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Abstract: The forecast evauation literature has traditionaly focused on methods of assessing point
forecasts. However, in the context of many models of financid risk, interest centers on more than just a
single point of the forecast didtribution. For example, value-at-risk (VaR) moddswhich are currently in
extremely wide useform interval forecasts Many other important financia caculations dso involve
edimates not summarized by a point forecast. Although some techniques are currently available for
asessng interva and dengity forecasts, existing methods tend to display low power in sample Szes
typicdly available. This paper suggests a new gpproach to evaluating such forecadts. It requires
evauation of the entire forecast digtribution, rether than ascalar or interval. The information content of
forecast distributions combined with ex post redlizationsis enough to congtruct a powerful test even with
sample sizes as smdll as 100.
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1. Introduction

While the forecast evauation literature has traditionally focused on point forecasts, many models
in economics and finance produce forecasts which cannot be easlly summarized by a point forecas.

For example, the widdly used vaue-at-risk (VaR) gpproach to quantifying portfolio risk ddivers
interval forecasts (see Jorion (1997) for arecent survey). These models are used to assess corporate
risk exposures and have received the officid imprimatur of centrd banks and other regulatory
authorities. In 1997, aMarket Risk Amendment to the Bade Accord permitted banksto use VaR
estimates for setting bank capital requirements related to trading activity.

Many other important financid caculaions involve estimates not summearized by a Sngle point
on the forecast dengity. For example, the Standard Portfolio Andlysis of Risk (SPAN) system, first
implemented by the Chicago Mercantile Exchange in 1988, has become a very widdy used approach to
cdculating margin requirements for customers and clearinghouse members. SPAN isessentidly a
combination of stress tests performed on each underlying instrument in the relevant portfolio (see
Artzner, Delbaen, Eber and Heath (1999)).

In order to evauate the performance of such models and their forecasts, regulators and financia
ingtitutions must be adle to compare the forecasts to subsequent outcomes. The most familiar such
exercise is verifying that the modd accuratdy delivers agiven interva forecast. Early gpproachesto this
problem were handled as if the upper end of the interval was a point forecast -- the number of timesthe
interval was exceeded is compared to the expected number.

However, Christoffersen (1998) emphasizes that, being interva forecadts, thereis more

information in interva forecasts than apoint. To see why, note that even if the mode ddiversthe



correct average coverage, it may not do so a every point intime. For example, in markets with
perssent volatility, forecasts should be larger than average when volatility is above itslong-run average
and vice-versa. Chrigtoffersen proposes methods for evauating interval forecasts. These methods go
part of the way towards addressing the critique of Kupiec (1995) who argues that very large data sets
are required to verify the accuracy of such models. Userstypicaly set the VaR levd deep in thetal of
the digtribution (the Accord stipulates a99% levd). Violations are thus expected to occur only once
every 100 days. Smply counting the number of violations per year obvioudy uses very little of the data.

Chrigtoffersen suggests making greeter use of the violations by noting that violations should occur 1% of
the time and should not be bunched together -- violations should be conditionally unpredictable.
Nevertheless, interva evauation methods remain quite data- intensive snce they only make use of
whether or not a violation occurs (e.g., Lopez (1999)).

If risk modds are to be evauated with smal samples, a more generd perspective on modd
performance isrequired. In particular, models can be more accurately tested by examining many
percentilesimplied by the modd. To take this argument to itslogica extreme, we might evauate the
entire forecast density. Forecasts at every percentile would then be compared to redized data. In this
way, the time series information contained in redlized profits and losses is augmented by the cross-
sectiond information in ex ante forecast densities. The additiond information content is readily
converted into testable propositions. Dengty forecast evauation, however, is affected by the dengity? s
interior. Since the interior characterizes small day-to-day disturbances, it may be of subgtantidly less
concern to financid ingitutions, managers and regulators than the tail behavior.

For this reason, attention has recently shifted to “exceedence’” measures that account for the



expected magnitude of large losses. In particular, Artzner, Delbaen, Eber and Heath (1999) suggest the

tall expected loss (EL) measure, E(y: | y < 3_/1 ). Those authors show that this measure of risk fulfillsa

st of intuitively sengble axioms such as monotonicity and subadditivity while quantiles do not.
Surprisingly, Artzner et d. aso show that scenario analyses such as SPAN can be cast as equivaent to
an expected loss measure. Basak and Shapiro (1998) find, in the context of a stochagtic equilibrium
modd, that risk management based on EL leads to lower |osses than interva-based management.

From adatigticd point of view, it is dear that EL measures contain more information than
intervas. An exceedence implies that a violation occurred and aso conveys information regarding the
gze of the violation. Forecast evauation, which is based on extracting information from observed
outcomes, should be more practica with exceedence measures. Moreover, EL measures alow risk
managers to focus on tail events. The present paper isthefirst that | am aware of to present methods
tallored to evduating such tail forecads.

The approach devel oped in the present paper builds on Crnkovic and Drachman (1997) and
Diebold, Gunther and Tay (1998). Diebold et a. focus on quditative, graphica anayses rather than
testing. Because their interest centers on developing tools for diagnosing how modesfail, they do not
pursue formd testing. | formdize (and extend) the Diebold et a. approach because in some
goplications highly specific testing guiddines are necessary. In the regulatory context, formd testing
dlowsfor uniformity across agencies, countries and time. The Bade Accord, for this reason, specifies
both a“backtesting” (forecast evauation) procedure and areection region (more than four violations of
a99%% quantile per year is said to indicate abad modd). At the same time, no financid modd is ever

literdly true and testing procedures should therefore be useful in providing guidance asto why a model
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isrgected. Wewould like to have tests that are formd yet flexible enough to handle avariety of
different hypotheses regarding amodd. | therefore suggest avariety of extensonsto the basic testing
framework.

