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2. Transform Methods: 3+1 weeks

3. Series and Complex Variables: 3+3+3 weeks

— - __ _ ——

| % Course description and Introduction, 9/14
'1. Ordinary Differential Equations: 4 weeks

» First-order ODEs, Ch. 1: 9/16, 9/21
» Second-order ODEs, Ch. 2: 9/23, 9/28, 9/30, 10/5, 10/7

» Higher-order ODEs, Ch. 3: 10/12

» Systems of ODES, Ch. 4: 10/14
» 1st EXAM, 10/15 (Friday night)

» Laplace Transforms, Ch. 6: 10/19 - 11/11
» 2nd EXAM, 11/12 (Friday night)

» Power Series, Ch. 5: 11/16, 11/18, 11/23

» Fourier Series, Ch. 11: 11/25, 11/30, 12/2

» 3rd EXAM, 12/3 (Friday night)

» PDE by Fourier Series, Ch. 12, 12/7 - 12/22
» 4th EXAM, 12/23 (in Class)
» Taylor and Laurent Series, Ch. 13-16: 12/28, 12/30

» Complex and Residue Integrations, Ch. 16: 1/4 - 1/13
» Sth EXAM, 1/14 (Friday night)
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Partial Differential Equations: PDE il
e I1st-order, Ch. 1
e 2nd-order, Ch. 2

e Higher-order, Ch. 3
e Systems of ODEs, Ch. 4

Laplace Trans., Ch. 6

ODEs < eIntegral Transtorm Fourier Trans., Ch. 11

Z — Trans.

Power Series, Ch. 5

shLT g Fourier Series, Ch. 11
Taylor Series, Ch. 15

Laurent Series, Ch. 16

PDEs
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Terminoloqies:

Ordinary Differential |
= o *

ONE :
independent |
variable |

More than ONE |
independent |
variable |

[5
0
fo= o f(@.9,...)
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PDES: Definition

e An equation containing partial derivative(s) of an unknown functlon u
with two or more independent variables. E.g. |

Ou(t,r) Oult, )
O e gyt

or written in short Mgl

’——-—————-—-—————s-—--—» «-—'—-————-———-————-—-——l—-}
' Why PDEs ? \

L__W

,M dlstrlbutlon in an atom) are fully descrlbed by four varlables.

| eElectrostatics (Poisson theory),

*EM waves (Maxwell's equations),

equantum mechanics (Schrodinger's equation), e >
eheat transfer (heat equation). e

— —_—
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1. Order of PDE: the order of the highest partial derivative. E.g.

U=l (2nd order);

Ut = UUppy + OIN T, (third order).

2. Number of variables: the number of independent variables. E.g.

Wy = Tl (2nd order, two variables: x and t);

1 1
Ug = Uppr + =Upr + — Ugs, (2nd order, three variables: r, 6, and t);
r r

3. Linearity: PDEs are either linear or nonlinear,

e nonlinear ODE: e.g. time-independent nonlinear Schrodinger equa-

Q—Trlb ddxg U(x)+ V(x)¥(x) + \\IJ(:U)|2\I!(x) =0,
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4. Homogeneity: an equation only containing unknown function u and its
derivative(s) is homogeneous. E.g.

P (homogeneous);
U el Ty sl U (homogeneous);
Uit Pt — ey (non-homogeneous).

5. Kinds of Coefficients: if the coefficients a; j(x,y) are constants, then the
PDE is said to have constant coefficients (otherwise, variable coefficients).
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PDES: Example, piffusion

S I e A —1l<z,y<1l, t>0, uw=0 onthe boundary

t = 0.33333

-1

t=0.66667
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Wave propagation

4

Example

PDEs
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e (Gauss’s law for the electric field:

V-E:E@%E-dfl:g,
€0 S €0

1 1831-1879
e Gauss’s law for magnetism: ( )

V-B:()(:)?{B-dA:O,
S

e Faraday’s law of induction:

0 0
Vi E=—tp e
X By, <:>%C dl at(I)B,

e Ampére’s circuital law:

VxB:uo(J+gD)<:>]{B-dl:—uo(I
ot C
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PDE5: Example, Mach-Zehnder Interferometer E

W

Mach-Zehnder Structure 5000-

12000

9000 4

B Refractive Index
n(x2)

8000

L
§
&

ASpeCl Ratlo' Transverse Dyrection {(gm)
LW >> 1 ~
“

Ng

~

/ I \

Incident Field
W
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PDES: For this course, again ;

i the PDE from the physical problem,
(constructing the mathematical model.)
You should know what you are working for first (physical picture).

2. Solve the PDE,
(along with initial and boundary conditions.)
The techniques you learn to attack the problems (tools at hand).
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Engineering (Applied) Mathematics

e

Modeling

|

i
i
\]

|

e Analytical approach

e Numerical approach
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1. Separation of Variables: reduce a PDE in n variables to n ODEs.
2. Integral Transforms: reduce a PDE in n variables to one in n—1 variables.

3. Change of Coordinates: change the original PDE to an ODE or else an-
other PDE (an easier one).

4. Transformation of the Dependent Variable: transform the unknown of a
PDE into a new unknown that is easier to find.

5. Eigentunction Expansion: find the solutions of a PDE as an infinite sum
of etgenfunctions.
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10.

