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By considering matter wave bright solitons from weakly coupled Bose-Einstein condensates
trapped in a double-well potential, we study the formation of macroscopic non-classical states,
including Schrödinger-cat superposition states and maximally path entangled N00N -states. With
these macroscopic states, we examine Mach-Zehnder interferometer in the context of parity mea-
surements, in order to obtain Heisenberg limit accuracy for linear phase shift measurement. We
reveal that the ratio between two-body scattering length and intra-well hopping parameter can be
measured with the scaling beyond this limit by using nonlinear phase shift with interacting quantum
solitons.

I. INTRODUCTION

Nowadays quantum metrology has become one of fas-
cinating areas in modern quantum physics, dealing with
new approaches for measurement, control, and estima-
tion of physical parameters to achieve limiting accuracy
and to explore all facilities of current quantum tech-
nologies [1–6]. Apart from classical measurement the-
ory, quantum approach predicts so-called the quantum
Cramer-Rao (QCR) bound 〈(δφest)2〉φ ≥ [νF (φ)]−1 for
estimating arbitrary physical parameter φ within a set of
ν trials through Fisher information F (φ) [3]. In partic-
ular, phase estimation requires high precision measure-
ment, which can be realized both in optical [7, 8] or
atomic systems [9, 10]. The existence of standard quan-
tum limit (SQL) sets a constraint on the linear phase
shift (φ) measured with an error σφ ∼ N−1/2. Here, N
is the average number of particles. To break the classical
limit, non-classical squeezed states have been illustrated
to provide possible quantum approaches to measurement
theory beyond the SQL [7, 8].

Surpassing SQL in the phase measurement has been
demonstrated experimentally with two-mode systems,
such as Mach-Zehnder interferometers (MZI), gyro-
scopes, and lithography devises, where non-classical
squeezed or correlated states are applied as the input
states [11–13]. For the linear phase measurement, one

can achieve the Heisenberg limit with the accuracy

σφ ≥ N−1, (1)

which gives the limiting case on QCR bound related to
the single mode passing [4]. With the maximally en-
tangled N -particle state, coined as the NOON-state, it
is proven that for arbitrary two-mode quantum inter-
ferometers one can saturate the Heisenberg limit shown
in Eq. (1) for quantum metrology [13–15]. Neverthe-
less, the preparation and formation of N00N -states, with
a large number of particles, represents a great chal-
lenge and nontrivial task both in theory and experiment
for all the possible development in quantum technolo-
gies [16, 17]. Scaling beyond Heisenberg limit, referred as
super-Heisenberg scaling, can be achieved in the frame-
work of interaction-based (nonlinear) quantum metrol-
ogy [5, 6, 18–20].

In this work, we propose an alternative method to cre-
ate N00N -states, which are maximally entangled states
in path, by means of matter wave bright solitons in
Bose-Einstein condensates (BECs). Starting with Gross-
Pitaevskii equation (GPE) for a condensate in a double-
well potential [21], we describe the corresponding quan-
tum field model for coupled bright solitons occurring in
two trapped condensates. In the framework of variational
approach, we derive the equations of motion for the con-
densate’s parameters, i.e., the relative phase and popu-
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lation imbalance between two solitons. Then, we show
that the ground state of the system can be a quantum
superposition state, forming Schrödinger-cat or N00N -
state. Utilization of these states is revealed for quan-
tum metrology, with focus on linear phase shift measure-
ments. The saturation of the linear Heisenberg limit is
demonstrated for nonlinear parameter estimations. Our
results provide possible quantum metrology beyond lin-
ear Heisenberg limit with entangled matter wave solitons.

II. MODEL FOR COUPLED QUANTUM
MATTER BRIGHT SOLITONS

Let us consider two BECs, together consisting of N
particles, trapped in a double-well potential and weakly
coupled to each other due to the Josephson effect. This
model has been applied for the studies on quantum
squeezing, entanglement, and related metrology applica-
tions for continuous variables within the tight binding
approximation [22–27]. Experimentally, such an atomic
system can be implemented with the help of highly
asymmetric potentials, i.e., a cigar-shaped potential [28].
Without loss of generality, the spatial distribution for
the condensates are denoted along the z-direction. In
addition to atomic systems, exciton-polariton conden-
sates in the microcavity is also a possible platform for
our model [29].