The importance of this research areais likely to increase as credit risk models are an area of
active research that has recently caught the attention of regulators - for example, seethe discussionin
the Federd Reserve System’s Credit Risk Models at Major U.S. Banking Institutions: Current
Sate of the Art and Implications for Assessments of Capital Adequacy (1998). At most banking
ingtitutions, internd credit risk modds have not been in use long enough to generate long hitorica
performance data. Moreover, assets in the banking book are typically not valued at nearly the
frequency of trading book instruments (which are marked-to- market daily) and credit risk models are
generdly designed for much longer horizons than trading risk models. These developments accentuate
the need for backtesting techniques that are suited to small samples (see Lopez and Saidenberg
(2000)).

The remainder of the paper is organized asfollows. Section 2 briefly discusses the exiding
gpproachesto assessing risk models. Section 3 presents anew framework for testing modd outpui.

Section 4 reports the results of Monte Carlo experiments. Section 5 concludes.

2. Existing Appr oaches

We are interested in a stochastic process, y;, which is being forecasted at timet- 1. Let the

Yi

probability density of y; be f(y), and the associated distribution function F(y)) = f(u) du. Interva
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forecasts such as VaR modds are based on the inverse distribution function,

(1) y, =F'@)

For example, a 99% two-week VaR isthe quantity y such that pr(y, < y) = .01.

One gpproach to vaidating forecast intervasis that of Christoffersen (1998). Christoffersen
notes that the interval should be exceeded or violated &b of the time, and such violations should also be
uncorrelated acrosstime. Combining these properties, the variable defined as

li.=1 if violation occurs

=0 if noviolation occurs

should be an iid Bernoulli sequence with parameter a (if the modd is correct). Since violations occur o
rarely (by desgn), testing to see whether violations form a Bernoulli requires at least severd hundred
obsarvations. Thekey problem isthat Bernoulli variables take on only 2 values (0 and 1) and takes on
thevaue 1 very rardly. Dendty evauation methods make use of the full distribution of outcomes and
thus extract a greater amount of information from the available data

Rather than confining attention to rare violaions, it is possble to transform dl the redizations
into a series of independent and identically distributed (iid) random varigbles. Specificdly, Rosenblatt

(1952) defines the transformation,
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) x: = (f(U) du=F(y,)

-¥

wherey; isthe ex post portfolio profit/loss redization and f(>) isthe ex ante forecasted loss density.
Rosenblatt shows that x; isiid and digtributed uniformly on (0,1). Therefore, if banks are required to
regularly report forecast distributions, FO, regulators can use this probaility integrd transformation
and then test for violations of independence and/or of uniformity. Moreover, this result holds regardiess
of the underlying digtribution of the portfolio returns, y;, and even if the forecast mode IA:(>9 changes

over time.

A wide variety of tests would then be available both for independence and for uniformity.
Crnkovic and Drachman (1997) suggest using the Kuiper statistic for uniformity which belongs to the
family of statistics consdered in Durlauf (1991) and Berkowitz (1998). Unfortunately, their approach
requires sample szes on the order of 1000 -- as the authors themselves point out. It iseasy to seewhy
thisisso. The Kuiper and related Statistics are based on the distance between the observed density of

% and the theoretical dengity (astraight line). The distance between two functions, f(x) and g(x) , of

course requires alarge number of points. Moreover, since the Kuiper statistic is max | f(x) - g(x) |,

digance isindexed by a maximum which can encounter problemsin amdl samples. Thisisverifiedina
set of Monte Carlo smulations reported in Section 4.

Diebold, Gunther and Tay (1998) advocate a variety of graphical approaches to forecast
evaluation. Since the trandformed data should be uniformly distributed, histograms should be closeto

flat. Diebold, et d. demongrate that histograms of transformed forecast data can reved useful



information about modd failures. Specificdly, if the modd fails to capture fat-tails, the hiogram of the
transformed data will have peaks near zero and one.

It isimportant to emphasize that such examples are not merely mathematical oddities. Financia
firms and regulators are in fact very concerned with the possbility that their risk models do not
adequatdly account for fat-talls. Thisfailing will become evident in the results of the Monte Carlo

experiments.

3. Thelikelihood-ratio testing framewor k

This section introduces an extension of the Rosenblatt-transformation which ddlivers, under the
null hypothesis, iid N(0,1) variates. Thisdlows for estimation of the Gaussian likelihood and
condruction of likelihood-based test statistics which are convenient, flexible and possess good finite
sample properties.

Aswe have seen it isdifficult to test for uniformity with smal data samples. The teststhat the
datistica profession has settled on are nonparametric and exploit the fact that the uniform dengity isa
flat line. Asde from the Kuiper gatigtic, Diebold, Gunther and Tay (1998) note that iid U(0,1) behavior
can also be tested via the Kolmogorov- Smirnoff test or the Cramer-von Misestest. Unfortunately,
nonparametric tests are notorioudy data-intengve -- Crnkovic and Drachman’s (1997) research
suggests aneed for at least 1000 observations.