11.

E O W O W N e e
olve PDES, cont.

W

decompose initial and bound-
ary conditions of the problem into simple impulse and finds the response
to each impulse.

changes a PDE to an integral equation where the
unknown 1is inside the integral.

reformulate the equation as a minimiza-
tion problem.

change a PDE to a system of difference equations on
a computer.

change a nonlinear problem into a sequence of
linear ones that approximates the nonlinear one.

other methods - - -
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£PDES: Scope %

ODEs {

N

PDEs

e Integral Transform {

e Series Solutions {

/

\

(e 1st, 2nd, higher-orders, and Systems, Ch. 1-4

Laplace Trans., Ch. 6
O Fourier Trans., Ch. 11

Power Series, Ch. 5

Fourier Series, Ch. 11

Basic concepts, Ch. 12.1

1 Modeling, Ch. 12.2, Ch. 12.7

Separating Variables, Ch. 12.3

Solved by Fourier Series, Ch. 12.5

Heat Eq., Ch. 12.5

0 D’Alember’s solutions for Wave Eq., Ch. 12.4
0 Solved by Fourier Integrals, Ch. 12.6

2D Cartesian, Ch. 12.8

O Laplace Eq., Ch. 12.9
O Cylindrical Coordinates, Ch. 12.10
0 Spherical Coordinates, Ch. 12.10

Solved by Laplace Transforms, Ch. 12.11

2010F12R21HE#Z



Second-order linear PDE with two variables:

0%u 0%u 0% ou ou
e S e T e e L
92 i 920y o5 C@gﬂ - o s oy + Fu(z,y) =G,

where A, B, C, D, E., F, and G can be constants or given functions of x and y.

1. Parabolic PDEs: B?—4AC = 0, describe heat flow and diffusion processes,

1.e.
0 59 SR 02 0>
ﬁu:a Viu = « (@%—5&—2%-5;5)%
2. Hyperbolic: B? — 4AC > 0, describe vibrating systems and wave motion,
i.e. : 92
V°E A —  E=0
(mayaza ) ILLOEOatQ

3. Elliptic: B? —4AC < 0, describe steady-state phenomena, i.e. eigenmodes
of Laplacian equations, ¥ A

0> 0?
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For a first order PDE:

L.l.

0 1 0
&U(z,t) z atU(z,t) 0,

e Define the new coordinates:

It P L

e Use:

s a——

=
|
0
(]

Solution:|
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PDES: Big-three PDEs, canonical form ;

W

Second-order linear PDE with two variables:

0%u 0%u 0%u ou ou | |
i i AR D L R T =
572 . 920y + 08y2 - 3 4 9y + Fu(z,y) = G,

e Define new coordinates, £ = £(x,y) and 1 = n(x,y)

e Substitute into the original PDE,
Auge + Bugy + Cugy + Dug + Euy + Fu(é,n) + G =0,

where

= AL +B&E+CE
L S e A i e e A SR AN
A7732:‘|‘B77x77y+077§
= A&, +B&y,+C&,+DE& + EE,
= ANge + BNy +Cnyy +Dne + Eny

2010F12R21HE#Z
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PDES: Big-three PDEs, canonical form, cont. ;

o Set the coefficients A and C equal to zero,

AL Afi-l—Bfwfy—l—CfS:O

C = Ani+ By, +Cn, =0
or rewrite these two equations in the form

A [fa:/fy]Q + B [&,;/fy] +C =0
Anz/ny)? + B ne/ny] + C =0

e Solving these equations for |£,/&,| and |1, /n,|, we have two characteristic
equations

—B++vVB? - 4AC

[f:c/fy] = 2 A 3
N /My] = i \/Z - 4AC>

2010F12R21HE#Z



e For example,

Upy — dUyy + Uy =0,  B2=44C >0

e the characteristic equations are

dy
e R T :_27
dy
d—: [77a:/77y]:2>
e To find £ and n, we have
TS SO T e
Y e e i el
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PDES: Big-three PDEs, canonical form, cont. ;

e Hyperbolic equation: B? — 4AC > 0

uen = P(&, 1, u, ug, uy)
e By the transformation, a =& +nand =& — n,
Uaa — Upg = P, B, u, g, up)
e Parabolic equation: B? —4AC = ()

Unn = (I)(£7 1, U, Ug, un)

and 8 = (§ —n)/2t,

Uqe T Ugp = (I)(aaﬁauauomuﬂ)
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- - - g - g o i ok - - - - . - g - - g - - - - g - . - g - - - -

n, 1p,Ch. 12.5 E

W

(1.0 —»u,~0)

u(x+Ax, 1)
temperature change

inflation point
u(x-Ax, 1) P

u(x,n) (U 0> u, —0)

|
u(x-Ax, 1) tu(x+Ax, 1)

2

e The heat equation means that the time-rate of change in temperature (u;) L
is proportional to the concavity (u,,) of the temperature distribution, i.e.,

ue o —[uz,1) = (e, 0] & ~—glule + Az, 1) — 20, 1) + u(z — Ax,1)]. B
=5
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u(eze) = uley)+o(eg)de+ P (Anyt 4 LN gy
u(ei) = ulzy) - ul(e)he + i (agp - B gy
one can approximate u'(z;) and u”(z;) by
oy - H)soe) P
o L U L N
ey U(xj+1)+uf;2—1)—zu($j) _QU"';('xg)(Ax)z+ |
L @it +U§U;2—1) 2u(x;) L O(Az?)
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PDES: Heat Equation, 1o

TSI
Ut = O Ugy

e Heat always flows from high-temperature to low-temperature regions.
e The flow rate is proportional to the temperature gradient, i.e. V;u.

