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1. Introduction

Wave phenomena from different origins share the same princi-
ple of superposition, which can be controlled by properly designed
structures. In optics, the study on light scattering by subwave-
length particles can be traced back to Lord Rayleigh in early devel-
opments to explain the colors in the sky [1]. Based on Lorenz-Mie
theory, anomalous light scattering in small particles due to the lo-
calized surface plasmonic mode is found when the permittivity, €,
of a lossless particle at subwavelength scale meets the resonant
condition, i.e., € = —ep (I + 1)/1. Here, €, corresponds to the per-
mittivity of the surrounding environment, and [ denotes the index
for spherical harmonics channels ranging from [ =1,2,...00 [2,
3]. Nowadays, with state-of-the-art nano-structured technologies,
having an efficient way to manipulate and design nano-optics is
desirable. Due to such a great enhancement in the near-field, lots
of potential applications have been demonstrated on light harvest-
ing, sensing, medical treatment and so on [4-10].

Based on the analogies between classical electrodynamics
and quantum mechanics, applying concepts from electromagnetic
metamaterials to other areas of physics has received considerable
attention [11-15]. For barrier-well potentials formed in a core-
shell nano-particle embedded in a host semiconductor material,
the cloaking as well as invisibility for the electronic transport
are revealed by the scattering cancellation method [16-18]. Quan-
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tum cloaking can enhance carrier mobility [19] and may be re-
alized in various solid state systems, such as quantum dots and
graphenes [20,21].

Even though similar approaches can be applied both to clas-
sical electromagnetic and quantum matter waves, the underlying
physical interpretations are different. Through the similar mathe-
matical structure between the Helmholtz wave equation and time-
independent Schrédinger equation, there exists the correspondence
between the permittivity for electric fields in dielectric materials to
the effective mass for quantum wavefunction in potentials. Never-
theless, unlike the classical electrodynamics, the index for spheri-
cal harmonics channels in quantum waves starts from [ = 0, which
corresponds to the s-wave scattering. Then, the effective mass in-
formation (m*) for a quantum scatterer is totally missing when
I =0, if we only apply the first order expansion to meet the reso-
nant condition.

To solve this problem, we can not rely on the conventional
Born approximation that only deals with weak scattering interac-
tion [22]. Physically, the results obtained by first approximation
indicate that a quantum particle would be intrinsically deflected
with a small angled to the original momentum direction. However,
in this work, to meet the quantum resonant scattering, a maxi-
mized scattering is expected to accompany with a large momen-
tum transfer. To go beyond the Born approximation, we expand
the corresponding spherical Bessel and Neumann functions up to
the second-order terms, only with which we can include effective
mass and potential into the possible implementation for quantum
resonant scatterers. By parameterizing system variables, we show
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Fig. 1. (Color online.) A schematic view of matter wave scattering by a spherical
quantum resonant scatterer. The isotropic and homogeneous effective mass and po-
tential energy inside the scatterer and in the environment are denoted as (m, V1)
and (mg, Vo = 0), respectively. An incident plane wave for the transport electron,
W;, is assumed to propagate along the z-axis.

a contour plot including all system parameters to satisfy the reso-
nant condition for various quantum angular momentum channels
(I=0,1,2,..). A remarkable agreement is also shown in the com-
parison of our analytical results to the full numerical calculations.

This work seeks for opposite extreme limit in elastic scattering
process, quantum resonance scattering, since it can make quan-
tum particles scattered to large directions, equivalent to large mo-
mentum transfer occurred with some non-negligible probability.
Such anomalous quantum scatterers are desirable for a variety of
applications, such as the enhancement of thermoelectric power
factor by embedding resonant carriers in thermoelectric materi-
als [23-25], the scanning probes for bosonic atom collisions at
ultracold temperatures [26,27], and the observation of quantum
proximity resonances [28]. A realistic case has been proposed in
semiconductor quantum dots, such as GaAs/Gai_xAlyAs materi-
als [29]. In general, in the vicinity of a resonance with respect to
energy it is not always possible to employ a characteristic Breit—
Wigner formula for the scattering cross section [30], as the profile
becomes an symmetric one [31].