It isdso difficult to devise parametric tests when the null hypothessisa U(0,1) random
variable. Nesting theiid U(0,1) mode for x within amore generd mode would require letting the

support depend on the unknown parameter. Asiswel known, in this case the LR and other Satidtics



do not have their usua asymptotic properties because of the discontinuity of the objective function.

We ingtead advocate a smple transformation to Normality. First, the transformation is
computationdly trivid. Once the series has been transformed it is straightforward to calculate the
Gaussan likdlihood and congiruct LR, LM or Wald gtatistics and, for some classes of modd failure, the
LR test is uniformly most powerful (UMP). That is, the LR procedure has higher power than any other
test for afixed confidence leve, for every vaue of the unknown parameters. The circumstances under
which this holds will be discussed in Section 3a Lastly, even when it cannot be shown to be uniformly
most powerful the LR test often has desirable statistical properties and good finite-sample behavior
(e.g., Hogg and Craig (1965, p.258-265)).

Another attractive feature of the likeihood- based testing framework is that the researcher has
wide latitude in deciding which and how many restrictions to test. With small samples, however, we are
likely to want atightly parameterized test. Lagtly, as discussed below the LR gatistic can sometimes be
decompaosed into economicaly meaningful condituent LR Satistics.

Although one could test the mean, variance, skewness and so forth of iid U(0,1) data, such
procedures are not typicaly aswel behaved in available sample Szes. Another interesting possibility
would be to use arobustified Wald or LM test based on the Quasi-MLE estimates as described in
Bollerdev and Wooldridge (1992). We do not pursue that approach here. Instead, we focus on the LR

test and leave investigation of LM and Wald gatistics to future research.

LetF (3 betheinverse of the sandard norma distribution function. Then we have the

following result for any sequence of forecadts, regardiess of the underlying distribution of portfolio
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returns.

yt ~
Proposition 1. If the series x, = ()f(u) du isdistributed asaniid U(0,1), then
-¥

& .
z. = F*¢ () duT isaniid N(0,1).
-y

a
Propogtion 1 is awell-known transformation which is used for smulating random variates. It

suggests asmple extension of the Rosenblatt- transformation in which we transform the observed
portfolio returnsto create a series, z, = F '1(|3(yt)) , that should beiid standard norma. What makesit

30 useful isthat, under the null, the data follows anormal distribution. This alows usto bring to bear the
convenient tools associated with the Gaussan likelihood.
In addition we can, in some respects, treat the transformed data asif it has the same

interpretetion as the origind untransformed data. The following proposition formalizes this notion.

Proposition 2. Let h(z) be the density of z and let f (z,) bethe standard norma. Then

loglf()/f (y.) 1=loglh(@)/f (z,)].
Proof.
The F *-transformed data can be written as a compound function, z, = F '1(|3(yt)), where F is

the model forecast and F * istheinverse normd distribution. Using the Jacobian of transformation the

digribution of z isgivenby f (3 ;((; . Taking logs and rearranging, we have the clamed result
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Proposition 2 establishes that inaccuracies in the dengity forecast will be preserved in the
transformed data. If for examplef>f over somerange, it will dso bethe casethat h(z) > f (z,) inthe

corresponding region of a standard normd.

Neither the Rosenblatt transformation, nor the further transformation to normaity impose any
digtributional assumptions on the underlying data. Rather, correct dendity forecasts imply normdity of
the transformed variables. In principle one would like to test not only the moments of and serid
correlation in z but aso for nonnormality.

The LR test, however, only has power to detect nonnormality through the first two moments of
the digribution. If the first two conditiond momerts are correctly specified, then the likelihood function
ismaximized a ther true values (see Bollerdev and Wooldridge (1992)). One solutionis, if agiven LR
test failsto rgect the null, to then subject the standardized z series to a nonparametric normdlity test.
Alternatively, it might be possible to test normaity smultaneoudy with other restrictions imposed by the
null if the LR framework was abandoned in favor of Lagrange Multiplier tests. We do not pursue that

drategy in the present paper.

3a. Thebasic testing framework
Suppose we have generated the sequence z, = F '1(I3(yt)) for agiven modd. Sincez; should

be independent across observations and standard normal, awide variety of tests can be constructed. In

particular, the null can for example be tested againgt afirst-order autoregressive dternative with mean

11



and variance possibly different than (0,1). We can write,

3) z-U=r1 (z.-W+e,

50 that the null hypothesis described in proposition 1 isthat m=0, r =0, and var(e;)=1. The exact log-

likelihood function associated with equation (3) iswell known and is reproduced here for convenience:

(z-mi(1-r))* T-1

g (Q{Zt'm'r Zt-1)29
2s?/(1-r?) 2

T-1
log(2p ) -—I %) - 5
0g(2p)-—-loas )-8 £ S

1 1 2 2
_§|og(2p)-§Iog[s I(1-r7)]

where s ? isthe variance of ;. For brevity, we write the likelihood as a function only of the unknown
parameters of the model, L(ms?r).

A likelihood-ratio test of independence across observations can be formulated as,

@ LRw= -2( L(MS?,0)-L(MS?, 1))

where the hats denote estimated values. Thistest satistic is ameasure of the degree to which the data

support a nonzero persistence parameter. Under the null hypothesis, the test statistic is distributed
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c?(1), chi-square with 1 degree of freedom, so that inference can be conducted in the usua way.