The total Hamiltonian Ĥ for BECs in a double-well
potential can be described by

Ĥ = Ĥ1 + Ĥ2 + Ĥint, (2a)

where Ĥj (j = 1, 2) is the Hamiltonian for condensate

particles in j-th well; while Ĥint accounts for the inter-
well coupling between two sites. In the second quantiza-
tion form, explicitly, we have

Ĥj =

∫
dzâj(z)

†
(
− 1

2M

∂2

∂z2
+

U

2
âj(z)

†âj(z)

)
âj(z)

Ĥint = κ

∫
dzâ2(z)†â1(z) +H.C. (2b)

Here, the parameter U characterizes two-body interac-
tions, M = sgn[meff] = ±1 is used as the normalized
effective particle mass, and κ denotes the inter-well tun-
neling rate. The corresponding annihilation (creation)

operators of bosonic fields are denoted as âj (â†j) with
j = 1, 2, and obey the commutation relations:

[âi(z), â
†
j(z
′)] = δ(z − z′) δij ; i, j = 1, 2. (3)

For Hamiltonian (2), we suppose that the ground state
of this bosonic system is the product of N single particle
states [22]. Physically, this assumption is valid for BECs
in the equilibrium states at zero temperature. Thus, the
collective ground state for the whole system can be writ-
ten as:

|Ψ〉N =
1√
N !

[∫ ∞
−∞

dz
(

Ψ1â
†
1 + Ψ2â

†
2

)]N
|0〉, (4)

with |0〉 ≡ |0〉1|0〉2 being the two-mode vacuum state. It
is noted that the state vector shown in Eq. (4) relates to
the Hartree approach for bosonic systems [30], which is
valid for a large number of particles N . If we apply the
variational approach based on the ansatz Ψ1 ≡ Ψ1(z, t)
and Ψ2 ≡ Ψ2(z, t), with the unknown z-dependent wave-
functions, one can have the corresponding Lagrangian
density in the form [31]:

L =

2∑
j=1

(
i

2

[
Ψ∗j Ψ̇j − Ψ̇∗jΨj

]
+

1

2M
Ψ∗j

∂2Ψj

∂z2
− U

2
|Ψj |4

)
− κ (Ψ∗1Ψ2 + Ψ1Ψ∗2) . (5)

In the limit of vanishing coupling constant κ = 0,
Eq. (5) leads to the well-known GPE, which supports
bright soliton solution when MU < 0, i.e.,

Ψj =
Nj
2

√
|U | sech

(
Nj |U |

2
z

)
eiMθj . (6)

Below, we take the soliton solutions given in Eq. (6) as
our variational ansatz, but imposing time dependent pa-
rameters for Nj and θj when the weakly coupling be-
tween the condensates is nonzero. Then, we can obtain
the effective Lagrangian by integrating the Lagrangian
density (5):

 L =

∫ ∞
−∞

Ldz = −M
(
N1θ̇1 +N2θ̇2

)
(7)

+
U2

24M

(
N3

1 +N3
2

)
− 4κN1N2

N
I(p) cos [θ] .

Here, we have defined p = (N2 −N1)/N and θ = θ2 − θ1

as the population imbalance and phase difference, re-
spectively. The total number of particles is denoted by
N = N1 +N2. Moreover, we also introduce

I(p) =

∫ ∞
0

dz′

cosh2 (z′) + sinh2 (z′p)
, (8)

by applying the parabolic approximation, i.e., I(p) ≈
1− αp2 with α = 0.21. Based on Eq. (7), we can go one
step further by deriving the equation of motions for the
population imbalance and phase difference, i.e., p and θ,

ṗ = − 1

M

(
1− p2

) (
1− αp2

)
sin [θ], (9a)

θ̇ = Λp+
2p

M
cos [θ]

[
1 + α− 2αp2

]
. (9b)