By applying our result to a quantum scatterer in the shape
of a finite-size sphere, such as a quantum dot, with an isotropic
and homogeneous effective mass and potential for the electron
transport in a host semiconductor, we also propose a set of al-
loy semiconductor materials to achieve the s-wave resonance. Our
approach provides a compact solution to the practical question on
how to build a resonant quantum scatterer precisely for various
angular momentum channels when the real material properties are
taken into consideration.

2. Theory

We start our analysis by studying the scattering properties of a
finite-size spherical scatterer of the radius a, which can be consid-
ered as a quantum dot, a dopant or a nanoparticle, see Fig. 1. Such
quantum scatterer has isotropic and homogeneous effective mass
and local potential, denoted as m; and V, respectively. The en-
vironment could be a host semiconductor with its effective mass
mp and potential V. Without loss of generality, the potential in
the surrounding environment can be set to zero, i.e., Vo = 0. The
incident quantum matter wave of a single transport electron is as-
sumed to be a plane wave propagating along the z direction, which
can be described by the effective Schrédinger equation in time-
independent form:

M Sy v -
2 m*(r)
Here, the spatial wave function v, the effective mass m*, the ef-
fective potential V, and the total energy E are denoted for a single

Ely =0. (1)

electron, respectively. In the following, we also restrict our study
to a Hermitian quantum system with real potentials only. In this
scenario, the total probability for the wave function of our trans-
port electron is conserved due to only elastic scattering processes
involved. To have a real value in the propagation wavenumber,
ko = ~/2moE /h, both the incident energy E and the effective mass
in the environment mg are taken to be positive.

As we are dealing with a central scattering potential having
rotational invariance, the Hamiltonian commutes with L2 and L,
where L is the quantum angular momentum operator. Thus, we
can use the eigenstate of L2 to express the wave function in our
scattering system. By using these eigenstates, we express the en-
vironmental wave function, ey, including incident plane wave
and scattering wave: eny (r,6) = ek 050 4y o = Y=2l(2] 4
Djikoa) + a®h™D (koa)]Pi(cos ). Here, | denotes the quantum
angular momentum for the corresponding channel, j; is spherical
Bessel function, aj** represents scattering coefficient determined

by the radiating boundary conditions, h‘" is the first-kind of
spherical Hankel function due to its out-going property for scatter-
ing matter wave, and P;(cos6) is the Legendre polynomial. Mean-
while, inside the scatterer, there exists a transmitted wave written
as Y (r,0) = 25230 il 21+ 1)t j;(k1r) Pj(cos 8), where t; is unknown
transmitted coefficient also determined by boundary conditions
and k; is transmitted wavenumber defined as /2m;(E — Vq)/h.
As our quantum scatterer has the azimuthal symmetry with re-
spect to the rotation around the propagation z-axis, the scattering
and transmitted matter waves are also ¢ independent, as expected.

With the continuity of wave function at the boundary and
the conservation of probability flux along the radial direction,
ie,  VYenv(a,0) = Y@, 0) and (1/mo)(@Veny/0N)|r=a =
(1/m1) (@ /0r)|r=q, respectively, one can calculate the two un-
known complex coefficients: ai°* and t;. Moreover, the scattering
coefficient asc‘“ can be written in a compact form,

ascat — _ ;l . , (2)

: a+in

where ¢ and n; are:
ki ., ) ko ., .

& = —Jji(k1a) ji(koa) — — jj(koa) ji(k1a) (3)
mq mo

and
ki ko , .

= —jj(k1a)yi(koa) — — y(koa) ji(k1a), (4)
mi mo

with the spherical Neumann function denoted by y;(x). Further-
more, to quantify the scattering efficiency, an integration over a
closed area can be performed by calculating the scattering prob-
ability flux Jscqr at the far field zone (that is r — oo) per unit
incident matter current, | Ji;| = iiko/mo. With this concept, we can
define the scattering cross section accordingly [2]:

Jscat - Pda 47t
oSt f.]sc_(}t 2(2[+])|ascat|2 (5)
|]in| 0
and the transport cross section has the following form:
dO-SCﬂt
r— ?g(l — cos6) o s (6)
=00
= —2 Z(zz+ 1)laj|? @)
ko 1=0

=00
- —2 Z‘ (I + DRel(a;“) a1,
0 =0
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which also provides a quantity to measure the level of probabilistic
direction of momentum change with respect to incident momen-
tum.

