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Quantum metrology beyond Heisenberg limit with entangled matter wave solitons
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By considering matter wave bright solitons from weakly coupled Bose-Einstein condensates
trapped in a double-well potential, we study the formation of macroscopic non-classical states,
including Schrodinger-cat superposition states and maximally path entangled NOON-states. With
these macroscopic states, we examine Mach-Zehnder interferometer in the context of parity mea-
surements, in order to obtain Heisenberg limit accuracy for linear phase shift measurement. We
reveal that the ratio between two-body scattering length and intra-well hopping parameter can be
measured with the scaling beyond this limit by using nonlinear phase shift with interacting quantum

solitons.
I. INTRODUCTION

Nowadays quantum metrology has become one of fas-
cinating areas in modern quantum physics, dealing with
new approaches for measurement, control, and estima-
tion of physical parameters to achieve limiting accuracy
and to explore all facilities of current quantum tech-
nologies [IHG]. Apart from classical measurement the-
ory, quantum approach predicts so-called the quantum
Cramer-Rao (QCR) bound ((6¢est)?)y > [VF(¢)] 7! for
estimating arbitrary physical parameter ¢ within a set of
v trials through Fisher information F(¢) [3]. In partic-
ular, phase estimation requires high precision measure-
ment, which can be realized both in optical [7, 8] or
atomic systems [9] [T0]. The existence of standard quan-
tum limit (SQL) sets a constraint on the linear phase
shift (¢) measured with an error o4 ~ N~/2. Here, N
is the average number of particles. To break the classical
limit, non-classical squeezed states have been illustrated

to provide possible quantum approaches to measurement
theory beyond the SQL [7, [g].

Surpassing SQL in the phase measurement has been
demonstrated experimentally with two-mode systems,
such as Mach-Zehnder interferometers (MZI), gyro-
scopes, and lithography devises, where non-classical
squeezed or correlated states are applied as the input
states [IIHI3]. For the linear phase measurement, one

can achieve the Heisenberg limit with the accuracy
oy > N _17 (1)

which gives the limiting case on QCR bound related to
the single mode passing [4]. With the maximally en-
tangled N-particle state, coined as the NOON-state, it
is proven that for arbitrary two-mode quantum inter-
ferometers one can saturate the Heisenberg limit shown
in Eq. for quantum metrology [I3HI5]. Neverthe-
less, the preparation and formation of NOON-states, with
a large number of particles, represents a great chal-
lenge and nontrivial task both in theory and experiment
for all the possible development in quantum technolo-
gies [16, 17]. Scaling beyond Heisenberg limit, referred as
super-Heisenberg scaling, can be achieved in the frame-
work of interaction-based (nonlinear) quantum metrol-
ogy [5, 6], (T8-20].

In this work, we propose an alternative method to cre-
ate NOON-states, which are maximally entangled states
in path, by means of matter wave bright solitons in
Bose-Einstein condensates (BECs). Starting with Gross-
Pitaevskii equation (GPE) for a condensate in a double-
well potential [21I], we describe the corresponding quan-
tum field model for coupled bright solitons occurring in
two trapped condensates. In the framework of variational
approach, we derive the equations of motion for the con-
densate’s parameters, i.e., the relative phase and popu-



lation imbalance between two solitons. Then, we show
that the ground state of the system can be a quantum
superposition state, forming Schrédinger-cat or NOON-
state. Utilization of these states is revealed for quan-
tum metrology, with focus on linear phase shift measure-
ments. The saturation of the linear Heisenberg limit is
demonstrated for nonlinear parameter estimations. Our
results provide possible quantum metrology beyond lin-
ear Heisenberg limit with entangled matter wave solitons.

II. MODEL FOR COUPLED QUANTUM
MATTER BRIGHT SOLITONS

Let us consider two BECs, together consisting of NV
particles, trapped in a double-well potential and weakly
coupled to each other due to the Josephson effect. This
model has been applied for the studies on quantum
squeezing, entanglement, and related metrology applica-
tions for continuous variables within the tight binding
approximation [22H27]. Experimentally, such an atomic
system can be implemented with the help of highly
asymmetric potentials, i.e., a cigar-shaped potential [28§].
Without loss of generality, the spatial distribution for
the condensates are denoted along the z-direction. In
addition to atomic systems, exciton-polariton conden-
sates in the microcavity is also a possible platform for
our model [29].