Of course, the null hypothesisis not just that the observations are independent but that they have
mean and variance equd to (0,1). In order to jointly test these hypotheses, define the combined statistic

a5,

5) LR =-2( L(0,1,0)-L($ 2 F)).

Under the null hypothesis, the test satistic is distributed ¢ *(3) . Since the LR test explicitly accounts for

the mean, variance and autocorrelation of the transformed data, it should have power againgt very
generd dternatives.
The dternative hypothes's can easily be generdized to higher order dependence. We might for

example consder the second-order autoregression,

(6) ze-m=r1 (z.-M+r (z.-M+e.

Thelikelihood function associated with{ M, I ,I" ,,S 2} is eadly written and minimized usng

textbook methods.

Smilarly, we can augment the set of dternatives to include nonlinear dependence,
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(7) z. =t 7z +.. 41 z.+0, 7o +...+0_zi.te.

The null hypothesis of iid N(0,1) now implies (m+m+2) redtrictions. Significant dynamics (persstence) in
the powers of z are evidence of nonlinear dependence. If the sample size permits, we can extend (7) in

the obvious way to indude lags of z? and/or higher powers of z. Asmore restrictions areincluded in

the LR test, it becomes increasingly close to a nonparametric test. A nonparametric test will, in
principle, rgject the null in the presence of any departure from iid Normality in large samples. The cog,
of coursg, is that nonparametric tests tend to be quite dataintensve. The LR approach is attractive in
thet we can fine-tune the number of redtrictions, or moments to be matched, to fit the relevant situation.
Equation (6) could dso be tested using asmple joint F-test of the estimated parameters.
Lastly, equation (6) could be augmented to include exogenous variables. Statistical significance

of such variables might indicate missing factors that should be included in the underlying forecast model.

For example, we might add lagged squared returns to the right-hand side of equation (6) as a proxy for

lagged voldtility as advocated by Chrigtoffersen and Diebold (2000).

Optimality of LR Tests
When can we assert that LR tests are in some sense optima? Recd| that our maintained
null hypothesisisthat z ~ N(0,1). It is known that against one-sided dternatives, such as
Ha z ~ N(U,s2) p<0, s®>1 the LR test isindeed uniformly most powerful (UMP) (Hogg and Craig
(1965), p.253). The one-sided region p<0 represents | eft- skewed losses while s 2>1 indicates excess

voldility in z. There does not exist a UMP test againgt the less specific dternative Hapt 0, s 1.
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Nevertheless, to the extent that excess volatility in z reflects unmodel ed volatility in the underlying
portfolio returns, the one-sded dternative islikdy the mode fallure of interest.

Similar results extend to one-Sded hypothesis tests of mean, variance and autocorrel ation.
However, in the case of the autocorrdation it is not obvious that either r >0 or r <0 necessarily
corresponds to a“naturd” dternative. Lastly, we note that even when it cannot be shown to be

uniformly most powerful the LR test often has desirable statistical properties.

Parameter Uncertainty

Following previous authors such as Diebold and Mariano (1995), Chrigtoffersen (1998) and
Diebold, Gunther and Tay (1998), we view the forecasts as primitives -- our approach does not
depend on the method used to produce the forecasts. The drawback, as stressed by West (1996), is
that forecasts are sometimes produced by models estimated with small samples and are thus subject to
parameter uncertainty. Nevertheess, in our context the cost of abstracting from parameter uncertainty
may not be severe.

Firg, in practice many density forecasts are not based on estimated models. For example, the
large-scde market risk modds a many U.S. banking ingtitutions combine caibrated parameters,
estimated parameters and ad hoc modifications thet reflect the judgement of management. Another
leading example, cited in Diebold, Gunther and Tay (1998), are the dendity forecasts of inflation of the
Survey of Professona Forecasters.

Ladly, exising work suggests that parameter uncertainty is of second-order importance when

compared to other sources of inaccurate forecasts such as model misspecification (e.g., Chatfield
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(1993)). Diebold, Gunther and Tay (1998) find that the effects of parameter estimation uncertainty are

inconsequentia in smulation studies geared towards sample szes relevant in finance.

3b. Focusing on large losses
A type of modd failure of particular interest to financia ingtitutions and regulatorsis thet the
forecasted magnitude of large lossesisinaccurate. Basak and Shapiro (1998) and Artzner, Delbaen,

Eber and Heath (1999), for example, emphasize the risk measure expected loss (EL) given that a
violaion occurs E(yt ly, < y) . Indeed, in many cases risk managers are exclusively interested in an

accurate description of large losses or tail behavior. They do not want to rgect amodel that forecasts
EL wel on the basis of afalure to match the smdl day-to-day moves that characterize the interior of the
forecast digtribution.

If thisisthe case, the basic LR framework may not be appropriate. The problem isthat the LR
test will asymptoticdly detect any departure in the firgt two conditiond moments of the data.