— If the temperature at x is higher than its surrounding average,
uw>1u, then wu,, <0 and wu; <0,

the net flow of heat into z is negative.

— If the temperature at = is lower than its surrounding average,
u<u, them wug, >0 and wu; >0,

the net flow of heat into z is positive.

— If the temperature at x is equal to its surrounding average,

uw=1u, then wu,, =0 and wu; =0,

the net flow of heat into x is zero.
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PDE5: Heat Equation, Boundary Conditions

W

hquid kept at hquid kept at
lemperature g (1) lemperature g (/)

u(x = 0,t) = g1(t) u(x = L, t) = ga(t).

2. Neumann BC: heat flow across the boundary specified, i.e.

9, 9,
G0 =010 -lemr = aa(t).

where n is the outward normal direction to the boundary.

3. Mixed BC: temperature of the surrounding medium is specified, i.e.

ou ou e N o
a_n|a::O 5 Au(x = 07t> ! (t) %LU:L + )\u(x = Lat) = gZ(t)' j

2010F12R21HE#Z
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PDE5: Heat Equation, Typical BCs for 1D heat flow

W

Initial-boundary-value problem:

e Suppose we have a copper rod 200cm long that is laterally insulated and
has an initial temperature of 0°C.

e Suppose the top of the rod (x = 0) is insulated, while the bottom (z =
200) is immersed in moving water that has a constant temperature of
g (t) =320 0

e The mathematical model for this problem:

PDE: Up = O Uy, 0<z<200, 0<t<
: u.(0,t) =0
s { 4 (200,) = —2[u(200,2) —20] * O SES®
IC: u(x,0) = 0, 0 <z <200
where »
o® = 1.16cm?/sec, (diffusivity constant for copper) ""{:':93 :
£ = 0.93cal/cm-sec’C, (thermal conductivity of copper) uf'{ :
h = heat exchange coefficient, to determine by the experiment. s

2010F12R21HE#Z
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PDE5: Heat Equation, Initial-Boundary-Value Problem

W

Initial-boundary-value problem:

ut:a2um, O<ax< L, and 0<t

{ uz (0,1) = K (t)
. (200,1) = Ko(t)

s 0 =<F{T =g <

by,

0<t

WL O e
SSSSSNNG

ke
—
o
-
A
¥y
N
I
"t
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PDE5: Heat Equation, Separation of Variables

W

e The basic idea of separation of variables is to break down the initial con-
ditions of the problem into simple components, find the response to each
component, and the add up these individual responses.

o Divide and Conquer
e Separation of variables applies to problems where

1. The PDE is and (not necessarily constant coef-
ficients).

2. The boundary conditions are of the form

aug,(0,t) + Bu(0,t) = 0,
yuz(1,t) +0u(l,t) = 0,

where a, 8, v, and § are constants (boundary conditions of thi
are called linear homogeneous BCs). "

2010F12R21HE#Z
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i | O - . I O . ol I U o " O .
at Equation,'s E

PD E5: He eparation of Variables, Step 1 |

PDE: ut:oz2um, SR e R D e e
. u(0,t) =0 |
B(Cs: {u(l,t):O s e <00
IC: ulx, ) =o(x),5 S Hl

e Find elementary solutions to the PDE:

Tl EaE A & s 48 fundamental solutions

e substitute this trial solution into the PDE,

X (2) T'(t) = 2 X" () T(2),

e divide each side of this equation by o?X (z) T'(t),

e  X'(x)

a?2T(t) X(z)'

and obtain what is call separated variables.
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PDE5: Heat Equation, Separation of Variables, Step'1

e In this case, = and t are independent of each other, each side must be a

fixed constant (say k),

F S T

a?T(t)  X(z)
or two ODEs
T @) =k o TE) =0,
X ek X (T
e To meet the condition as t — oo, k must to be negative, i.e. k = —)\2,
where A\ is nonzero.
T e L =0
= 0.

X" (x) 4+ A2 X ()

> A
» Aent v
. A 7]
A Y
) “.- ; .‘.:‘ 7
O 2
"v-‘ ) {‘-L' |
3 A el
2010 12821HEH
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é PDE5: Heat Equation, Separation of Variables,; Step 2 |

e For the two ODEs

THE DS Bt
X" (z) + X\ X(z) =0.

e The corresponding solutions are:

T se= &t (C7 an arbitrary constant)
X(x) = C3Sin(Az) + C3 Cos(Ax), (C5 and Cj5 arbitrary)

e The total solution for u(x,t) = X (x)T(t) is

w(z,t) = e * [ASin(\z) + B Cos(Az)]

2010F12R21HE#Z



PDES: Heat Equation, s E

eparation of Variables, SteE 3 :

e Find solutions to match the BCs

e The total solution for u(x,t) = X (x) T(t)
w(z,t) = e “ {[ASin(\z) + B Cos(\z)]
to satisty the boundary conditions

u(0,t) = 0,
ulfh 1) =

needs to enforce B = 0 and Sin\ =0 (or A = 7, +27,£37,...).

e We have an infinite number of functions,
un(z,t) = A, g~ (nma)’i Sin(nmrx), R S P

which is called the fundamental solution (an infinite number).