The total Hamiltonian H for BECs in a double-well
potential can be described by

ﬁ:ﬁ1+ﬁ2+ﬁintu (23‘)

where H; (j = 1,2) is the Hamiltonian for condensate
particles in j-th well; while f]mt accounts for the inter-
well coupling between two sites. In the second quantiza-
tion form, explicitly, we have

~ 2
iy = [ @i (~ 53750+ 5080 ) 4s)
Hip = /@/dzdg(z)le(z) + H.C. (2b)

Here, the parameter U characterizes two-body interac-
tions, M = sgn[meg] = £1 is used as the normalized
effective particle mass, and x denotes the inter-well tun-
neling rate. The corresponding annihilation (creation)
operators of bosonic fields are denoted as @; (d}) with
7 =1,2, and obey the commutation relations:
[ai(2),al(2)] = (2 — ) 6yy5 i.j=1,2.  (3)
For Hamiltonian , we suppose that the ground state
of this bosonic system is the product of IV single particle
states [22]. Physically, this assumption is valid for BECs
in the equilibrium states at zero temperature. Thus, the
collective ground state for the whole system can be writ-
ten as:

o0

W)y = \/% [/oo dz (\Iflai + \pza;)r 0), (4

with |0) =0)1]|0)2 being the two-mode vacuum state. It
is noted that the state vector shown in Eq. relates to
the Hartree approach for bosonic systems [30], which is
valid for a large number of particles N. If we apply the
variational approach based on the ansatz ¥; = ¥y(z,1)
and Uy = Uy(z,t), with the unknown z-dependent wave-
functions, one can have the corresponding Lagrangian
density in the form [31]:

2 .
7 5t g 1 *({92\113‘ U 4
L= Z(z [\qu/ijfj\lfj + VS 5 1 )
j=1
(T 0,0, 5)

In the limit of vanishing coupling constant k = 0,
Eq. leads to the well-known GPE, which supports
bright soliton solution when MU < 0, i.e.,

N, N;|\U .
U, = 7J |U| sech (J2||z> eMOi (6)

Below, we take the soliton solutions given in Eq. @ as
our variational ansatz, but imposing time dependent pa-
rameters for N; and 6; when the weakly coupling be-
tween the condensates is nonzero. Then, we can obtain
the effective Lagrangian by integrating the Lagrangian

density :

L= / Ldz=—M (N10'1 + Nzéz) (7)
(]2 4/€N1N2
+ 910 (N? + N3) — Tl(p) cos[].

Here, we have defined p = (No — N1)/N and 6 = 65 — 6,
as the population imbalance and phase difference, re-
spectively. The total number of particles is denoted by
N = Ny + N». Moreover, we also introduce

oo dZ/
Iv) = /0 cosh? () + sinh? (2/p)’ ®)

by applying the parabolic approximation, i.e., I(p) =
1 — ap? with a = 0.21. Based on Eq. , we can go one
step further by deriving the equation of motions for the
population imbalance and phase difference, i.e., p and 0,

p= f% (1 fp2) (1 - apz) sin [6], (9a)
9:Ap+2Mpcos[9] [1+a—2ap?]. (9b)

Here, the dots denote the derivative with respect to the
dimensionless time ¢’ = 2|s[t. In Eqgs. (9), a dimension-

_ U2N?
less parameter A = 6wl

acterizes various regimes for soliton interaction.