In this section, we suggest tests that alow the user to intentionaly ignore mode falures thet are
limited to the interior of the distribution. In particular, we propose LR tests based on a censored
likelihood. Loosdly speaking, the shape of the forecasted tall of the density is compared to the

observed tall. A rgection based on thetail densty istaken as aproxy for rgection of the mean of the
tall, E(yt ly, < y) . One could backtest the tail with a point forecast-style test -- just as VaR was

traditionally tested againgt the expected number of violations. For example, we could compare the

forecast EL to theredized EL. But, again, this does not make full use of the information in the tail.
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Congder atal thet is defined by the user. Any observations which do not fal in the tail will be
intentionaly truncated. Let the desired cutoff point, VaR=F *(a). For example, we might choose VaR

= -1.64 to focus on the 5% lower tail. Then define the new variable of interest as

iVaRif 23 VaR
Z, =
! ’:‘ztif z<VaR

The log likdlihood function for joint estimation of pand s is

© Lms|z)= § &M, g |n§°[-Faé’aR' Mmoo
i<vR S € S @ z-vx S [%7,}
el 1 . 20 a/aR- m@ao
(100 = S &Inps?)-——@-m* =+ S In ai-F(é—+¢
z§§:ﬁg 2 s a z:§aa S o

Therefore atest statistic can be based on the likelihood of a censored normal. This expression contains
only obsarvationsfdling in the tall but they are treated as continuous varidbles. The firgt two termsin
equation (10) represent the usud Gaussian likdihood of losses. The third term is a normdization factor
arigng from the truncetion.

Equation (10) establishes a middle-ground between traditiona interva forecast evauation and

17



the full LR modd described in section 3a. Tests based on equation (10) should be more powerful than
traditiona gpproaches while il dlowing users to ignore mode failures which may not be of interest --
falures which take place entirdly in the interior of the distribution.

To construct an LR test, note that the null hypothesis again requires thet m=0, s?=1. Therefore

we can evaluate a restricted likelihood L(0,1) and compareit to an unrestricted likelihood, L (S ).

Asbefore, the test gatigtic is based on the difference between the congtrained and unconstrained values

of the likelihood,

(11) LRw = -2( L(0,1)-L(fs?)).

Under the null hypothesis, the test satistic is distributed ¢ 2(2) . Thisformsan LR test thet the mean
and variance of the violations equa those implied by the modd.

Of course, the LR test in (11) will have power to detect any mismatch in the first two moments
of thetail. In particular, the LRy statistic will asymptoticaly regect if the tails that has excessivey smdll
losses relative to the forecast not just if they are too large.

To congtruct atest of expected losses, E(z | z <VaR), that are greater than those of aniid
N(0,1), one might instead devise a one-sided test of the null. For example, consider Hx z ~ N(1,s9)
H<0, s%1. If either u<0 or s*>1, the dengity places greater probability massin the tail region that
doesaniid N(O,1).
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4. Smulation Experiments

In this section, the traditional coverage test investigated by Kupiec (1995), the Christoffersen
(1998) test, the Kuiper atistic of Crnkovic and Drachman (1997) and related K olmogorov- Smirnoff
satistic, and the proposed LR test are compared in a set of Monte Carlo experiments. 1t should be
kept in mind that Kupiec (1995) and Christoffersen (1998) are interval forecast not density forecast
tests. As such, they cannot be expected to display the same power as density forecasts. Nevertheless,
they are commonly used in practice and provide a ussful benchmark. Similarly, the risk modds are
chosen to mimic techniques that are commonly used by risk managers a large financid ingtitutions for
congtructing interva forecasts. At the same time, the data generating processes are necessarily kept
farly ample to dlow for a computationdly tractable Smulation sudly.

The first data generating process is consstent with Black- Scholes (1973) option pricing.

Sequences of asset prices, S, are drawn from alognorma diffuson modd,

ds=msdt+s Sdz

where the drift, |, is st to 12% and the diffusion coefficient, s, to 10%. The congtant risk free rate is
st to 7% and the process is smulated over a6 month horizon. | consider sample sizes 50, 100, 150,
250 and 500 which may be viewed as corresponding to different observation frequencies since the

time-to-expiration is kept constant. Theinitia value of the stock is $40. For each observation, |
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cdculae the value of acdl option, C;, written on S with strike price $44. Assuming no restrictions on
short-sdlling, no transaction costs or taxes and no arbitrage, the Black- Scholes formula correctly prices
the cdl option in this environment.

It isnow possible to consder the performance of some common risk models in forecasting one-
step ahead changes in portfolio vaue, DC.;. Table 1 presents rgjection rates of the true modd and two
approximate models using various forecast evauation techniques. In al cases, the desired confidence
level of the test isfixed at .05.

Thetop pane of the Table, labeled size, reports the Monte Carlo rgection rates when the
model coincides with the true modd, Black-Scholes. Although options can be priced exactly, the one-
step ahead forecast dendity of an option is not known andyticdly and istherefore tabulated by
amulaing 2000 one-step ahead option prices. Thefirst two columns present rgjection rates for the
conventiond unconditiond coveragetest. In the column labeled a=.95, the underlying risk mode isa
95% VaR, while in the second columnitisa99% VaR. Regection ratesin the first two columns are
uniformly smaller than .05, indicating that the traditiond VaR test is under-gzed in smdl samples. Thisis
perhaps not surprising -- with so few violations, very large samples are required to generate rejections.
When T=500, regjection rates reach about .03 which suggests that several hundred observations are
aufficient for gpproximeately correct Size.