2010F12R21HE#Z
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PDE5: Heat Equation, Separation of Variables, Step 4 |

e I'ind the solutions to match the IC

e To add the fundamental solutions

by Z Aie Hrrel Sin(nrzx),

=

and meet the initial condition, u(x,0) = ¢(x), i.e.
Z A, Sin(nmzr) = ¢(x),
=1

e Luckily, Sin(nmz) is orthogonal for different n, i.e.

1
1
/ Sin(mmz)Sin(nrx)d x = %dmn, by Sin(x)Sin(y) = §[Cos(x—y)—Cos(:c+y)].
0

e By multiply Sin(mmx), we obtain

1
A= 2/ ¢(z)Sin(mnrz)d x
0

2010F12R21HE#Z



EPOWEI’ Series: Sturm-Liouville Problem ;

“m-——-a

e Sturm-Liouville Problem:

[p(2)y'] + [q(z) + Ar(z)]y =0, with the boundary conditions
{ kiy(a) + kay'(a) =0
hy(b) + l2y'(b) = 0
e )\ is a parameter.
e For the interval a < xz < b, p(x), q(x), r(x), and p'(x) are continuous.
e k1, ko are given constants, not both zero, and so are [, [5 , not both zero.
o If ko =[5 = 0, one has
o If £y =11 =0, one has
o If ki, =1 =0o0r ky =1[; =0, one has

2010F12R21HE#Z



EPOWEI’ Series: Orthogonality of EigenfunctionsiI
e For a given number A, eigen-value, a solution to satisty the
is called eigen-function.

e Functions yi(x),y2(x),... defined on some interval a < x < b are called
orthogonal on this interval with respect to the weight function r(xz) > 0 if

b
(@) 30 @) = [ 1)y @)y (2) d = S,

where we introduce which gives the value
e O albsmw=n
A R s e e

e The norm || y,, || of ym(x) is defined by

b
| 4 (2) [I= \/ / r(@)y2 (z) dr,

2010F12R21HE#Z




EPOWEI’ Series: Orthogonality ;

, Example'l |

e The functions y,,(z) = sinmx, m = 1,2,..., form an orthogonal set on
the interval —m < x < 7, for

T
/ sin ma sinnzx dx = 0, m #n

S

i.e. 2sinasin 8 = cos(a — ) — cos(a + f3).

e The norm || y,, || of sinmx is

| ym () ||= \//W sin® ma de = /7.

2010F12R21HE#Z



, Example 2 |

EPOWEI’ Series: Orthogonality ;

e The form an orthogonal set
on the interval —1 < x < 1, for

e The form an orthogonal set
on the interval 0 < z < R, for

R
/ i S R T Y e ST e m # n
0

2010F12R21HE#Z



PDE5: Heat Equation, Separation of Variables, Dirichlet BCs

‘...M
e Up = O Uy, Q< b << od
H Example: BCs: a0, D=0 and il 4 =0 APt <00
: S cfor 0w <L/2
Lt (a’;,())—{ Lo a2 <o < L

u (exact solution) u, (only fundamental mode)
.

m

ZA e LG tSm(%x)

4L _1\(n—1)/2 [_4L ST
A, =| ]Sin(n_ﬂ):{ (1) [nzwz] ; 1 n is odd

0 . if n is even

2010F12R21HE#Z



PDE5: Heat Equation, Separation of Variables,Neumann BCs E

...—..M

Example:

PDE: ut:oz2um, Ot olar 0 0
BCs: u(0,t) =0 and wu,(lL,t)=0, 0<t< o0

| =l - for 0<x<L/2
1C: u(x70)_{L—Qj . for L/QSiUSL

’ﬂSqution:
ZA e tCos(Ta:)

= L/4
A { 2L [2Cos(ZE) — Cos(nm) — 1]

2010F12R21HE#Z




PDE5: Heat Equation, Separation of Variables, Mixed BCs

W
‘Exam IE' PDE: Up = azum, O<z< L, O0<t<oo
ﬂ , » RAE BCs: u(0,t) =0 and wu,(L,t)+hu(l,t)=0, 0<t<o0
: saciady A (6] e Jonr S ST h ),
= u(x,O)—{ L—x ; for L/2<z<L

ﬂsgl_ﬁtion:ﬂ

2010F12R21HE#Z




O e N e N e .
eparation of Variables, Mixed BCs

R ——

ﬂSquti

|

|

|

\\
-~
s\
-~

o &
I
~

e IFrom the BCs:

Xn(x) = Sin(kpx), where tan(k,L)=——.

e The total solution:

A = Z A, e~ kna)’t Sin(k,x),

=1,

e By the orthogonality of X, (x) in [0, L] (for the spatial ODE is a Sturm-
Liouville problem):