Two sets of nontrivial stationary solutions can be
found for Egs. @[) For the first set, we have

is also introduced, which char-

, 1 A
= |1+a-= 1
=5 T3 (10a)
cos(fy) = —M; (10b)



and for the second set, we have

pg = 1a (11&)

MA
2(1 —a)’

First set of nontrivial solutions given in Egs. is
similar to the one obtained under two-mode approxima-
tion, or equivalently the tight binding model [22]. How-
ever, vital parameter of the system A that we introduced
above is proportional to N? instead of N which occurs
in two-mode limit, cf. [27]. This fact seems to be very
important in practice when we consider limit of large par-
ticle number N, cf. [25]. In the following, we show that
this set of solutions can be used to construct Schrodinger-
cat state with solitons.

As for the second set of solutions given in Egs. ,
there is no analogy from the results obtained under two-
mode approximation [22H26]. Physically, such a set of
solutions implies the formation of NOON-states from cou-
pled solitons.

As for the imbalance parameter 0 < |p| < 1, the
corresponding A parameter lies between 2(1 — «) and
2(1 + «), resulting in the first set of solutions only exist-
ing in 1.58 < A < 2.42. However, for the phase difference
0 < |cosbp| < 1, the second set of solutions can exist for
0 < A <1.58. One can see that there is a critical value
for Aep = 2(1 — ) ~ 1.58, at which we have a state
with p? = 1 and cos(fy) = —M. This state at the crit-
ical value of A, corresponds to a maximal population
imbalance for out-of-phase solitons, and for in-phase gap
solitons.

To be more specific thereafter we assume M = 1 that
corresponds to bright solitons with attractive condensate
particles (atoms), cf. [32].

cosfy = — (11b)

III. SUPERPOSITION STATES OF QUANTUM
SOLITONS

A. Schrodinger-cat states (SCS)

The wavefunction of solitons
Eqgs. has the form

corresponding to

N
1 e N .
s = 7 i (vt - waat)] 0, (20
with
VNU NU
U, = T(1 + |po|) sech <4(1 =+ |P0|)Z> ,(12b)
and |po| = /5 (1+a—%). By defining macroscopic

superposition of states from Egs. 7 we can con-
struct Schrodinger-cat states (SCS) from coupled soli-

tons, cf. [22]:
@) = C (j0t0) +]w0)). (13)

FIG. 1. The dependence of the “cat size” 1/e on popula-
tion imbalance |po| for different numbers of particles N. One
can see that “cat size” tends to infinity when |po| tends to 1.
Also 1/€ = 0 when |pg| = 0. Infinite “cat size” corresponds to
macroscopic SCS and one can take it as approximately NOON-
state. Zero “cat size” corresponds to microscopic SCS which
means almost no entanglement.

Here, C' = [2(1 —&—XN)]fl/2 is a normalization factor,
_ 1-p} oo dx ~
and X = 2p0 ffoo cosh [z]+cosh [poz] ™ (1 - p%) (1 - Oép%)

with the same o = 0.21. It is noted that that SCS given
in Eqgs. is not orthogonal to each other, but follows
the following relation:

e= (B PH) = x N, (14)

Physically, the size of the cat can be defined by 1/e
(see Fig. |1). For macroscopic SCS, we ask ¢ < 1, which
implies the maximally achievable cat size obtained with
lpo] = 1 and X — 0.

B. NOON-states

The second set of solutions given in Egs. presumes

N
1 o0
&) = N {/ dz (@&5,1” 10), (15a)
with
VNU NU
®=——sech| —=2|. (15Db)
2 2
The superposition state constructed from Eqs. is:
1 ,
Py = (<I><+> + N (o) ) : 16
|®) 7 |©T) &) (16)
which clearly gives us a NOON-state of solitons. Here,

we also introduce Oy = N6y = N arccos (‘ﬁ) At

the critical value of A = A, = 1.58, the SCS shown in
Eq. can be transformed into NOON-state in Eq. ,
with a 6 = 7 phase difference between two solitons.