Columns 3 and 4 reports coverage rates of the Christoffersen (1998) Bernoulli test. The Sze
properties of these tests are quite Smilar to those of the unconditiond test. However, the Christoffersen
test is somewhat more data- intensive -- it requires information on the dynamics of violations not just the

number of violations. This difference probably explains the dightly lower sze of the Chrigtoffersen test.
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Columns 5 and 6 display the Kuiper and Kolmogorov-Smirnoff (KS) statistics. Both satistics are
goproximately correctly szed in samples of 250 or larger.

Column 7 displays the coverage of the LR test developed in the present paper. Inthis
environment, the LR test gppearsto regject a bit too frequently. A likely reason for thisisthe
approximation error associated with smulating the forecast density of a Black- Scholes option price.
Theoreticdly, the Black- Scholes modd will dways be rgected in an infinitdy large sample (assuming a
fixed number of amulations to gpproximeate the dengty). This approximation error is unfortunately
unavoidable because no closed-form solution is presently available for the dengty.

In the two rightmost columns, the regjections rates of the LRy tests are shown for tal levels of
95% and 99%. Thesetest Satistics display approximately correct Sze. We expect the LRy test to
regject less frequently than the basic LR test -- the LR only uses a subset of the observations (thosein
thetail). Thisfact, combined with the numerica gpproximation problem mentioned above, gppear to
cancel out resulting in good Size properties.

The two lower pands show regection rates when the modd iswrong, and are therefore labeled
power. |In order to make the rejection rates comparable across satistics, the estimated rates are Size-
adjusted: for each gtatistic, we estimate the Monte Carlo critical value that gives riseto .05 Sze under
the null. Power isthen cdculated using this criticd vaue.

The middle pand reports the results when the model is a delta gpproximation to Black- Scholes.

That is, the change in portfolio vaue, DC,, is approximated by afirst order Taylor series expanson of

Black-Scholes. Specificdly, DCi@e +q; where g isthe innovation in the underlying stock, d is%

t

|e =0
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and g is%kzo (see, for example, Pritsker (1997)). To generate aforecast, the e are randomly

drawn from alognorma many times. Each of these shocksis then converted into avaue, de +q;, from
which adigtribution may be tabulated. The lower pand show rgection rates for a second order Taylor
seriesmodd. This differs from the first only by the addition of the second derivative with respect to g.
Thus the main difference between the middle and lower pandsis that only the delta- gammamode can
accommodate nonlinearity in g.

With a95% VaR, the traditiona test --unconditiona coverage -- and the Christoffersen (1998)
Bernoulli test for conditiona coverage begin to show some rejections as the sample size increases to
500. However, for many redigtic Stuations such as credit risk model forecasts, available sampleswill
be much closer to 100. Inthisrange, there is not even a .05 probability of rgjecting afdsemode. The
Stuation is of course even worse for a99% VaR. The Kuiper satigtic of Crnkovic and Drachman has
power inthe .20 to .40 range. The KS datistic shows subgtantidly higher power in the .60 to .70
range. On the other hand, the LR test would detect the fat-tails with probakility .80 even with only 100

observations. Perhaps surprisingly, the LRy Satistics do about aswell asthefull LR test.

4b. Stochagtic Volatility

A well documented source of fat-tailednessin financid returnsis gochadtic volaility --
autocorreation in the conditiond variance. Moreover, asillugtrated by the financia market turbulence
following the Russan default in 1998, risk modds are particularly vulnerable at times of high volatility.

Closed-form options pricing formulas vaid in this context have recently become available (e.g., Heston
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(1993) and Bates (1996)). Yet, they arerarely used in practice largely because of the high
computationa cost of evauating the integras that gppear in such formulae.

This presents anaturd framework for eva uating backtesting techniques. Can mode s which
ignore the time-variation in volatility be rgected? | generate data from Heston? s (1993) mean+

reverting stochastic volatility process,

dS(t) = mSdt+ +/s S dz(t)

ds (t)=(@-bs )dt+hy/s  dz, ()

Following Heston, | set the volaility of volatility,h, to 10% and the long-run average of voldtility isaso
10%. All other parameters are left as before.

Given thisdata, | then generate risk forecasts for a call option with the Black- Scholes modd,
the delta method and the delta- gamma approximations. In addition, | consider two ad hoc models that

feature modifications designed to capture the sochadtic volatility. | take the delta gpproximation,

de, +q, , but instead of drawing€, from alognormdl, it is drawn from the (correct) stochastic
volaility modd. Thisis akin to the widespread practice of plugging in time-varying estimates of voldility
into Black-Scholes. The second modd is an analogous modification of the delta- gamma approximation.

Theresultsare shown in Table 2. Thetop pand again shows the probability of rgecting the

modd given that it istrue, with nomina size .05. These coverage rates are very Smilar to those
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obtained under alognormd diffusion shown in Table 1. The next pand, labeled Black- Scholes, shows
the rates at which Black- Scholesrisk forecasts are rgjected. All methods show increasing power as
sample Szesincrease. However, only 95% VaR models can be reasonably backtested by either
traditiond or Bernoulli tests- 99% VaR models rgject at arate of .18 even with 500 observations.

Interestingly, the Kuiper Satistic displays power nearly as high asthat of the KS gatidtic in this
context. The LR datistic, however, outperforms both the Kuiper and KS tatistics in terms of rgection
rates -- even on asze-adjusted basis. The LR tests perform dightly worse than the full LR datidtic.
Lower power results from the loss of information that comes from confining atention to eventsin the
tall. The next two pands indicate that even accounting for sochadtic volatility, the ddtamethod is
rejected far more often than Black-Scholes. At T=500 the LR test regjects the delta model modified for
stochadtic volatility with probability .91, as compared to arate of only .57 for the Black-Scholes
modd.