Ty :
/ Sin(k,x)Sin(k,x)dx = [£ — Sm(anL)]émn =
0 2 4k,

g[l — Sinc(2k, L)]0mn,

where
A

L
Ao 5 I 20 Snookh) /O e T

2010F12R21HE#Z




PDE5: Heat Equation, Separation of Variables, 2D
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1. [Homogeneous Heat Equat10ns|: ey m|

1‘ Solve the temperature distribution u(x,t) described by the heat equation

| PDE: W = Qg 0T < Ly b=t =00
| . L o el TR e D
iy u(z,0)= { Ve Re i0) B SR <o R

with three different boundary conditions (BCs):

(a) Neumann BCs:
Uz (0, 1)-=0= and ~uptla =10, 2 =160
(b) Mixed BCs:
u(0,£) =0 and uy(L,t)+hu(Ll,t)=0, 0<t<o0

where h is a constant.

NQ [Homogeneous Heat Equations with Loss|:

PDE: Up = Q2 Uyy — Bu, PR et e DR <700
BCs: (0= 00 "and S LT =" 0 <t %< 00
3
IC: u(x,0) = Sin(%x) + 0.5 Sin(%x), Gl T o

where the constant 5 describes the heat loss.
Hint: try the transformation u(z,?)

2010F12R21HE#Z



e (Gauss’s law for the electric field:

V-E:E@%E-dfl:g,
€0 S €0

1 1831-1879
e Gauss’s law for magnetism: ( )

V-B:()(:)?{B-dA:O,
S

e Faraday’s law of induction:

0 0
Vi E=—tp e
X By, <:>%C dl at(I)B,

e Ampére’s circuital law:

VxB:uo(J+gD)<:>]{B-dl:—uo(I
ot C

2010F12R21HE#Z



e Divergence of the gradient: Laplacian

V. (Vo) = V3¢ = Ao

e For a source-free medium, p =J = 0,

5)2
E) = —jpeg——=F
V x (V x E) Hoco -5 E.

02
VAV e N e e L
— ( ) ,uoéoatQ

e When V - £ = 0, one has wave equation, i.e.

82 82 82 82
§72 L T | | is L i

2010F12R21HE#Z
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PDE5: Wave Equation, Finite-vibration string

_,_‘__,‘_—....._______...)
utt:a2um, O<z<L, 0<t<oo
: " u(0,t) =0
BCs: 3 U(L,t):O , U<t <o
- u(z,0) = f(x)
ICs: ) ) g e et

i {'

o g separation of variables

u(z,t) = X(x)T(t),

e Substituting this expression into the wave equation, we have two QODEs

T — o’ T =0
X" XX =0
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PDE5: Wave Equation, Finite-vibration string, cont. E
ﬂSqutions:!

e Only negative values of A\ give feasible (nonzero and bounded) solutions,

T e e

u(z,t) = [CSin(Bx) + D Cos(Bx)||ASin(apt) + B Cos(aft)],

e With the BCs,

e The fundamental solution

un(,8) = X Talt) = Sin("r) an Sinf ””Lo‘t) + b, Cos(
2 SR nra(t — 0y)
== RnSm(T) Cos| 7 ]
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PDE5: Wave Equation, Finite-vibration string, cont.

e The solution for wave equation

R i

nmwot

nmwot

4

h u(x,t)zgsz'n(%)[ansm( ) + b Cos(——)]
e With ICs,
= ., nNTXx
w(,0) = g::lbnSm(T):f(x),
2 nmo ., NI P
ut(2,0) = T;lan(T)Sm(T)—g(x),

e Using the orthogonality conditions, fOL Sin(2IL) Sin( 222 )d x = £6,,,,, we

have
9 L
Gt o : g(a:)Sz’n(————an)daz,
o L
e E,A F(@)Sin("T 5 yd

2010F12R21HE#Z



P e S PDE: U = Uy —Bu, O<ax< L, O0<t<o
ﬂ Example: BCs: w(0,t) =0 and wu(L,t)=0, 0<t<oo
IC: u(z,0) = o(x), 0<z<L

where —fSu represents heat flow across the lateral boundary.

By means of the transformation

w(z,t) = e Plw(z, t),

then the original heat equation with lateral loss becomes,

PDE: wt:ame, O<z< L, O0<t<x
BCs: w(0,t) =0 and w(L,t)=0, 0<t<oo
IC: w(x,0) = ¢(x), 0<z<L

with the solutions already known, i.e.

w(x,t) [ / o(s)Sin( —s)d Si| e_(mTa)QtSin(n%x). fﬁ"
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PDE5: Heat Equation, Non-homogeneous Boundary Conditions

W
“E""“ | — PDE: A= onum, O o) <150
|Example: u(0,t) = k ' '
; : 3 ) sl Pk
BCs: {U(th):]@ A e i e e
IC: ule, D= ol r sk
Transforming BCs to homogeneous ones:
G Ak steady state + transient
- []C1+L(]€2—]€1)—|—U(33 t)]
where
PDE U, = o’U,,, Bl et § e o
U(0,t) =0
BCs {U(L,t):() Sl e RdTee
IC U(SB,O) = qb( ) [kl e, (kg kl)] 0<x<L
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PDES: Heat Equation, More

e Lateral heat loss proportional to the temperature difference:

ur = Uz — Blu—ug), B >0

Heat loss (u > wug) or gain (u < wug) is proportional to the difference
between the temperature u(x,t) of the rod and the surrounding medium
ug (with S the proportionality constant).

e Internal heat source:

Uy == O U e (L the nonhomogeneous equation.