IV. QUANTUM MEASUREMENTS WITH
SUPERPOSITION STATES

In this section we propose a precision measurement ex-
periment with SCS and NOON-state. A Mach-Zehnder



FIG. 2. Illustration of the precision measurement of the phase
shift, based on a Mach-Zehnder interferometer (MZI). Here,
QSPD denotes a quantum state preparation device, ¢1 and
¢2 are two resulting phases accumulated at the arms of inter-
ferometer, BS is a beam-splitter, and D is a parity detector
that runs in the particle counting regime.

interferometer (MZI) is illustrated in Fig2] The device
coined as a quantum state preparation device (QSPD)
represents the medium with two coupled BECs produc-
ing entangled soliton states (may be the superposition
state, SCS or NOON-state) into the input of a MZI. The
measured parameter is a linear phase shift ¢ = ¢ — ¢
accumulated in the arms of MZI.

The sensitivity of the phase parameter ¢ for scheme in
Fig. |2|is determined by (cf.[33])

((aR)) -
g i

where, P is a Hermitian operator suitable for the mea-
surement of the phase ¢. We propose to use parity de-
tection procedure with an operator taken for the second

(A0)%)

mode: P = ]5&2 = exp [iw ffooo &;d2d2:|. In order, for
parity measurement shown in Fig. two matter waves
after phase-shifting operations, are superimposed in the
beam-splitter, and then one of the detectors counts even
or odd number in particles, cf. [34].

To describe the parity measurement, one may intro-

duce spin operators as follows:

So = ;/O:O (a{al + a;@) dz, (18a)
Sy = ;/_O; (a{al - a;ag) dz, (18b)
Sy = ;/O:O (alaQ + agal) dz, (18¢)
S5 = ;/_O; (a;al - a{ag) dz. (18d)

These operators obey SU(2) algebra and obey to com-

mutation relations: [Si7gj] = ieijkgb with 4,5,k =

1,2,3. With S’j operators, we can define unitary oper-
ators for the transformations of quantum state in the

, Ups = exp [1%52}

and Upg = exp [—iqﬁgl}, respectively. Then, the ac-

beam-splitter and phase shift, i.e

tion of a MZI on initial quantum state can be de-
scribed by MZI-operator, i.e., UMZ[ = UBsUPS =

exp [ T(SQi| exp {—Z¢Sl:| The parity operator Pa2 in this

formalism has a form:
P, =exp [iW(S’O - 51)} . (19)

Thus, for the scheme shown in Fig. [2| the resulting expec-
tation value with parity operator P,, can be calculated
as

<Pd2> <ei7r5‘0 ez’¢S’1 eiﬂgge—iqbgl >
(20)

It is also more convenient to use an angular mo-
mentum state representation instead of particle number
representation. Here, we consider the substitution by
N1, No) — |4, m), where Ny, Ny are numbers of par-
ticles in the first and the second wells. The quantum
numbers for angular momenta j and m are introduced as
j = N/2 and m = (N7 — N3)/2, respectively. The states
|7, m) are eigenstates of the spin operators §0,1 with the
conditions S1]j,m) = mlj,m); Solj,m) = j|j, m)and
exp [imS5] [ N1, N2) = exp [imN1] | Na, N1).

In terms of the angular momentum we can rewrite SCS
in Eq. and N0ONstate Eq. as

|) = (IJ} —jlpol) + 17, 3lpal)) ,
e —i0N
|®) = \[ (I3, =) + 17,9)) -

= (U} 71 PasUnizr) =

(21a)
(21b)

Then, for measured parity operator, the resulting average
value (P,,) for initial SCS and NOON-states, respectively,
have the form:

(W|P3,|9) = (-1 cos [ (0= ) Nlpol |, (222)

(| P, | D) = {(—1)%205.[(1)]\7 +6n]; N %s even

(—1)72 sin[¢pN +0n]; N isodd
(22b)

with the variation ((AP,)?):
(I(APs,)* W) = sin? | (= T ) Nipol | (23a)
- sin® [pN +0x]; N is eve

(@I(AF,)%|2) = {cos 2[pN +60x]; N is oddn( 3b)

From the results above, we can see that quantum inter-
ference effects arise in the parity measurement scheme,
depending on even or odd particle numbers N. As for
the sensitivity of interferometer, from Eq. we imme-
diately obtain
1

N2|pg[?’