These comparisons shed some interesting light on the tradeoffs between modding time-varying
volatility and modeling nonlinearity. Recdl that the true option price is now senstive to sochadtic
volatility and isnonlinear. In terms of gpproximating models, the ddta method islinear in the underlying
but adjusts for time-varying volaility, while the Black- Scholes modd is highly nonlinear but assumes
congtant volatility. The rgection ratesin Table 2 suggest that, at least in this context, linearity isafar
worse gpproximation in terms of forecast accuracy. Further support for the importance of nonlinearity
can be gleaned by comparing the delta gpproximeation to the second order approximation (delta- gamma
models). The power of the LR tests deteriorates noticeably -- the model better fits the data

Since Tables 1-2 fixed the confidence leve of backtesting techniques at .05, it is of interest to
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explore whether the results are sengtive to the confidence level chosen by the risk manager. Figure 1
illustrates the tradeoff between confidence level and power for the Black- Scholes dternative in a sample
gzeof 100. The horizontd axisisthe confidence leve of the test, ranging from .01 to .20. For both the
violation-based approaches (the unconditiona coverage test and the Bernoulli test) and the LR te<t, the
benefit to lowering confidence levels from .05 to .20 is an increase nearly twofold in power.

Figures 2 and 3 diplay power curves for the gamma gpproximation and delta-gamma
goproximations, respectively. The plots gppear quditatively smilar to Figure 1, dthough the vaues of
the verticd axisare higher. Figure 3, in particular, indicates that even in sample sizes of 100, the power

of the LR test can be boosted from .60 to .70 by reducing the confidence level from .05 to .10.

5. Conclusion

In recent years, there has been increasing concern amnong researchers, practitioners and
regulators over how to evaluate models of financid risk. Severa authors have commented that only by
having thousands of observations can interva forecasts be assessed. In this paper, we follow Crnkovic
and Drachman (1997) and Diebold, Gunther and Tay (1998) in emphasizing that smdl sample problems
are exacerbated by looking only at intervals. Evauation of the entire forecast didtribution, on the other
hand, allows the user to extract much more information from model and deta.

A new technique and set of Satistical tests are suggested for comparing models to data.
Through the use of a gmple transformation, the forecast distribution is combined with ex post
redlizations to produce testable hypotheses. The testing framework is flexible and intuitive. Moreover,

in aset of Monte Carlo experiments, the LR testing gpproach agppears to ddiver extremely good power
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properties. The probability of rgecting plausble dternatives is not only higher than existing methods,

but approaches .80 to .90 in sample szes likely to be avallable in redigtic Stuations.
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Tablel
Alternative Backtesting Techniques
Size and Power: Data Generated under Lognormal Distribution

Uncondit:l Uncondit:l
Coverage Coverage Bernoulli Bernoulli Kuiper K-S LR LR LR
a=.95 a=.99 a=.95 a=.99 Statistic  Statistic  Statistic a=.95 a=.99

Size
T=50 0.017 0.001 0.011 0.004 0.011 0.040 0.075 0.070 0.113
T=100 0.016 0.001 0.013 0.007 0.024 0.049 0.085 0.036 0.053
T=150 0.011 0.001 0.018 0.004 0.026 0.048 0.080 0.040 0.051
T=250 0.017 0.003 0.015 0.009 0.033 0.053 0.0%4 0.049 0.054
T=500 0.035 0.006 0.023 0.007 0.036 0.058 0.104 0.053 0.052

Power : Delta M onte Carlo (lognor mal)
T=50 0.001 0.002 0.004 0.001 0.166 0.429 0.720 0.767 0.777
T=100 0.007 0.001 0.016 0.000 0.298 0.585 0.795 0.806 0.805
T=150 0.023 0.002 0.024 0.001 0.381 0.665 0.820 0.818 0.825
T=250 0.093 0.004 0.081 0.003 0463 0.723 0.837 0.836 0.838
T=500 0.283 0.018 0.264 0.018 0.568 0.781 0.858 0.833 0.839

Power: Delta-Gamma Monte Carlo (lognormal)
T=50 0.001 0.002 0.011 0.001 0.343 0.310 0.330 0.547 0.643
T=100 0.007 0.004 0.025 0.002 0423 0470 0.355 0433 0.521
T=150 0.038 0.004 0.043 0.003 0461 0.538 0.365 0417 0.49
T=250 0.097 0.014 0.072 0.013 0.487 0.589 0.370 0.370 0429
T=500 0.200 0.049 0.164 0.049 0.561 0.682 0430 0.374 0409

Notes: The Table compares the Monte Carlo performance of alternative techniques for validating forecast
models over 2000 simulations. In each simulation, the portfolio of interest is comprised of a call option on an
underlying geometric Brownian motion. Size indicates that the forecast model is Black-Scholes and the null
hypothesis is therefore true. The panels |abeled Apower( display size-adjusted rejection rates for approximate
forecast models. For the unconditional and Bernoulli VaR (interval forecast) and LRy, procedures, the
underlying VaR has a 95% or 99% confidence level. For the backtesting procedures, the desired size is .05.
K-S denotes the Kolmogorov-Smirnoff test statistic.