As a rule of thumb, the major contributing terms for these con-
vergent series depend on the environmental size parameter, koa [2,
17,18,22]. As a result, at the subwavelength scale, i.e., koa < 1, the
monopole (I =0, or called as the s-wave channel) and the dipole
(I=1, or called as the p-wave channel) play important roles in
the scattered matter wave. We should remark that there is an-
other equivalent expression for scattering coefficient via a phase
shift, &, by setting e’ =1 + 2a’*, which is related to S-matrix
element [22]. However, the representation als“’t for scattering cross
section is more flexible to seek for specific scattering solutions.

Note that, the above derivations and formulas share the anal-
ogy to those in the electromagnetic Mie theory. From Eq. (2), the
conditions to have scattering resonance and invisible conditions for
each channel are achieved for ;=0 and ¢ =0, respectively, lead-
ing to 47 21 + 1)/k% and 0 in the scattering cross sections for the
[-th angular momentum channel. Moreover, it has been pointed
out that electromagnetic resonant scattering comes from the lo-
calized surface plasmon condition, € = —ep (I + 1)/ for lossless
subwavelength particles [2,3]. However, such a condition for local-
ized surface plasmon is only satisfied for the electrical extremely
small limit, which is independent of size in scatterers. In the fol-
lowing, we give a systematic way to design quantum scatterers
to have the resonance condition beyond this electrical small ap-
proximation, by taking second-order terms in the expansions into
consideration. In this way, the characteristic equation to satisfy the
resonance at Ith channel would involve all physical parameters in
our system.

3. Results and discussion

For a given quantum scatterer, there are five independent sys-
tem parameters, i.e., (a, E,mg,my, V1), corresponding to the ge-
ometric radius of a spherical scatterer, the incident energy, the
effective mass in the environment, the effective mass inside the
scatterer, and the potential inside the scatterer, respectively. To
obtain the resonant scattering condition for these five system pa-
rameters, we expand the corresponding spherical Bessel j;(x) and
spherical Neumann function y;(x) up to the second-order terms, in
order to go beyond the extremely small limit. So, up to the second-
order terms, one has

_ X 2 .

W~ o 1 = ogrs TO®O) (8)
_Q@-nn x? 4

N~ -—rm5 [1+2(21_1)+0(x)]. (9)

Note that the inaccuracy between second-order approach and ex-
act functions can be less than 5% even for |x| ~ 1. Then, with
the second-order terms in Eqgs. (8)-(9) the corresponding ¢ and
n; shown in Egs. (3)-(4) can be approximate as
o~ (koa)' (kya)"
' 4a@l+3)? [0+ DY
x [=2121 + 3) + (1 + 2) (k1a)?]

- miO[—ZI(ZI +3) + (L + 2) (ko@)21[—2(21 + 3) + (k1a)*]},
(10)

o (L 120204 3) + (koa)?]
my

-~ (21 = Dlko(koa)~ 42 (kqa)!
l ~

1 2
4Q21— 13+ 2Dl + ! g4l = 6+ ()]

x [41% + 21 — 2 + (1 — 1) (koa)?]
+ml[—2 + 4l + (koa)? )[4 — 6l + (1 +2)(k1@)?]}.  (11)
1

When we substitute these second-order approximated results
into the scattering coefficient al““t. for =0 and | > 1, the corre-
sponding leading orders become (koa)? and (koa)2*!, respectively.
As a result, at subwavelength scale, main contribution to scatter-
ing cross section in normal case would be s- and p-wave channels.
Moreover, it is expected that one should simultaneously eliminate
these two channels to achieve invisibility [16-21].