The rod is supplied with an internal heat source (everywhere along the
rod and for all time ).

e Diffusion-convection equation:

E.g. a pollutant is carried along in a stream moving with velocity v.

e Nonhomogeneous material: u; = o?(2)uz, + f(x,y).

2010F12R21HE#Z
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N, Non-homogeneous

.‘—M
e L Uy = Q@ Uy = (@) O<az<l, 0<t<o
ﬂ ExamP|93 BCs: uw(0,t) =0 and wu(l,t)=0, 0<t<oo
IC: u(x,0) = o(z), <<l

l e For f(x,t) =0, we have solutions for the homogeneous problem, i.e.

u(@,8) =Y Be- ALY (G,

Fhaall

where )\, and X, (x) are the eigenvalues and the eigenfunctions of the
Sturm-Liouville problem, i.e.

X"+ XX =0, and X(0)=0,X(1)=0,

e For non-homogeneous problem, f(x,t) # 0, we try the slightly more gen-
eral form, b,

u(z,t) =) To(t)Xn(2),
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PDE5: Heat Equation, Non-homogeneous, Exam;Ie E

e s 3 PDE: Us = O Uy +Sin(3m), U< o5 0 <% .<0e
ﬂ ExamP|EZ BCs: uw(0,t) =0 and wu(l,t)=0, 0<t< o0
' IC: u(x,0) = Sin(7wx), 0<z<1

e Since the BCs support Sin(nrx) eigenfunctions,

= Z Blb X Z T, (t)Sin(nrx),

e Substitute this expansion into the problem,

PDE: Z[T’ + (nma)?T,|Sin(nrz) = Sin(3m),

IC: Z T, (0)Sin(n7x) = Sin(7x),
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PDE5: Heat Equation, Non-homogeneous, Example, cont.

LT, Rl S

e With the orthogonality for Sin(nwz), we have,

1
Fory T ler e =
: / 2 s . . e )
PDE: T, + (nra)*T, = 2/0 Sin(nmz)Sin(3rz)dz = { R B
IC: T, (0) = 2 1S°( SR e e ¢ P
. LN b in(nrr)sin(rr)dzr =4 o Rt
e Writing out these equations for n =1,2,...,, wee see
= Tl, -5 (7TOé>2T1 == o)t
Gy =) T0(0) = 1 = Tift)='¢ :
5 T2 2ma s == 5
(n = 2) TQ(O) =5 j = Tz(t) =0,
2 T + (3ma)?T3 =1 | =
(n =3) T5(0) = 0 J> e
T' + (nra)?T, =0
> n =
(n >4) T.(0) = 0 = 1e0e)
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PDE5: Heat Equation, Non-homogeneous, Example

o il v S S

i
i
(]

|Solution:

e The total solution for our problem is

1
) = e_(m‘)QtSin(wx) - (3ra)? 11— e_(?’wa)Qt]Sin(wa)
= transient + steady state
e The first term represents behavior, due to the initial conditions.

e The second term represents steady state behavior, due to the right-hand
side of the PDE (non-homogeneous term).
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1. [Vibrating of a stretched string with fixed ends: . RO
Find the solutions for one-dimensional wave equation,

[

| PDE: Ut = O Uy, O<z<l 0<t<oo
' 4
BCs: 7 (Ot) O, SR80 |
i
= R (0] nggé
ICs: < 3?120@ . for %gxgl e G-
\uta;'() :O |

Hint: use the separation of variables first.

12' [Homogeneous Heat Equations in 2D Rectangular coordinates: \
~ Solve the temperature distribution u(z,y,t) described by the heat equa- |

tion, |
e RN U = @ (U + Uyy),s 0<z<a 0<y<bd 0<t<ox0 ;
Bt w(0,y,t) = u(a,y,t) =0 and u(z,0,t) = u(z,b,t) =0, 0 < PSS
1C: u(z,y,0) = co, O<z<a, 0<y<b.

where o and ¢y are both constants.
Hint: try the separation of variables u(z,

1) = X(x) Y (y) T'(t) first.

2010F12R21HE#Z



PDE: up = a? AL O @ = 0L Y b < 60
BCs: u(0,y,t) = u(a,y,t) =0 and wu(x,0,t) =u(z,b,t) =0, 0<t< oo
IC: u(z,y,0) = co, O<z<a 0<y<b.

where o and ¢y are both constants.
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PDES: 2D Heat Equation, solution E

W

e Iind elementary solutions to the PDE:

u(z,y,t) = X(x) Y (y) T(¢),

e Fundamental solutions to match the BCs:

u(x,y,t Y?Amne_(m +n*)a’ tsm( )sin(n%y),

a

e For the IC:

et A AR YYAmn sin —a:) Sin(n%y),

™m

where the double Sine series coefficient A,,,,, 1S

/ / co sin —x)sm(m
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PDE5: Wave Equation, Semi-infinite media, Ch. 12.11

Wit = CoWiyp, () £ 0 <o cand =< b= 00

sint ; for 0<t<2n
w(0,t) = f(1) = 0 ;  otherwise

lim w(x,t) =0, t>0 Asymptotic Condition.

ke -7 5%
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f-space

Given problem

s-space

Subsidiary equation
(s2-1)Y=s+1+ 1/s?