Table2
Alternative Backtesting Techniques
Size and Power: Data Generated under Stochastic Volatility Process

Uncondit:l Uncondit:l

Coverage Coverage Bernoulli Bernoulli Kuiper K-S LR LR LR
a=.95 a=.99 a=.95 a=.99 Statistic ~ Statistic ~ Statistic a=.95 a=.99
Size
T=50 0.016 0.001 0.012 0.004 0.016 0.038 0.071 0.064 0.106
T=100 0.020 0.003 0.016 0.009 0.023 0.046 0.092 0.047 0.064

T=150 0.014 0.002 0.021 0.006 0.025 0.046 0.079 0.047 0.056

T=250 0.027 0.003 0.022 0.005 0.029 0.045 0.104 0.054 0.060

T=500 0.037 0.005 0.020 0.007 0.040 0.069 0.129 0.060 0.057
Power: Black-Scholes

T=50 0.157 0.033 0.097 0.028 0.086 0.064 0.133 0.04 0.09
T=100 0.191 0.056 0173 0.053 0.184 0.104 0.233 0.169 0.152
T=150 0.267 0.063 0.210 0.063 0.255 0.113 0.293 0.220 0.201
T=250 0.365 0.108 0.308 0.108 0.352 0.164 0.3% 0.328 0.303
T=500 0475 0.182 0464 0.182 0.544 0.300 0574 0.526 0.506

Power: Modified delta Monte Carlo (stoch. vol. distribution)

T=50 0.081 0.001 0.090 0.080 0321 0464 0.762 0.759 0.739
T=100 0.149 0.183 0.211 0170 0.49%6 0.588 0.833 0.817 0.804
T=150 0.201 0.232 0.244 0.223 0.595 0.693 0.853 0.841 0.833
T=250 0.308 0.282 034 0.278 0.644 0.740 0.887 0.866 0.860
T=500 0444 0.369 0459 0.369 0.749 0.822 0.909 0.883 0.877

Power: delta Monte Carlo (lognormal)

T=50 0.093 0.104 0.103 0.092 0.341 0458 0.749 0.753 0.739
T=100 0.165 0.202 0.226 0.191 0.538 0.613 0.829 0821 0812
T=150 0.234 0.248 0.274 0.241 0.640 0.716 0.854 0.848 0.840
T=250 0.330 0.311 0.361 0.309 0.697 0.763 0.880 0.864 0.867
T=500 0.498 0409 0512 0.408 0.805 0.854 0.924 0.902 0.901

Power: Modified delta-gamma Monte Carlo (stoch. vol. distribution)

T=50 0.165 0.192 0.164 0.185 0417 0.379 0.392 0.402 0436
T=100 0.239 0.306 0.285 0.303 0.563 0.524 0.505 0456 0.468
T=150 0.309 0.349 0.326 0.347 0.642 0.607 0.574 0.529 0.530
T=250 0.389 0.388 0.391 0.388 0.695 0.669 0.647 0.587 0.584
T=500 0.485 0481 0.485 0481 0.776 0.768 0.733 0.683 0.674

Power: Delta-gamma M onte Carlo (lognor mal)

T=50 0.170 0.1% 0.169 0.188 0.452 0.370 0.392 0419 0454
T=100 0.259 0.313 0.306 0.309 0.619 0.529 0.522 0487 0.504
T=150 0.338 0.365 0.351 0.363 0.703 0.648 0.600 0.549 0.560
T=250 0420 0411 0430 0411 0.753 0.701 0.687 0.642 0.644
T=500 0.544 0517 0.547 0.517 0.837 0.805 0.781 0.741 0.740

Notes: The Table compares the Monte Carlo performance of alternative techniques for validating forecast models
over 2000 simulations. In each simulation, the portfolio of interest is comprised of acall option on an underlying
stochastic volatility process taken from Heston (1993) which provides closed-form option prices. The panels labeled
Apowerf display size-adjusted rejection rates for approximate forecast models. For the unconditional and Bernoulli
VaR (interval forecast) and LRy procedures, the underlying VaR has a 95% or 99% confidence level. For the
backtesting procedures, the desired size is .05.




Figure 1
Power-Size Curves of Alternative Statistics
in the Presence of Stochadtic Voldtility:
Black- Scholes Approximation
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Notes: Figures show the fraction of Monte Carlo simulations in which alternative backtesting techniques correctly
rejected the null hypothesis of a Black-Scholes call option. The true distribution isthat of acall in the presence of
stochastic volatility. The sample sizes are set to 100, top graph, and 250, lower graph.
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Figure 2
Power-Size Curves of Alternative Statistcs
in the Presence of Stochadtic Voldtility:
Delta Approximetion
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Notes: Figures show the fraction of Monte Carlo simulations in which alternative backtesting techniques correctly
rejected the null hypothesis of alinear approximation to Black-Scholes. Thetrue distribution isthat of acall inthe
presence of stochastic volatility. The sample sizes are set to 100, top graph, and 250, lower graph.



Figure 3
Power-Size Curves of Alternative Statistics
in the Presence of StochadticVoldility:

Deta- Gamma Approximeation
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Notes: Figures show the fraction of Monte Carlo simulations inwhich alternative backtesting techniques correctly
rejected the null hypothesis of a delta-gamma approximation to Black-Scholes. The true distribution isthat of acall in



the presence of stochastic volatility. The sample sizes are set to 100, top graph, and 250, lower graph.