Here, the dots denote the derivative with respect to the
dimensionless time t′ = 2|κ|t. In Eqs. (9), a dimension-

less parameter Λ = U2N2

16|κ| is also introduced, which char-

acterizes various regimes for soliton interaction.
Two sets of nontrivial stationary solutions can be

found for Eqs. (9). For the first set, we have

p2
0 =

1

2α

[
1 + α− Λ

2

]
, (10a)

cos(θ0) = −M ; (10b)
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and for the second set, we have

p2
0 = 1, (11a)

cos θ0 = − MΛ

2(1− α)
. (11b)

First set of nontrivial solutions given in Eqs. (10) is
similar to the one obtained under two-mode approxima-
tion, or equivalently the tight binding model [22]. How-
ever, vital parameter of the system Λ that we introduced
above is proportional to N2 instead of N which occurs
in two-mode limit, cf. [27]. This fact seems to be very
important in practice when we consider limit of large par-
ticle number N , cf. [25]. In the following, we show that
this set of solutions can be used to construct Schrödinger-
cat state with solitons.

As for the second set of solutions given in Eqs. (11),
there is no analogy from the results obtained under two-
mode approximation [22–26]. Physically, such a set of
solutions implies the formation of N00N -states from cou-
pled solitons.

As for the imbalance parameter 0 ≤ |p| ≤ 1, the
corresponding Λ parameter lies between 2(1 − α) and
2(1 + α), resulting in the first set of solutions only exist-
ing in 1.58 ≤ Λ ≤ 2.42. However, for the phase difference
0 ≤ | cos θ0| ≤ 1, the second set of solutions can exist for
0 ≤ Λ ≤ 1.58. One can see that there is a critical value
for Λcr = 2(1 − α) ≈ 1.58, at which we have a state
with p2 = 1 and cos(θ0) = −M . This state at the crit-
ical value of Λcr corresponds to a maximal population
imbalance for out-of-phase solitons, and for in-phase gap
solitons.

To be more specific thereafter we assume M = 1 that
corresponds to bright solitons with attractive condensate
particles (atoms), cf. [32].

III. SUPERPOSITION STATES OF QUANTUM
SOLITONS

A. Schrödinger-cat states (SCS)

The wavefunction of solitons corresponding to
Eqs. (10) has the form

|Ψ(±)〉 =
1√
N !

[∫ ∞
−∞

dz
(

Ψ∓â
†
1 −Ψ±â

†
2

)]N
|0〉, (12a)

with

Ψ± =

√
NU

4
(1± |p0|) sech

(
NU

4
(1± |p0|)z

)
,(12b)

and |p0| =
√

1
2α (1 + α− Λ

2 ). By defining macroscopic

superposition of states from Eqs. (12), we can con-
struct Schrödinger-cat states (SCS) from coupled soli-
tons, cf. [22]:

|Ψ〉 = C
(
|Ψ(+)〉+ |Ψ(−)〉

)
. (13)

FIG. 1. The dependence of the “cat size” 1/ε (14) on popula-
tion imbalance |p0| for different numbers of particles N . One
can see that “cat size” tends to infinity when |p0| tends to 1.
Also 1/ε ≈ 0 when |p0| ≈ 0. Infinite “cat size” corresponds to
macroscopic SCS and one can take it as approximately N00N-
state. Zero “cat size” corresponds to microscopic SCS which
means almost no entanglement.

Here, C = [2(1 +XN )]
−1/2

is a normalization factor,

and X =
1−p20

2

∫∞
−∞

dx
cosh [x]+cosh [p0x] ≈

(
1− p2

0

) (
1− αp2

0

)
with the same α = 0.21. It is noted that that SCS given
in Eqs. (12) is not orthogonal to each other, but follows
the following relation:

ε = 〈Ψ(±)|Ψ(∓)〉 = XN . (14)

Physically, the size of the cat can be defined by 1/ε
(see Fig. 1). For macroscopic SCS, we ask ε � 1, which
implies the maximally achievable cat size obtained with
|p0| → 1 and X → 0.

B. N00N-states

The second set of solutions given in Eqs. (11) presumes

|Φ(±)〉 =
1√
N !