1
N2°

(U[(A)?| W) = (24a)

(®[(A0)*D) = (24b)



One can see that the Heisenberg limit is achieved for
a maximally entangled NOON-state and a precision for
SCS has an extra 1/|pg|? factor. In Fig. [3| we plot the
normalized error in phase measurement oy = /{(A¢)?)
as a function of particle number N for SCS. The value
op = N —1/2 characterizes SQL of phase measurement
with classical states, which can be achieved without
QSPD. One can see that accuracy of a measurement
tends to the Heisenberg limit as the cat size grows and
saturates with |pg] = 1 at the input (the yellow curve
in Fig. . On the contrary, a microscopic SCS obtained
with |pg| — 0 is not suitable to perform the measure-
ments.
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FIG. 3. Reduced phase uncertainty v No, against total par-
ticle number N, for an initial SCS used in the measurement
procedure. The value vV Nogs = 1 corresponds to SQL limit.

V. MEASUREMENTS BEYOND THE
HEISENBERG SCALING

The accuracy of measurement can be improved even
more by using parameters with nonlinear particle number
dependence. In the framework of nonlinear interferom-
etry, for arbitrary ©-parameter measurement procedure
uses transformation |¥)g = exp(i©G)|¥) for input state
|¥), where G is the generator of transformation that de-
scribers nonlinear phase dependence, cf. [5], [0, [I8], 20].

In general case for G = N* limiting sensitivity of the
O-parameter measurement for nonlinear interferometer
in bounded by the value og ~ 1/N*, which corresponds
to so-called super-Heisenberg limit for phase measure-
ment in quantum metrology, cf. [19].

Let us examine the measurement of the parameter © =
2
% = %M instead of phase shift ¢ by using NOON-state
with the initial phase difference

N2
On = N arccos (—@) , (25)

2(1 — )
see Eqs. .
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FIG. 4. The dependence of 0o on © demonstrating second-
order like phase transition from the state possessing non-zero
oo beyond the linear Heisenberg limit (gray area) to the non-
applicable for such measurements state.

For a sufficiently small ©, we can apply the Taylor
expansion

3

T N
SN+ m@+O(@3), (26)

On =
which is valid as long as we take account only linear de-
pendence on O. By setting ¢ = 0 to neglect unimportant
phase shift, we have for the NOON-state at the input of
the MZI:

- (=1)% cos[fn]; N is even
®|P,,|P) = 1 27
(®IFa. [®) {(_1)”2+ sin[on]: Nisodd 7Y

- in? [f]; N is even
B|(APy,)20) = S O8] 27b
(Pl(AFa,)"|2) {cos2 [On]; N is odd (27b)

for the average value of Pa2 and the corresponding vari-
ance, respectively. The resulting sensitivity of © can be
found to be:

4(1 — «)?

(a0)) = =

(28)
From Eq. , the error in © measure is oo =
((A©®)2) ~ N3 that looks quite promising for im-

provement of measurement sensitivity currently achieved

with atomic condensates, cf. [19] 27, 28§].

In Fig. [d] we show the dependence of og as a function
of measured O-parameter, for different particle numbers
N. The dashed-curve in Fig. [ corresponds to the limit-
ing measurements with one particle. The dependences
in Fig. [ demonstrate a second-order like continuous
quantum phase transition from the state possessing non-
zero oo beyond the linear Heisenberg scaling (through



NOON-state) to the nonapplicable for such measure-
ments state. The shadowed region in Fig. [4] reveals the
capacity for measurements with particle number N > 1.

VI. CONCLUSION

In summary, by adopting quantum field theory ap-
proach to the problem of bright matter wave soliton for-
mation in weakly coupled double-well potentials, we re-
veal the ground states in the Schrodinger-cat superposi-
tion (SCS) states and maximally path entangled NOON-
states. With variational method, we derive the equa-
tion of motions for SCS and NOON-states. Then, within
the Mach-Zehnder interferometer we examine quantum
phase measurement with these superposition states, in
order to have the accuracy beyond the standard quantum
limit and the linear Heisenberg limit. We perform the P,
operator measurements by applying parity measurement
procedure. Heisenberg-limited phase shift measurements
are demonstrated to be saturated for maximally path en-
tangled states containing N particles. Vital combination
of condensate parameters © = %IQHI is shown to surpass
the linear Heisenberg limit in the framework of nonlin-
ear metrology approach, with a scaling proportional to
N3, This results applied for atomic NOON-states rep-
resent a promising tool for atomic clocks and atomic gy-
roscopes [27], [28].