Then, for the resonance condition to have a maximized scatter-
ing, the requirement of 7, =0 for each angular momentum chan-
nel, I, we can be written in the following characteristic polynomial
equation:

%[—41 — 6+ (k10)*1[41% + 21 — 2+ (| — 1) (koa)*]
0

= —[—2 + 4l + (koa)?)[—4* — 6l + (I + 2)(k10)?]. (12)

In the subwavelength approximation, kga << 1 and |kia|] < 1,
Eq. (12) would be approximately reduced to the resonance con-
dition, my = —mgl/(I + 1). Moreover, we want to emphasize again
that the system parameters, (a, ko, k1) or equivalently (a, E, V1),
will not be involved within the first-order expansion. These pa-
rameters, in particular, a, E and V1 should be necessary for the
implementation of semiconductor heterostructures when we take
the system geometry, energy-band gap, and effective mass into
consideration. Moreover, serious problems emerge in solid state
systems, for the reason that the effective mass is a material de-
pendent parameter, which is related to the dispersion relation of
energy band structures for semiconductor materials with an ef-
fective potential V1. Only with the second-order terms, as shown
in Eq. (12), these system parameters can be all involved toward
possible experimental realizations.

Even though we only have one characteristic polynomial equa-
tion, Eq. (12), to satisfy the resonant scattering condition, we pa-
rameterize the system variables to seek for resonance condition.
Now, we define the ratio between two effective masses as my/mo,
the size parameter in the environment as ka® = 2mgEa®/h?,
and the corresponding size parameter in the scatterer as k%a2 =

2my (E — V1)a?/h%. Note that, the range for these two size parame-
ters are bounded automatically due to the physical constraints and
validity of approximation, ie., 0 <k3a? <1 and —1 < k?a® < 1.
Based on these three normalized variables, in Fig. 2, we show the
parameter space, defined by m;/mg and k(z)az, for the solutions in
the resonant scattering condition shown in Eq. (12). In Fig. 2, the
colored contour lines in the plot indicate the corresponding value
for the size parameter in the scatterer k%az; while the background
regions stand for undesirable solutions, for which the requirement
—1 <k?a? <1 is not satisfied.

The resonant scattering condition for different channels can be
all found in such a parameter space. In Fig. 2, we reveal the an-
alytic solutions of Eq. (12) for s-wave (I = 0) in (a); for p-wave
(I=1) in (c); and for d-wave (I = 2) in (e), respectively. In addi-
tion to the analytical ones, we also apply numerical calculations
directly to Eq. (4) with the requirement on 1, =0, i.e,, for s, p, and
d-waves in Fig. 2 (b, d, f), respectively. With the comparisons be-
tween Fig. 2 (a, ¢, e) and (b, d, f), one can find a good agreement
in our second-order approximation formula and exact numerical
solutions.

We want to emphasize that one may apply numerical calcu-
lation directly to find resonant parameters, but only for a few
variables by scanning the whole parameter spaces. In this scatter-
ing problem, we have five unknown parameters: (a, E, mg, m1, Vy),
which becomes a challenge to solve even with a brute force ap-
proach. As seen from Fig. 2, one can also easily exclude the param-
eters in the uncolored regions, where the quantum resonance is
not supported. Only through the contour plots shown in Fig. 2, we
can successfully include all system parameters (a, E, mg, my, V1)
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Fig. 2. (Color online.) The parameter spaces to satisfy the resonant scattering con-
dition given in Eq. (12), illustrated in the contour plot defined by the ratio in
the effective mass mj/mo and the size parameter in the environment k%az. The
colored-contour lines indicate the corresponding value for the size parameter in the
scatterer k%az. The resonance conditions are shown for different channels: (a-b)
s-wave (I =0), (c-d) p-wave (I =1), and (e-f) d-wave (I = 2), respectively. The re-
sults in the left column (a, c, e) are generated by the analytical formula in Eq. (12);
while the results in the right column (b, d, f) are solutions obtained directly from
Eq. (4) with the requirement on n; =0.

into one single map, which provides a compact and efficient way
to design quantum resonant scatterers. To satisfy the resonance
condition in each channel, from Fig. 2, we find that the sign in
the ratio (mq/mg) plays an important role. To induce p-wave and
d-wave resonant scattering conditions at the subwavelegnth scale,
the corresponding effective mass in the quantum scatterer must be
a negative one. On the contrary, for s-wave resonance, both posi-
tive and negative effective mass can meet this condition. As for
the potential of the scatterer, we find that both potential barrier
and potential well can satisfy the resonant condition, which differs
from the examples illustrated in Ref. [29], where a well potential
is needed in order to induce the resonance.