[∫ ∞
−∞

dz
(

Φâ†2,1

)]N
|0〉, (15a)

with

Φ =

√
NU

2
sech

(
NU

2
z

)
. (15b)

The superposition state constructed from Eqs. (15) is:

|Φ〉 =
1√
2

(
|Φ(+)〉+ e−iθN |Φ(−)〉

)
, (16)

which clearly gives us a N00N-state of solitons. Here,

we also introduce θN = Nθ0 = N arccos
(
− Λ

2(1−α)

)
. At

the critical value of Λ = Λcr = 1.58, the SCS shown in
Eq. (13) can be transformed into N00N -state in Eq. (16),
with a θ0 = π phase difference between two solitons.

IV. QUANTUM MEASUREMENTS WITH
SUPERPOSITION STATES

In this section we propose a precision measurement ex-
periment with SCS and N00N -state. A Mach-Zehnder
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FIG. 2. Illustration of the precision measurement of the phase
shift, based on a Mach-Zehnder interferometer (MZI). Here,
QSPD denotes a quantum state preparation device, φ1 and
φ2 are two resulting phases accumulated at the arms of inter-
ferometer, BS is a beam-splitter, and D is a parity detector
that runs in the particle counting regime.

interferometer (MZI) is illustrated in Fig.2. The device
coined as a quantum state preparation device (QSPD)
represents the medium with two coupled BECs produc-
ing entangled soliton states (may be the superposition
state, SCS or N00N -state) into the input of a MZI. The
measured parameter is a linear phase shift φ = φ2 − φ1

accumulated in the arms of MZI.
The sensitivity of the phase parameter φ for scheme in

Fig. 2 is determined by (cf.[33])

〈(∆φ)
2〉 =

〈
(

∆P̂
)2

〉∣∣∣∂〈P̂ 〉∂φ

∣∣∣2 , (17)

where, P̂ is a Hermitian operator suitable for the mea-
surement of the phase φ. We propose to use parity de-
tection procedure with an operator taken for the second

mode: P̂ ≡ P̂â2 = exp
[
iπ
∫∞
−∞ â†2â2dz

]
. In order, for

parity measurement shown in Fig. 2, two matter waves
after phase-shifting operations, are superimposed in the
beam-splitter, and then one of the detectors counts even
or odd number in particles, cf. [34].

To describe the parity measurement, one may intro-
duce spin operators as follows:

Ŝ0 =
1

2

∫ ∞
−∞

(
â†1â1 + â†2â2

)
dz, (18a)

Ŝ1 =
1

2

∫ ∞
−∞

(
â†1â1 − â†2â2

)
dz, (18b)

Ŝ2 =
1

2

∫ ∞
−∞

(
â†1â2 + â†2â1

)
dz, (18c)

Ŝ3 =
i

2

∫ ∞
−∞

(
â†2â1 − â†1â2

)
dz. (18d)

These operators obey SU(2) algebra and obey to com-

mutation relations: [Ŝi, Ŝj ] = iεijkŜk, with i, j, k =

1, 2, 3. With Ŝj operators, we can define unitary oper-
ators for the transformations of quantum state in the

beam-splitter and phase shift, i.e., ÛBS = exp
[
iπ2 Ŝ2

]
and ÛPS = exp

[
−iφŜ1

]
, respectively. Then, the ac-

tion of a MZI on initial quantum state can be de-
scribed by MZI-operator, i.e., ÛMZI = ÛBSÛPS =

exp
[
iπ2 Ŝ2

]
exp

[
−iφŜ1

]
. The parity operator P̂a2 in this

formalism has a form:

P̂â2 ≡ exp
[
iπ(Ŝ0 − Ŝ1)

]
. (19)

Thus, for the scheme shown in Fig. 2, the resulting expec-
tation value with parity operator P̂a2 can be calculated
as

〈P̂â2〉 = 〈Û†MZI P̂a2ÛMZI〉 = 〈eiπŜ0eiφŜ1eiπŜ3e−iφŜ1〉.
(20)

It is also more convenient to use an angular mo-
mentum state representation instead of particle number
representation. Here, we consider the substitution by
|N1, N2〉 → |j,m〉, where N1, N2 are numbers of par-
ticles in the first and the second wells. The quantum
numbers for angular momenta j and m are introduced as
j = N/2 and m = (N1 −N2)/2, respectively. The states

|j,m〉 are eigenstates of the spin operators Ŝ0,1 with the

conditions Ŝ1|j,m〉 = m|j,m〉; Ŝ0|j,m〉 = j|j,m〉and
exp [iπS3] |N1, N2〉 = exp [iπN1] |N2, N1〉.