Notably, decoherence effects play an important role
for the schemes operating with SCS and/or NOON-states
(cf.[34]). Although, at present parity measurement rep-
resents experimentally non-trivial task requiring high ef-
ficiency single particle counting detectors it is absolutely

necessary to achieve Heisenberg scaling with phase mea-
surement in our scheme, cf. (cf.[35]).

From the practical point of view it is more important
to discuss characteristic time scales when superposition
states and more generally — two component macroscopic
condensates can be useful for quantum operations. Con-
trary to standard (single particle) qubits, as it is shown in
Ref. [36], the required time of gate operation in conden-
sates to produce entanglement is inversely proportional
to the particle number N. This enhancement is achieved
due to bosonic stimulation effect and implies fast quan-
tum gate operation. Obviously, decoherence effects oc-
curring with condensate macroscopic states should ap-
pear at longer time. In this case there are more physical
systems which are capable for fast operations.

Our results provide useful information not only for
atomic optics, but also solid state physics technology.
In particular, exciton-polariton bright solitons in high-Q
semiconductor microcavities represent one of them [37].
The lifetime of solitons is several tens of picoseconds that
is large enough in comparison with possible quantum op-
eration. Moreover, recently proposed by Y. Sun et al.
in Ref. [38] proposed for semiconductor microstructures
with few hundred picoseconds lifetime for low branch ex-
citon polaritons which enables to use such systems for
mentioned purposes. In other words, long-lived exciton
polariton condensates [37,[38]), can be a new platform to
design maximally entangled states.

ACKNOWLEDGMENT

We acknowledge the financial support from RFBR,
Grants No. 15-52-52001 and No. 14-02-97503.

[1] H. M. Wiseman and G. J. Milburn, Quantum Measure-
ment and Control, (Cambridge University Press, 2010).

[2] C. E. Wieman, D. E. Pritchard, and David J. Wineland,
“Atom cooling, trapping, and quantum manipulation,”
Rev. Mod. Phys. 71, S253 (1999).

[3] R. Demkowicz-Dobrzanski, M. Jarzyna, J. Kolodynski,
”Quantum limits in optical interferometry”, Progress in
Optics 60, 345 (2015); J. P. Dowling and K. P. Se-
shadreesan, “Quantum Optical Technologies for Metrol-
ogy, Sensing, and Imaging,” J. of Lightwave Tech., 33,
2359 (2015).

[4] V. Giovannetti, S. Lloyd, and L. Maccone, “Quantum-
Enhanced Measurements: Beating the Standard Quan-
tum Limit,” Science 306, 1330, (2004); V. Giovannetti,
S. Lloyd, and L. Maccone, “Advances in quantum metrol-
ogy,” Nature Photon. 5, 222 (2011).

[5] S. M. Roy and S. L. Braunstein, “Exponentially En-
hanced Quantum Metrology,” Phys. Rev. Lett. 100,
220501 (2008).

[6] S. Boixo, Steven T. Flammia, C. M. Caves, and J.M
Geremia, “ Generalized Limits for Single-Parameter
Quantum Estimation,” Phys. Rev. Lett. 98, 090401

(2007); S. Boixo, A. Datta, M. J. Davis, S. T. Flam-
mia, A. Shaji, and C. M. Caves, “Quantum Metrology:
Dynamics versus Entanglement,” Phys. Rev. Lett, 101,
040403 (2008).

[7] C. M. Caves, “Quantum-mechanical noise in an interfer-
ometer,” Phys. Rev. D 23, 1693 (1981).

