Differential Equations

i
‘}L and Complex Variables ;

Ray-Kuang Lee*

Institute of Photonics Technologies,
Department of Electrical Engineering, and Department of Physics,
National Tsing-Hua University

*rklee@ee.nthu.edu.tw

2010F10R12HEH—


mailto:rklee@ee.nthu.edu.tw
mailto:rklee@ee.nthu.edu.tw

|
|

2. Transform Methods: 4 weeks

3. Series and Complex Variables: 9 weeks

— - __ _ ——

| % Course description and Introduction, 9/14
'1. Ordinary Differential Equations: 4 weeks

» First-order ODEs, Ch. 1: 9/16, 9/21
» Second-order ODEs, Ch. 2: 9/23, 9/28, 9/30, 10/5, 10/7

» Higher-order ODEs, Ch. 3: 10/12

» Systems of ODES, Ch. 4: 10/14
» 1st EXAM, 10/15 (Friday night)

» Laplace Transforms, Ch. 6: 10/19 - 11/11
» 2nd EXAM, 11/12 (Friday night)

» Power Series, Ch. 5: 11/16, 11/18

» Fourier Series, Ch. 11: 11/23, 11/25, 11/30, 12/2
» 3rd EXAM, 12/3 (Friday night)

» PDE by Fourier Series, Ch. 12, 12/7 - 12/22

» 4th EXAM, 12/23 (in Class)
» Taylor and Laurent Series, Ch. 13-16: 12/28, 12/30

» Complex and Residue Integrations, Ch. 16: 1/4 - 1/13
» Sth EXAM, 1/14 (Friday night)
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EHiEher-order ODEs: scope i

e = p— _ — — e ———

e 1st-order
| ( X Homogeneous & Linear, Ch. 2.1
| X Constant Coefficients, Ch. 2.2
| O Differential Operator Ch. 2.3
X Mass-Spring system, Ch. 2.4
X Euler-Cauchy Eq., Ch. 2.5
e 2nd-order { O Existence and Uniqueness, Ch. 2.6
X Wronskian, Ch. 2.6
X Non-homogeneous, Ch. 2.7
ODESs < X Forced Oscillation, Ch. 2.8
m X RLC circuits, Ch. 2.9

X Varlatlon of Parameters, Ch 2. 1()
(

N

0 Homogeneous Eq. ;
O Non-homogeneous Eq e a
O Constant coefficients 3

| s O Linear ODEs <

\

0 Nonlienar ODEs

\

e Systems of ODEs_

\
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e Homogeneous Linear ODE:
|

|

y ™ 4 o1 (@)Y 4 4 i)y + polz)y = 0,

e Superposition principle applied.

e General solution:
y(ZE) — C1Y1 (37) St Cnyn(x)a
|

® v1,...,Yn are the bases (or the fundamental system), and these solutions|
_are linearly independent.
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e Linear independence:
|
[

|
i

| yl(:v),yg(:c)...,yn(a:‘),

are called linearly independent on some interval I where they are defined
if the equation

/€1y1(l‘) ‘|"|‘knyn(aj) = 0, on [,

| 1mplies that all k¢, ..., &, are zero.

e These functions are called linearly dependent on I if this equation als
__holds for some ki, ..., k, not all
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DES: Wroskian ;

W

e Homogeneous Linear ODE:
|

‘ g™ 4oy 1 @)y £ pr (@)Y + pola)y =0,

with continuous coefficients pg(x), ..., Pn_1(x).

® Y1,...,Y, On I are if and only if their Wronskian id
zero for some x = xg In 1, i.e.