In terms of the angular momentum we can rewrite SCS
in Eq. (13) and N00Nstate Eq. (16) as

|Ψ〉 = C (|j,−j|p0|〉+ |j, j|p0|〉) , (21a)

|Φ〉 =
1√
2

(
|j,−j〉+ e−iθN |j, j〉

)
. (21b)

Then, for measured parity operator, the resulting average
value 〈P̂a2〉 for initial SCS andN00N -states, respectively,
have the form:

〈Ψ|P̂â2 |Ψ〉 = (−1)N cos
[(
φ− π

2

)
N |p0|

]
, (22a)

〈Φ|P̂â2 |Φ〉 =

{
(−1)

N
2 cos [φN + θN ] ; N is even

(−1)
N+1

2 sin [φN + θN ] ; N is odd

(22b)

with the variation 〈(∆P̂â2)2〉:

〈Ψ|(∆P̂â2)2|Ψ〉 = sin2
[(
φ− π

2

)
N |p0|

]
, (23a)

〈Φ|(∆P̂â2)2|Φ〉 =

{
sin2 [φN + θN ] ; N is even

cos2 [φN + θN ] ; N is odd
(23b)

From the results above, we can see that quantum inter-
ference effects arise in the parity measurement scheme,
depending on even or odd particle numbers N . As for
the sensitivity of interferometer, from Eq. (17) we imme-
diately obtain

〈Ψ|(∆φ)2|Ψ〉 =
1

N2|p0|2
, (24a)

〈Φ|(∆φ)2|Φ〉 =
1

N2
. (24b)
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One can see that the Heisenberg limit is achieved for
a maximally entangled N00N -state and a precision for
SCS has an extra 1/|p0|2 factor. In Fig. 3, we plot the

normalized error in phase measurement σφ =
√
〈(∆φ)2〉

as a function of particle number N for SCS. The value
σφ = N−1/2 characterizes SQL of phase measurement
with classical states, which can be achieved without
QSPD. One can see that accuracy of a measurement
tends to the Heisenberg limit as the cat size grows and
saturates with |p0| = 1 at the input (the yellow curve
in Fig. 3). On the contrary, a microscopic SCS obtained
with |p0| → 0 is not suitable to perform the measure-
ments.

N

200 400 600 800 1000

√

N
σ
φ

0

0.2

0.4

0.6

0.8

1
p=0.3
p=0.7
p=1(HL)
SQL

Standart Quantum Limit

Heizenberg Limit

FIG. 3. Reduced phase uncertainty
√
Nσφ against total par-

ticle number N , for an initial SCS used in the measurement
procedure. The value

√
Nσφ = 1 corresponds to SQL limit.

V. MEASUREMENTS BEYOND THE
HEISENBERG SCALING

The accuracy of measurement can be improved even
more by using parameters with nonlinear particle number
dependence. In the framework of nonlinear interferom-
etry, for arbitrary Θ-parameter measurement procedure
uses transformation |Ψ〉Θ = exp(iΘG)|Ψ〉 for input state
|Ψ〉, where G is the generator of transformation that de-
scribers nonlinear phase dependence, cf. [5, 6, 18, 20].

In general case for G = Nk limiting sensitivity of the
Θ-parameter measurement for nonlinear interferometer
in bounded by the value σΘ ' 1/Nk, which corresponds
to so-called super-Heisenberg limit for phase measure-
ment in quantum metrology, cf. [19].

Let us examine the measurement of the parameter Θ =
Λ
N2 = U2

16|κ| instead of phase shift φ by using N00N -state

with the initial phase difference

θN = N arccos

(
− ΘN2

2(1− α)

)
, (25)

see Eqs. (16, 17).

FIG. 4. The dependence of σΘ on Θ demonstrating second-
order like phase transition from the state possessing non-zero
σΘ beyond the linear Heisenberg limit (gray area) to the non-
applicable for such measurements state.