By applying the resonance condition, the corresponding reso-
nant potential V1 res in each channel’s resonance can also be found
analytically within the introduction of second-order terms:

Vl,res(l, mi1, E, a, mgp) (13)

2
_p_PPet3y

= s (22l — DH[my(+ 1) + mel]

+moa?E[mi( — 1) + mol]}
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Fig. 3. (Color online.) Scattering and transport efficiencies, am‘kg/47r and
a"k§/47r, are shown as a function of (a) the potential in the scatterer Vi, and
(b) the ratio between two effective masses my/mg. In addition, the decomposed
magnitudes in scattering coefficient \af“"l for lowest-order channels are also de-
picted, for (a) I=0,1 and (b) I =0, 1,2, respectively. Inset in (b) is the enlarged
image to indicate the resonant scattering at d-wave (I = 2). Here, the parame-
ters used are (a): a =1.3 nm, E = 0.02 eV, mg = 0.1me, and my = 0.03m,; (b):
mg =0.2me, V1 =—0.01 eV, E=0.02 eV, and a =1 nm.

x (2@l = Dimid+ 1) +mo( + 2)]
+moa®E[mi (1 — 1) + mo(l+2)1} "

Based on Eq. (13), in Fig. 3 (a), we report the scattering ef-
ficiency for s wave by tuning potential in the scatterer Vi. For
the parameter set: a = 1.3 nm, E = 0.02 eV, mg = 0.1m,, and
my = 0.03me, our analytical formula shown in Eq. (12) gives V; =
—0.61 eV; which is very close to the value V{ = —0.67 eV ob-
tained numerically from Eq. (4).

Alternatively, by tuning the mass ratio my/my, in Fig. 3(b), we
also demonstrate the existence of p- and d-wave resonant scat-
tering channels. Here, a negative effective mass for the quantum
scatterer is used, in order to have resonance conditions in these
channels. Applying analytical formula of Eq. (12), the correspond-
ing effective mass for p- and d-wave resonances give —0.107m,
and —0.1359m,, respectively, close to —0.107m, and —0.136m,
obtained numerically. It is also similar to the plasmonics in elec-
tromagnetic waves, where the bandwidth with respect to the
parameter variation is much narrow for higher angular momen-
tum resonances. We should remark that without the parameter
space illustrated in Fig. 2 and the analytical formulas derived in
Egs. (12)-(13), it is hard to systematically find out the suitable
parameters for resonance scattering. On resonances a dramatic
change in the direction of momentum in scattering particles is ex-
pected, leading to the resonant transport cross section.

In Fig. 4 (a-b), we show the corresponding probability current
and probability density for the s-wave at the resonance condition,
respectively. At the resonance, the amplitude of scattering coeffi-
cient at monopole channel is exactly one; while the contributions
from all other channels are significantly reduced. One can find
that there exists a reversed current (point to the negative z direc-
tion) around the lower hemisphere of scatterer. The maximization
of probability density arises nearly at the center of scatterer, but
the contribution from higher-order channels leads to an offset.
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Fig. 4. (Color online.) Probability current and probability density for (a-b): s-wave;
(c-d): p-wave; and (e-f): d-wave resonances, respectively. Here, the parameters
used are in (a-b) a = 1.4 nm, mp = 0.1m,, E = 0.03 eV, my = 0.03m, and
Vi =-0.6 eV; in (c-d) a=1 nm, mg = 0.2m,, E = 0.02 eV, m;y = —0.11m, and
V1 =-0.01 eV; in (e-f) a=1 nm, mg = 0.2m,, E = 0.02 eV, m; = —0.14m, and
V1=-0.01eV.