[8] B. Yurke, S. L. McCall, and J. R. Klauder, “SU(2)
and SU(1,1) interferometers,” Phys. Rev. A 33, 4033
(1986); P. Grangier, R. E. Slusher, B. Yurke, and A.
LaPorta, “Squeezed-lightenhanced polarization interfer-
ometer,” Phys. Rev. Lett. 59, 2153 (1987).

[9] T. L. Gustavson, P. Bouyer, and M. A. Kasevich, “Pre-
cision Rotation Measurements with an Atom Interferom-
eter Gyroscope,” Phys. Rev. Lett. 78, 2046 (1997).

[10] C. Gross, T. Zibold, E. Nickolas, J. Estéve, M.K.
Oberthaler, “Nonlinear atom interferometer surpasses
classical precision limit,” Nature 464, 1165 (2010).

[11] J. P. Dowling, “Correlated input-port, matter-wave inter-
ferometer: Quantum-noise limits to the atom-laser gyro-
scope,” Phys. Rev. A 57, 4736 (1998).

[12] D. J. Wineland, J. J. Bollinger, W. M. Itano, F. L. Moore,
and D. J. Heinzen, “Spin squeezing and reduced quantum



noise in spectroscopy,” Phys. Rev. A 46, R6797 (1992);
J. J. Bollinger, W. M. Itano, D. J. Wineland, and D. J.
Heinzen, “Optimal frequency measurements with maxi-
mally correlated states,” Phys. Rev. A 54, R4649 (1996).

[13] A.N. Boto, P. Kok, D. S. Abrams, S. L. Braunstein, C. P.
Williams, and J. P. Dowling, “Quantum Interferometric
Optical Lithography: Exploiting Entanglement to Beat
the Diffraction Limit,” Phys. Rev. Lett. 85, 2733 (2000);
P. Kok, S.L. Braunstein, and J. P. Dowling, “Quan-
tum lithography, entanglement and Heisenberg-limited
parameter estimation,” J. Opt. B: Quantum Semiclass.
Opt. 6, S811 (2004).

[14] J. P. Dowling, “Quantum optical metrology the lowdown
on high-NOON states,” Contem. Phys. 49, 125 (2008).

[15] L. Pezze and A. Smerzi, “Mach-Zehnder Interferometry
at the Heisenberg Limit with Coherent and Squeezed-
Vacuum Light,” Phys. Rev. Lett. 100, 073601 (2008).

[16] 1. Afek, O. Ambar, and Y. Silberberg, “High-NOON
States by Mixing Quantum and Classical Light,” Science
328, 879 (2010).

[17] L. A. Rozema, J. D. Bateman, D. H. Mabhler, R.
Okamoto, A. Feizpour, A. Hayat, and A. M. Steinberg,
“Scalable Spatial Superresolution Using Entangled Pho-
tons,” Phys. Rev. Lett. 112, 223602 (2014).

[18] J. Beltran and A. Luis, “Breaking the Heisenberg limit
with inefficient detectors,” Phys. Rev. A 72, 045801
(2005).

[19] M. Napolitano, M. Koschorreck, B. Dubost, N. Behbood,
R. J. Sewell, and M. W. Mitchell, “Interaction-based
quantum metrology showing scaling beyond the Heisen-
berg limit,” Nature 471, 486 (2011).

[20] D. Maldonado-Mundo and A. Luis, ”"Metrological res-
olution and minimum uncertainty states in linear and
nonlinear signal detection schemes”, Phys. Rev. A 80,
063811 (2009).

[21] C. J. Pethick and H. Smith, Bose-Einstein Condensation
in Dilute Gases, (Cambridge University Press, 2008).

[22] J. L. Cirac, M. Lewenstein, K. Mglmer, and P. Zoller,
“Quantum superposition states of Bose-Einstein conden-
sates,” Phys. Rev. A 57, 1208 (1998).

[23] A. Sorensen, L.-M. Duan, J. I. Cirac and P. Zoller,
“Many-particle entanglement with Bose-Einstein conden-
sates,” Nature, 409, 63 (2001).

[24] L. Fu and J. Liu, “Quantum entanglement manifestation
of transition to nonlinear self-trapping for Bose-Einstein
condensates in a symmetric double well,” Phys. Rev. A
74, 063614 (2006).