W(yh"' 7yn) 5z

Il
‘u
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{ Eher-order ODEs Wronskian, cont. 3

= 4th-order ODE: S
Exam ! (zv) e 5y// _|_ 4y = 0,

ﬂS olition: The general solution:

2x

' Test of Linearly
Independence: |

M e s e et 2T 1 s o] |
;‘W s _26—23: _e e 2623: & et T
.“ Lo 727 ez el S det 4 | P T
B LBt e A TR el ~B 1R
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io' ‘An initial value problem for the ODE:
|
|

Y™ + pn1 @)y + -+ pu(e)y + po(@)y =0,
ICs:  y(mo) = Ko,y (w0) = K1, -,y V(wo) = Kpn_1,

with a given xg in the open interval I considered.

o If the coefficients pg(x),...,pn_1(x) are
| I, then the IVP has a unique solution
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DEs: Constant Coeffici

ents

| Example: nth-order homogeneous linear ODE: .

y™ + an g™+t ary +agy =0,

AL

“and obtain a characteristic

'

R i e

Solutions:
1. Distinct Real Roots: all the n roots Aq, - - , A, are real and di

.~ the corresponding general solution is

| : y =3 Cl€>\1$ _|_7 oo _|_ Cne
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Y1 = e’ coswz, Yo = €' sinwz.

S

oots: 1 )\ is a real root of order m, then the correspond;

;ﬂ L E ek B e

4. Multiple Complex Roots: the real solutions are obtained as for
Complex Roots above,

| e’" coswz, e’" sin wzx,

re'" coswz,  ze!'sinwz,
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£H|§her-order ODEs Constant Coeff., Eample i

y(fu) = Sy(z’fu) fi: Sy(S) S y// =0,

1. Substitute y = e*® and obtain its characteristic equation,

X e aa sty

2. Roots: A\{ = Ao =0 and A\3 = Ay = A5 = 1.

"“m
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EHiEher-order ODEs: Non-homogeneous

Non-homogeneous Linear ODE:

gy 4 pp_1 @)y + -+ pi (@)Y + po(@)y = r(x),

e

| Solution:

|

Iﬂo Method of Variation
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Non-homogeneous, Method of Undetermined coefficients i

AT B E B SOt = ()]

Solut ion: MZ Triple Roots: A = —1. e SRR s S e

il

1. General solution: y, = (¢1 + cax + c3x?)e
2. Particular solution: y, = hrle~® by trying Up-—=—

3. Special solution:

0 = 2ha e tehare
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Non-homogeneous, Method of Variation of Parameters

For 2nd-order ODEs, the particular solution can be found by

Y2 L r Yyr Y2
yp(x):—yl/[W]dx+y2/[W]dx, where W(yl,yg):| e l

Extend the idea to an arbitrary order n, the particular solution is

Wi ( Wi ( W (
Zyk / i =y (z / 1 TY AT + oy (@ / T(w)dx,

where W is the Wronskian, and W, is obtained from W (replacing the jth
column by [00-- - 1]*
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Non-homogeneous Euler-Cauchy equation:

2y’ — 32%y" + 6zy’ — 6y = z* Inz, x> 0,

1. Substitute y = ™ and obtain its characteristic equation:

| m(m —1)(m —2) —3m(m — 1) + 6m —

ﬂSqution: 2. Roots: m=1,2,3.

—= = — E—— _ e

1. General solution: y, = c1x + cax? + c323.

2. Particular solution: the corresponding determinants are W = 23, W, =
2 Wo =225 Sanid- W = o

z 1 A D,
yp:m/§x1nxdx—aﬁ2/$lnxdm+x3/é——xlnxdx, )
L , 3= Y

1 11
= Ty e
B z'(Inz T
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e |st-order

| e 2nd-order

| X Linearly independent

| X Homogeneous Eq., Ch. 3.1

X Constant coefficients, Ch. 3.2 |
. X Non-homogeneous Eq., Ch. 3.3

e Higher-order | < e hiica S X Undetermined Coefficients

X Variation of Parameters

ODEsSs ¢

L]
TR

\
O Nonlienar ODEs

N

e Systems of ODEs

=k
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Systems

] ) _“'];;1___&“' 4 I el O - - " O .
of ODEs: Scope ;

(e Ist-order
| e 2nd-order
| ( X Linearly independent
X Homogeneous Eq., Ch. 3.1
| X Constant coefficients, Ch. 3.2