Around the scatterer, a higher probability density is found along
the forward direction. For p- (dipole) and d- (quadrupole) waves
at the resonance conditions, Figs. 4 (c-d) and (e-f) show the corre-
sponding probability current and probability density, respectively.
A higher probability density appears at a larger angle, which re-
flects a dramatic change in the momentum of quantum particles.
These results are consistent with those obtained from the resonant
transport cross section in Figs. 3 (a-b).

In electromagnetics, once the stimulus frequency is operated
within the well known negative-epsilon frequency (surface local-
ized electromagnetic mode resonance) for small particles, one can
observe a large scattered intensity [3]. Similar to the dielectric con-
stants in electromagnetic waves, the effective mass plays crucial
role for resonant conditions. For higher angular momentum res-
onances, with negative masses, similar phenomena with a larger
scattered matter wave are also revealed. As shown in Fig. 4, one
can easily see a large probability flux existing at large angles.
In the representation of probability flux, a larger transport cross
section corresponds to a big change in the direction on incident
quantum particles after elastic collisions. It also indicates that for
a matter wave with a definite momentum in continuum energy
eigenstates, there exist some probabilities to find the particles even
at large angles.

Before the conclusion, we briefly discuss possible composited
materials to realize quantum resonant scatterers with the effec-
tive mass and potential revealed by our approach. Even though
most conducting electrons possess a positive effective mass, some
semiconductor materials supports a negative effective mass in the
I'-valley for the conducting electrons, such as Sn with an effective
mass —0.058mg in the diamond type, ZnyHgi_oTe (0 <o <0.2)

and CdyHg1_¢Te (0 <« < 0.25) [32]. With Eq. (12) and the con-
tour plot shown in Fig. 2, we find that possible candidates to
realize quantum resonant scatterers are Il[-V compound semicon-
ductor materials with lattice-matched heterostructure AlSb and
GaSb as our environment and scatterer materials, respectively [32].
With a straddling alignment of energy band-structures, the con-
ducting T'-valley electron in such a host semiconductor can sat-
isfy the s-wave resonance condition, with the effective masses
mg = 0.14m, and my = 0.04m, for AISb and GaSb, respectively, cor-
responding to mj/mg = 0.28. Suppose the energy for such a con-
ducting electron is E = 0.03 eV; then the conduction band offset
of GaSb to AlSb is E. = —0.5 eV, corresponding to a well potential,
V1 =—0.53 eV. With these parameters, the corresponding size of a
quantum resonant scatterer is found to be a = 1.25 nm. Moreover,
the corresponding size parameters (koa)2 = 0.17 and (kya)? = 0.85
are both within the subwavelength scale.

4. Conclusion

In summary, by applying the second-order approximation to an
isotropic scatterer, beyond the extreme small de Broglie subwave-
length approximation, we find the system parameters to satisfy the
resonance condition for each angular momentum channels. With
the contour plot, all the system parameters, including the geo-
metric radius of a spherical scatterer, the incident energy, effective
mass in the environment, effective mass inside the scatterer, and
the effective potential inside the scatterer, can be revealed in a
single map. Our analytical formulas also provide useful tools to
design a resonant quantum system on various angular momen-
tum channels. We find that to excite higher order angular mo-
mentum channels, [ > 1, negative mass ratio of nm1—(1] is necessary,
which could be used to design a peculiar effective mass-dependent
sensor. Moreover, both barrier and well potentials can meet each
resonant conditions, which is different from the traditional concept
on atomic collision system with attractive potentials. Our analyt-
ical formulas and the corresponding contour plot obtained with
the second-order expansion provide an accurate approximation for
each resonant channels at the subwavelength scale. With the anal-
ogy in wave scattering systems, the second-order approach demon-
strated in this work may be readily applied to electromagnetic
and acoustic systems. Our work promotes potential applications
in thermoelectric science, imaging of partial wave interferences,
semiconductor defect engineering, quantum sensing, and verifica-
tion of invisible cloaks.
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