For a sufficiently small Θ, we can apply the Taylor
expansion

θN =
π

2
N +

N3

2(1− α)
Θ +O(Θ3), (26)

which is valid as long as we take account only linear de-
pendence on Θ. By setting φ = 0 to neglect unimportant
phase shift, we have for the N00N -state at the input of
the MZI:

〈Φ|P̂â2 |Φ〉 =

{
(−1)

N
2 cos [θN ] ; N is even

(−1)
N+1

2 sin [θN ] ; N is odd
(27a)

〈Φ|(∆P̂â2)2|Φ〉 =

{
sin2 [θN ] ; N is even

cos2 [θN ] ; N is odd
(27b)

for the average value of P̂a2 and the corresponding vari-
ance, respectively. The resulting sensitivity of Θ can be
found to be:

〈(∆Θ)
2〉 =

4(1− α)2

N6
. (28)

From Eq. (28), the error in Θ measure is σΘ =√
〈(∆Θ)2〉 ∼ N−3 that looks quite promising for im-

provement of measurement sensitivity currently achieved
with atomic condensates, cf. [19, 27, 28].

In Fig. 4, we show the dependence of σΘ as a function
of measured Θ-parameter, for different particle numbers
N . The dashed-curve in Fig. 4 corresponds to the limit-
ing measurements with one particle. The dependences
in Fig. 4 demonstrate a second-order like continuous
quantum phase transition from the state possessing non-
zero σΘ beyond the linear Heisenberg scaling (through
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NOON -state) to the nonapplicable for such measure-
ments state. The shadowed region in Fig. 4 reveals the
capacity for measurements with particle number N > 1.

VI. CONCLUSION

In summary, by adopting quantum field theory ap-
proach to the problem of bright matter wave soliton for-
mation in weakly coupled double-well potentials, we re-
veal the ground states in the Schrödinger-cat superposi-
tion (SCS) states and maximally path entangled N00N -
states. With variational method, we derive the equa-
tion of motions for SCS and N00N -states. Then, within
the Mach-Zehnder interferometer we examine quantum
phase measurement with these superposition states, in
order to have the accuracy beyond the standard quantum
limit and the linear Heisenberg limit. We perform the P̂â2
operator measurements by applying parity measurement
procedure. Heisenberg-limited phase shift measurements
are demonstrated to be saturated for maximally path en-
tangled states containing N particles. Vital combination

of condensate parameters Θ = U2

16|κ| is shown to surpass

the linear Heisenberg limit in the framework of nonlin-
ear metrology approach, with a scaling proportional to
N−3. This results applied for atomic N00N -states rep-
resent a promising tool for atomic clocks and atomic gy-
roscopes [27, 28].

Notably, decoherence effects play an important role
for the schemes operating with SCS and/or N00N -states
(cf.[34]). Although, at present parity measurement rep-
resents experimentally non-trivial task requiring high ef-
ficiency single particle counting detectors it is absolutely

necessary to achieve Heisenberg scaling with phase mea-
surement in our scheme, cf. (cf.[35]).

From the practical point of view it is more important
to discuss characteristic time scales when superposition
states and more generally – two component macroscopic
condensates can be useful for quantum operations. Con-
trary to standard (single particle) qubits, as it is shown in
Ref. [36], the required time of gate operation in conden-
sates to produce entanglement is inversely proportional
to the particle number N . This enhancement is achieved
due to bosonic stimulation effect and implies fast quan-
tum gate operation. Obviously, decoherence effects oc-
curring with condensate macroscopic states should ap-
pear at longer time. In this case there are more physical
systems which are capable for fast operations.

Our results provide useful information not only for
atomic optics, but also solid state physics technology.
In particular, exciton-polariton bright solitons in high-Q
semiconductor microcavities represent one of them [37].
The lifetime of solitons is several tens of picoseconds that
is large enough in comparison with possible quantum op-
eration. Moreover, recently proposed by Y. Sun et al.
in Ref. [38] proposed for semiconductor microstructures
with few hundred picoseconds lifetime for low branch ex-
citon polaritons which enables to use such systems for
mentioned purposes. In other words, long-lived exciton
polariton condensates [37, 38]), can be a new platform to
design maximally entangled states.
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