. X Non-homogeneous Eq., Ch. 3.3
b G X Undeterfnined Coefficients

X Variation of Parameters

O Elastic Beams |

S (T,
O Nonlienar ODEs
‘ (O Matrices and Vectors
0O Models
0 Basic Theory
e T O Constant-Coefficient Systems

e Systems of ODEs < 0O Phase Plane method

e Higher-order <

ODEs ¢

\

| O Stability

| O Non-homogeneous Linear Sy

@ 18

|
I

7



e A linear system of 12 fl ODZEs in n unknown functions y; (¢

is of the form:

| YT = auyr +anys + -+ anYs +ri(@)
Yo = a21y1 + a2y2 + -+ + aonypn + 12()
Yo = ApiY1 + An2Ys + 0+ pnYn + (),

o Matrix form:

. /
| Y1 aijr Gi2 - Qin
/
2 U971 oo w09
Y(z) = ST !
/
R Yn Un 1 %} : _a’”n
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S. Matrix operations E

W

M,

Example:

Take n = 2 as an example, A [ e J and B = [ Py J:

as1 A22 b21 522
o
g aii b11 ai2 b12
As D=
a21 T 1921 a22 T b22
o
P77 b e = a11b11 = a12b21 a1lb12 =
e S

a21b11 S5 azzbm a21b12 %

= n
L S e SO Uty
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| | | | | '1 ' ] _;J______‘__;':l o | | | | | | I1 I1
Systems of ODESs: Matrix operations, cont ;

W
Take n = 2 as an example A { Sl } and B = PHE -
as1 aA929 b21 b22
o

ai2 Q22
e — e
o AR =A== N
j_lz 1: { a22 —a12 }7
det(A) —a21  d11
where
det(Z) — St — 1122 — 4124921 .
a21 Q22
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Take n = 3 as an example, column vectors tu = | us | and v = | s

us U3
° row vector
17T — [ {0 [ e 0 B g A ]
o Scalar-product, Inner product,

N

U -V = U1v1 + UV + U3V3,
two vectors are orthogonal if u - v = 0.

o Vector-product

uxv=det| uy wus wus
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Systems of ODES: Eigenvalueand Elgenvector;I

__ ———

e Eigen equation:
|

| A=, A 1S a scalar,

o If some vectors & # 0 hold with a scalar A, then Z is called the
and A\ is called the of the matrix A.

e Rewrite the Eigen equation into,
(A= )DF =0,

o then we have a characteristic equation:

pois : det

|
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O O & o E . O O O N e N o e ]
Systems of ODEs Eigen Problem ' i

1 .

2

F=

The characteristic equation is,

T == e —40 - )\ 40 aAs Wi
det‘A—)J‘_[ e 1.2_)\]_>\ + 2.8\ + 1.6 =0,
with the solutions A\{ = —2 and Ay = —0.8, which are the eigenvalues.

The corresponding eigenvectors are,
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1. (25%) Solve the non-homogeneous ODE:

| y" — 4y’ = x4+ 3cosxt+e (L)

2. (25%) Solve the non-homogeneous linear system:
; 2y1 +y2 + 27"
i — = é
dtyl Yi T Y2 ;
d =

| i | dtyQ i
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turn t|

re

010)54\%

Deadline Oct. 14 (this Thursday),1

' before the class!!
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time rate of change = —Outflow /min + Inflow /min = y; = —0.02y; + 0.02y5>,

time rate of change = —Outﬂow/ min + Inﬂow/ min = y2

y; = —0.02y1 + 0.02ys,
yh = +0.02y; — 0.02ys,
1. Matrix form:
7(t) =4-§(1)

2. Try an exponential function of ¢, i.e. ¥ = re'.



I O O O . N

,{Systems of ODEs: Model, cont. ' i

' = —0.02y; + 0.02ys,
yh, = +0.02y; — 0.02ys,

g

Ny
[S—
|

System of tanks

i
|
i{

- LK -

The general solutions are:
|

| S
=]

y2(t)

