduce the correct default trigger level.
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In response to that, Duffie & Lando (2001) considered the case where
investors have incomplete asset information. In this paper we generalize the
analysis of Duffie & Lando (2001). We consider, from a common vantage point,
all possible situations in which investors are not completely informed. Besides
the example analyzed by Duffie & Lando (2001), this includes the situation
where investors have incomplete information about the default barrier only.
Another example is when investors have incomplete information about both
assets and barrier.

We find that different types of incomplete information lead to qualitatively
different credit spread term structures. A particularly interesting case is when
there is incomplete information about the barrier only, a case that has not
been considered previously. Here investors learn over time where the unknown
barrier is by observing the historical asset low as an upper bound. This bound
improves over time, which leads to decreasing term structures. Such learning
does not occur with other instances of incomplete information, which is the
reason for the differences in spread term structures.

With incomplete information the default comes unexpectedly, as in reduced-
form models of default. In these models the uncertainty about default is typi-
cally prescribed by an exogenously given intensity, or conditional default rate.
Duffie & Lando (2001) established such an intensity for a default model with
incomplete asset information. This is economically satisfying, as the inten-
sity is now defined endogenously in terms of fundamental firm variables. It
is also methodologically satisfying, since it shows that the two very different
approaches to default lead to equivalent results. In contrast to what we would
expect, we find that there is no such intensity if investors have incomplete
information about the default barrier only. The reason for this is the implicit
learning of investors, which is only possible in this situation.

We generalize the concept of an intensity for the description of our uncer-
tainty about default. We introduce the pricing trend, which we can think of
as the cumulative intensity. For any default model that is predicated on the
surprise nature of default we can find such a trend. We calculate the trend for
our incomplete information model in terms of fundamental firm variables. This
covers all possible situations with incomplete information from a common van-
tage point. Based on the trend we develop a reduced-form pricing framework,
which generalizes the well-known intensity based pricing formulas in the litera-
ture. Our framework allows for closed-form expressions of the trend, intensity,
default probabilities, defaultable security prices, and spreads.
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A Conditional Asset Density

The conditional asset density a(t,x,-) of V; given A; and M; > z used in
Proposition 5.4 can be computed explicitly in some cases.

Consider the information structure described in Example 3.3 and assume
that the firm’s asset value V satisfies (11). Suppose that bond investors re-
ceive a noisy asset report Y; = V; + U at time t, where U is a noise variable
independent of V' and D, with given density ¢. First note that
q(Yr — z) o(t, y, 2) dy dz

p(t,Yy) ’
where ¢(t, -, ) is the joint density of (M, V), which is available explicitly, cf.
Borodin & Salminen (1996). p(t,-) is the density of Y;, which can be obtained
via convolution of ¢ and density of V;, given by ffoo o(t,y,-)dy (explicit as
well, cf. Borodin & Salminen (1996)). For ¢ < 7 we get by Bayes’ rule

PIM; > z,V, € dz|Y]
a(Ys —2) [V o(t,y, 2) dy dz
ff (Y —v)e(t,y,v)dvdy

Now consider the information structure described in Example 3.5 and

P[M; € dy,V, € dz|Y;] =

a(t,z,z)dz = P[V, € dz|Y;, My > D :=z| =

assume again that the firm’s asset value V' satisfies (11). We get

[20(t,y, 2) dyd=

which is also available explicitly, cf. Borodin & Salminen (1996).

B Proofs

PROOF OF THEOREM 3.1. The compensator C' of any positive cadlag sub-
martingale Y with respect to the filtration (G;) can be written as

Co=tim / Yen |G — V. )ds, (18)

see Meyer (1966). If 7 is (G;)-predictable, then the (G;)-compensator C' of its
indicator process N is given by C' = N itself. For ¢ < 7 we then have
1 t

s | (E[Ns+h 1G] — N5>ds ~0.
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Due to the fact that for ¢t < 7

t t
/fmqgﬂ@uy:/1h§ﬂs:q (19)
0 0
we get
1 t
l}iﬁ)lﬁ i Pt < s+ h|Gslds =0. (20)

Under our assumptions the credit spread is given by

S(t,T)=— log P[r>T |G, t<T, t<r, (21)

T—t

and the short spread at time ¢ is
1
. TN < .
%%S(t,t—l—h) l}g{]th[T_t—f—Mgt}, t<rT (22)

Now the second statement is easily seen to be implied by (20). O

Proposition B.1. The pricing trend A associated with the default time T is
continuous if and only if Condition 4.4 is satisfied.

PROOF OF PROPOSITION B.1. We observe that (5) is a Stieltjes integral be-
cause K is predictable and of bounded variation. It follows that A is continuous
if and only if K is continuous. As proved by Giesecke & Goldberg (2003b), the
compensator of a cadlag supermartingale L that admits a Doob-Meyer decom-
position is continuous if and only if L satisfies

lim E[L, | = E[L,]

nloo

for every (0,) T 0. Since L is bounded, this is equivalent to Condition 4.4. []

Let A” denote the pricing trend stopped at default: A] = A, where
a Ab=min(a,b).

Theorem B.2. The process N — A™ is a martingale in the filtration (G;).