[25] G. Mazzarella, L. Salasnich, A. Parola, and F. Toigo,
“Coherence and entanglement in the ground state
of a bosonic Josephson junction: From macroscopic

Schrodinger cat states to separable Fock states,” Phys.
Rev. A 83, 053607 (2011).

[26] Q.Y.He, P. D. Drummond, M. K. Olsen, and M. D. Reid,
“Einstein-Podolsky-Rosen entanglement and steering in
two-well Bose-Einstein-condensate ground states,” Phys.
Rev. A 86, 023626 (2012).

[27] L. Pezze, A. Smerzi, M. K. Oberthaler, R. Schmied,
and P. Treutlein, “Quantum metrology with nonclassical
states of atomic ensembles,” larXiv:1609.01609| (2016).

[28] O. Morsch and M. Oberthaler, “Dynamics of Bose-
Einstein condensates in optical lattices,” Rev. Mod.
Phys. 78, 179 (2006).

[29] C. Schneider, K. Winkler, M. D. Fraser, M. Kamp, Y.
Yamamoto, E. A. Ostrovskaya, and S. Hofling, “Exciton-
polariton trapping and potential landscape engineering,”
Rep. Prog. Phys. 80, 016503 (2017).

[30] A. P. Alodjants and S. M. Arakelian, “Quantum non-
demolition measurements of the phase and polarization
Stokes parameters of optical fields,” Zh. Eksp. Teor. Fiz.
13, 1235 (1998).

[31] S. Raghavan and G. P. Agrawal, “Switching and self-
trapping dynamics of Bose-Einstein solitons,” J. Mod.
Opt. 47, 1155 (2000).

[32] K. E. Strecker, G. B. Partridge, A. G. Truscott, and R. G.
Hulet, “Formation and propagation of matter-wave soli-
ton trains,” Nature 417, 150 (2002); L. Khaykovich, F.
Schreck, G. Ferrari, T. Bourdel, J. Cubizolles, L. D. Carr,
Y. Castin, and C. Salomon, “Formation of a Matter-
Wave Bright Soliton,” Science 296, 1290 (2002).

[33] C.W. Helstrom, Quantum Detection and Estimation
Theory, Mathematics in Science and Engineering, (Aca-
demic Press, 1976).

[34] S. Haroche and J.-M. Raimond, Ezploring the Quantum
(Oxford University Press, 2006).

[35] C. C. Gerry, A. Benmoussa, and R. A. Campos, “Parity
measurements, Heisenberg-limited phase estimation, and
beyond,” J. Mod. Opt. 54, 2177 (2007).

[36] T. Byrnes, Kai Wen, and Y. Yamamoto, ”Macroscopic
quantum computation using Bose-Einstein condensates,”
Phys. Rev. A 85, 040306(R) (2012).

[37] M. Sich, D. N. Krizhanovskii, M. S. Skolnick, A. V. Gor-
bach, R. Hartley, D. V. Skryabin, E. A. Cerda-Mndez,
K. Biermann, R. Hey, and P. V. Santos, “Observation
of bright polariton solitons in a semiconductor microcav-
ity,” Nat. Photon. 6, 50 (2012).

[38] Y. Sun, P. Wen, Y. Yoon, G. Liu, M. Steger, L. N. Pfeif-
fer, K. West, D. W. Snoke, and K. A. Nelson, “Bose-
Einstein Condensation of Long-Lifetime Polaritons in
Thermal Equilibrium,” Phys. Rev. Lett., 118, 016602
(2017).


http://arxiv.org/abs/1609.01609

	 Quantum metrology beyond Heisenberg limit with entangled matter wave solitons
	Abstract
	I Introduction
	II Model for coupled quantum matter bright solitons
	III Superposition states of quantum solitons
	A Schrödinger-cat states (SCS)
	B N00N-states

	IV Quantum measurements with superposition states
	V Measurements beyond the Heisenberg scaling
	VI Conclusion
	 Acknowledgment
	 References