Solution of given problem

y(t)=et+sinht -t

Y

e —

2010F12R21HE#Z

Solution of subsidiary equation

1
y=_1
s—l-'-s2




— — — —_— _ - — —_ — _ — —_— _— — —_— _ — — —_— — — — — —

= [~ = = [~} [~ = -

o If f(¢) is a function defined for all ¢ > 0, its

l] asS
|

i
V

F(s)=L(f) = /OOO eSS RFEOAdE

e Here we must assume that f(¢) is such that the integral exists (that is.|
has some finite value).

e This assumption is usually satisfied in applications.
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gLaEIace Transform: Derivatives %

e The transform of first derivative of f satisfies

g

LIF ()] = sLf ()] = f(0).
e The transform of second derivative of f satisfies
LI (®)] = s*LIf ()] — sf(0) = f(0).
e The transform of nth-derivative of f satisfies

LIFM @) = s"LIf@B)] = "7 (0) = s"2f(0) — -

2010F12R21HE#Z



PDE5: Wave Equation, Semi-infinite media, Ch. 12.11 E

W

wtt:(:me, 0 < oesand s iaeoo

sint ; for 0<t<2nw
AT e 0 . otherwise

w(x,0) = w(z,0) =0, 0<z< o0

lim w(z,t) =0, t>0 Asymptotic Condition.

T —r 00
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PDE5: Wave Equation, Semi-infinite ' media, cont.

.‘—M

e Transform /-variable via the Laplace transform, i.e. Llw(x,t)] = W (x),

Llwy] = s Wiz, s) — sw(z, 0) — wi(z,0),

e For the ODE,

we have the general solution (homogeneous),

Wiz, s) = c1e5%/€ + cpe=5%/¢,
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PDE5: Wave Equation, Semi-infinite ' media, cont. '

e a———

ﬂSqution:H
e From the AC, we have ¢; = 0.

e From the BS:

W(0,s) = ca = L[f(2),

we have the coefficients,

u(@,t) = f(t—Jult—-)
= sin(t—%)
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O O E W O O O e W o e e e YN EE
£PDES: Scope %

[ e 1st, 2nd, higher-orders, and Systems, Ch. 1-4

ODEs ¢

\

PDEs

e Integral Transform {

e Series Solutions {

¢

\

Laplace Trans., Ch. 6
O Fourier Trans., Ch. 11

Power Series, Ch. 5

Fourier Series, Ch. 11

Basic concepts, Ch. 12.1

O Modeling, Ch. 12.2, Ch. 12.7

Separating Variables, Ch. 12.3

Solved by Fourier Series, Ch. 12.5

Heat Eq., Ch. 12.5
0 D’Alember’s solutions for Wave Eq., Ch. 12.4
O Solved by Fourier Integrals, Ch. 12.6

2D Cartesian,

O Laplace Eq., Ch. 12.9
O Cylindrical Coordinates, Ch. 12.10
O Spherical Coordinates, Ch. 12.10

Solved by Laplace Transforms,
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Ath EXAM:

1 1 Topics cover “Partial Differential Equatlons” SoEet
e Heat equations, Wave equations, and Laplaclan equatlons
e 12.1,12.3,12.5, 12.8, 12.11 '
o skip:
Modeling (12.2, 12.7), D’Alembert’s solution (12.4),
Solution by Fourier Integrals (12.6)
Polar Coordinates (12.9), Spherical Coordinate (12.10)

hz You can bring an ONE-PAGE NOTE

= ——— — — e T — _ B ———

’ ""'"'"""""""""""““"’“'“
Dec. 23 (this Thursday), in class
‘ 1-3PM, at Room106!!

l
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PDE5: Wave Eq uation, d’Alembert Solution, Ch. 12.4 I

e For the diffusion problems (the parabolic case), we solve the bounded case
(0 < z < L) by separation of variables while solve the unbounded case
(—o0 < x < 00) by the Fourier transform.

e For the wave problems (the hyperbolic case), we will do the opposite.

utt:oz2um, — <<y << eo

{ u(z,0) = f(=)

(75 0) o (@) Pem e e

e Replace (x,t) by new canonical coordinates (&, 1), i.e. the moving-coordinate,

&= n=x—at

e the PDE becomes
ugn — O,

with the solution of arbitrary functions of & or n, i.e.

u(€,n) = $(n) + (&), L
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PDE5: Wave Equation, d’Alembert Solution, cont.