PROOF OF THEOREM B.2. See Jeulin & Yor (1978). O
Theorem 4.5 is a corollary to the following result.
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Proposition B.3. Let Condition 4.4 be satisfied. Let, for a fixed time T, Z
be some bounded Gr-measurable random variable. If the process Y defined by

Y, = E[ZeM 47 |G], t<T,
is continuous at T, then on the set {T >t} we have a.s. that
E[Z(1 - Nrp)|G] = E[Ze* ™47 |G,], t<T.

PROOF OF PROPOSITION B.3. Letting K; = E[Ze 47 |G,], we can write
Y, = e K,. By Proposition B.1, A is continuous and by virtue of Ité’s product
rule we have

dY, = eMdK, +Y,_dA,.

Denote by AW, = W, —W,_ the jump of some cadlag process W at t. Defining
U = (1 — N)Y;, we find again with the aid of the product rule that

dU; = —=Y;_dN, + (1 — N,_)dY; + A(1 — N,)AY,
= (1= N,_)eMdK, — Y;_(dN; — (1 — N,_)dA,)
= (1 — N, )eMdK, — Y,_(dN, — dA7), (23)

where we have used our assumption that Y is continuous at 7 to set A(1 —
N;)AY; = 0. Now integration of both sides of (23) yields

T T
Ur—U, = / (1 — N,_)edK, — / Y, d(Ns — AL).
t t
Note that (K})o<t<r and N — A™ are martingales (for the latter see Theorem
B.2). Since the integrands are bounded and predictable, U is a martingale and
U =Y,(1 = Ni) = E[Ur | G:] = E[Z(1 — Nr) | G4,

which is our assertion. ]

PROOF OF THEOREM 4.5. The statement follows directly from Proposition
B.3 by setting Z = Xe~ Frsds for X € gr. O

PROOF OF PROPOSITION 4.7. If 7 admits an intensity A, then A; = fg Agds.
Now we can apply Proposition B.3 to (22) to see that on the set {7 > t} a.s.

: _ 9 Ar—Ar
50 1) = —gPlet g,
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By dominated convergence,

; _ 0 Ay—Ar
l:%rlng(t,T)——E[a—Te |Qt]‘

T=t

= E[\p 47| G ]

T=t

= )\t’
which completes the proof. O]

PrROOF OF THEOREM 5.1. Noting that the threshold D is independent of
assets, the survival process L can be written as

Li=Plr>t|o(Vs:s<t)]=P[D < M|o(Vs:s<t)=G(M,).

Now the first statement follows from the definition of the trend.

If the asset process has continuous paths almost surely, then the running
minimum asset process M is continuous as well. It follows that survival process
L is continuous. By the uniqueness of the Doob-Meyer decomposition, the (.A4;)-
compensator K of L is then given by K = 1— L. In this case A is almost surely
continuous and given by

b dL
At = —/ 2 = —IOth. (24)
o Ls

This yields the second statement. O

PROOF OF PROPOSITION 5.2. We can write for the survival process
0
L= Plr > t| A = E[1— H(t,D)] = 1 — / H(t,2)g(x)dz.  (25)

By assumption, L is continuous and decreasing, so that its compensator is
simply K =1 — L. From (24), A; = —log L, and the result follows. [

PrOOF OF THEOREM 5.3. From Meyer (1966), we know that the (A;)-
compensator K of the positive cadlag (A;)-supermartingale L can be written
as

t

1
K=ty | (Ls — E[Lyin| AS]>ds.
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If for t,h > 0 versions of the conditional expectation FE[L:y, | A exist such
that the limit

o1
ky = 1}%1 - (Lt — E[Li4 | AJ)

exists almost surely for all ¢ > 0, and (k;) is progressively measurable with
E[ [ |k|ds] < oo for all £ > 0, then

t
K, - / keds. (26)
0

With (25), we have

Lo ElLyan| A = /0 t (BLH( + h.2) | A] — H(t,2)) glx) dr,

and under our assumptions we get by dominated convergence

ky = / f(t,x) g(x) dx.

The statement then follows from (25) and (26) together with the definition of
the trend. O

PROOF OF PROPOSITION 5.4. First observe that, for t > 0 and x < 0,
1
f(t ) =i 5 B{H(t + h,x) = H(t,2)| A

o1
= 1}3’51 EP[Mt+h S T < Mt ’ At]

= m(t,z)(1 — H(t,x)),

where we define m(¢, z) = limy,o %P[Mt#b < x| A, M; > z]. From the Markov
property of Brownian motion and by substituting y = (z — z)/ov/h we obtain

o0

1
m(t,z) = l}ilfgl 7 PMy, <z —zl|a(t,z, z)dz

0
1
Ul}}ﬁ]l . P[M,, < yov/h] \/Ea(t,x,x yoVh)dy.
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The probability P[M,; < z| = U(t, z) is explicitly given in (12) and we get

lim P[M; < yorv/A] = lim (@ <y _ “—‘/E) + ez“i’f”cb(y + @))

= 2®(y),

where @ is the standard normal distribution function. Now, since a(t, x,z) = 0,
we obtain

1
lim —=al(t, 2,z — yovVh) = —yoa(t, z, x),

hlo \/h

where the derivative is taken from the right. By our hypotheses, for all h < 1
1

Vh

has an integrable upper bound U(y) that decreases to zero exponentially fast

|P[M), < yovVh]—=a(t, z,x — yoV'h)|

as y — —oo. Now by dominated convergence we get

0

1
m(t,z) = 202az(t,x,x)/ O(y)ydy = 502az(t,x,x),

which completes the proof. O
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