Aot

l — (3151_3)1€>\1t r CQCEQ@ = C1

g— —— e e ————
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,{Systems Of ODES Electrlcal Network ;

W

- Find the currents I1(¢) and I2(¢) in the network,

.= —4I + 41, + 12, 1,(0) =0,
b= —16L +1.2,+4.8,  I,(0)=0,

L=1henry C=0.25farad

t=0

E =12 volts —/—

1. Matrix form:
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“'1_ "'_ "'_ "'_ “'1._ “'1_ “'1* “'*. i O N O “'— “'_- “'F ”'ﬁ_ “'* “'_- “'q_ “'1_" “'1—_..
Systems of ODEs: Electrical Network= cont. ;I

Find the currents I;(t) and I5(%) in the network,

e

{
i
1
i

gSquti

(= AR A H 920 Ry =1,
! — —1.611 +1.215 + 4.8, [2(0) = 0,

1. The general solutions: | ~2

2. The particular solutions:

3. with the initial condition: ¢; = —4 and ¢y = 5,

ol { 1 w |
= 4{1—‘6 + 9 08 | € A 0 | - P
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Systems of ODES: Parameter representation ;

W
40 “Show the two separate curves 11 (¢) and I>(f) as a single curve SR '
[; in the I — I> plane, i.e. phase plane._ i

(a) Currents I1 (b) Trajectory [I (t), 1 ( )] ;:,2 ~
(upper curve) In the I I plane ¥ y
and 7, (the “phase plane”) - £z ik s 19
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e An nth-order ODE:

y(n) = F(taya yla = ’y(n—l))’

can be converted to a system of by setting
/ //
Y1-= Yy - tY2 =l e e Ul

e This system for an nth-order ODE is

|

Yi T Y2,
/ (1% ‘
yz £ 0 yg ) :\
| o)
/ t ;: .
e €3
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5 Reduce a nth-order ODE intoa System,-Examp|e > E|

Mass on a Spring:

Convert into a system:
r‘

- et
'” Yo A e —% Y2

with the eigenvalues Ay = —0.5 and Ay = —1.5.

3. The general solution for the system is,

i e ————

|Solution:| i




I | | ' | | | '1 '1
eory ;

W

e First-order systems of ODEs:
|
|

| yll 5 fl(tayla"' 7yn)7
J yf/)_, = fQ(t7y17"' 7yn),
Ui o o b i A o W

o with the initial conditions:
yilte) SR Bl R e e e el

™

Let fi,---, f, be continuous function having continuous partial deriva-
tives

J 0f1/0y1, -+ ,0f1/0Yn, - Ofn/O0yn,

in some domain R of (¢, 41, - - - ,yn)-space containing the points tg, K1, - - -
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[ elst-order

J e 2nd-order
ly e Higher-order
| : (X Matrices and Vectors, Ch. 4.0
X Models, Ch. 4.1
ODEs ¢ X Basic Theory, Ch. 4.2

X Linear ODEs ¢ X Constant-Coefficient Systems, Ch. 4.3
O O Phase Plane method,
O Stability,
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st EXAM:

\ 1 Topics cover “Ordinary Differential Equations”: "
o First-order ODEs: Ch. 1.1, 42, 1.3, 1.4, 1.5, 4—6 17 %
e Second-order ODEs, Ch. 2.1, 2.2, 2.3(Partial), 2.4, 2.5, 2.6
(Partial), 2.6, 2.7, 2.8, 2.9, 2.10
e Higher-order ODEs, Ch. 3.1, 3.2, 3.3(Partial)
o Systems of ODES, Ch. 4.0, 4.1, 4.2, 4.3(Partial), 4.4, 4.5, 4.6
(partial)
2 You can brmg an ONE- PAGE NOTE

J Deadline Oct. 15 (thls Friday),7:00PM ‘

, at Room105!!
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