W

e In the original coordinates x and ¢, we have

u(xz,t) = ®(x — at) + ¥Y(xr + at),

this is the general solution of the wave equation.

e Physically it represents the sum of , €ach moving in
opposite direction with the velocity a. Eg.

u(z,t) = Sin(x — at), (one right-moving wave)
ulmet) F = S et (one left-moving wave)
u(z,t) = Sin(z—at)+ (z +at)?, (two oppositely moving wayes)

AR
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k

O

Wave fronts

(constant phase surfaces) Wave fronts

N\ Wave fronts
‘ A - -

\
Y

Y

Sendennt et

‘"B evshan ."'\

/

A perfect plane wave

divergent beam / %y
(a)

A perfect spherical wave < AU“\\\f
v\ y "._\)(‘S\},' > 3

(b) (<)



PDE: Wave equation, Spherical wave E

e spherical wave:

A

[ — 79

ELbir s exp(—ik|r — rol),

where k|r — rg| = constant, wavefronts resemble sphere surfaces,

e Intensity:
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PDE5: Wave Equation, d’Alembert Solution, IC

W

e Substitute the general solution into the two ICs,

. u(xv O) 3 f(CC)
ICs: { At

e for arbitrary tunctions ¢ and 1), we have

olz) +o(z) = [fl=),
—a¢'(z) +ay(z) = g(=),

e then by integrating from xg to x,

~ad(@) +at(z) =

Lo

where K is an integration constant.
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PDE5: Wave Equation, d’Alembert Solution i

e The solutions for ¢ and v are

4(z) = 3f —% 9(Oe.
W@ = 3I@+ge [ s

e The D’Alembert solution,

rt+oat
u(w,t) = S[f(@ = a,t) + flz +at)] + 5 / g(E)de.
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PDE5: Wave Equation, d’Alembert Solution, Example i
Example 1:%

Motion of an initial Sine wave,

PDE: Uyt :&Qum, =IO S OO i) < <00
. u(x,0) = Sin(x)
ICs: {ut(x,O):O : O =500
Solution:|

e D’Alembert’s solution:

1
u(x,t) = 5 Sin(x — at) + Sin(x + le
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PDE5: Wave Equation, d’Alembert Solution, Example i

ﬂExampIe 2:

Motion of an initial Sine wave,

PDE: Uyt :onum, RO A OO e < OO
: u(z,0) =0 5
ICS. { ’U,t(flf, O) s Sm(a:) , &, D s s D)

Initial velocity is given.

1 r+aoat
WEAE T t Sin(§)d €
1

—Costa+ at) — Cos{t—at) ’ a
20x xS,
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EPOWEI’ Series: Laplace’s Equation, chap.12.10 ;

.‘—."’—“.-_———-J

Laplace’s equation
VT TE— i At Uz e b

e Laplacian in Spherical Coordinates, i.e. £ = rcosfsin @, y = rsinfsin ¢,
and z = r cos ¢,

SIS @+28u+ 182u+cot(b8u 04
- Or2  ror  r20¢? r2 0¢  r2sin? ¢ 002
1.0, 6 5,0u 1 0 ou 1 0%u
= r2[8r(r _)+ 81n¢8q§(sm¢ gb) singb((%’2 )I
o with the boundary conditions:
u(R, o) = f(o), and lim wu(r, ¢) = 0.

==X
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EPOWEI’ Series: Laplace’s Equation, chap.12.10 ;

e Assume u(r,¢) = G(r)H(¢), one has

d°G dG
r T I 27“5 =n(n+ 1)G, Euler-Cauchy equation,
- d
inop—H 1)H = 0.
sin¢dgb(sm¢dgb ) +n(n+1)
e By setting cos ¢ = w, we have the
d°H dH
1 —w? — 2 | 1)H = 0.
(1 —w )dw2 s n(n+1) 0
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EPOWEI’ Series: Legendre’s Function ;

W

(1 -2y’ — 22y’ + nn+ 1y s

e The Coefﬁc1ents e ‘@) and ?1(7z+2)) are , then Legendre’s

equation has power series solutions of the form

©.@)

y(z) = Z U "

m=0

e Recursive relation:

Ty __(n—s)(n+s+1) =
ﬁSolqun.!iaerz— G+ 20+ 1) s, e T

n) =i A e R S g
(n—1)n+2) 3 m=3)n-1n+2)n+4) ;

yo(x) = x— 3 x” + 5 x° — ... "%
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EPOWEI‘ Serles Legendre s Polynomials, cont. & ;

Legendre’s polynomial of degree n :

Po(z) =1 - Pi(e) =2
Polm)=w(3nk=i1y < Pa( Y = (bt =g
Pilri= 2(351«4 — 30z £ 3 Bl = %(63x5 — 70x° + 15x)

to meet the boundary condition

Bir="1
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Laplace’s equation in spherical coordinates:
Vo= e gy kel

e Laplacian in Spherical Coordinates, i.e. £ = rcosfsin¢, y = rsin @ sin ¢,
and z = r cos @,

T @+28u+ 182u+cotq58u e
B e, e r2 0¢  r2sin® ¢ 002
1.0, 6 5,0u 1 0

7“2[87“( 87“) - sin ¢ 0o

e Fundamental solutions:

Z A,r" P, (cos ¢) +
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Isk ;

Mode 1 Mode 3
» = 1.0000000000 » = 1.5933405057

Laplace’s equationina D

Mode 6 Mode 10
A =2.2954172674 A =2.9172954551

-
_——

*' |
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