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| % Course description and Introduction, 9/14

.\i 1. Ordinary Differential Equations: 4 weeks

| » First-order ODEs, Ch. 1: 9/16, 9/21

» Second-order ODEs, Ch. 2: 9/23, 9/28, 9/30,

» Higher-order ODEs, Ch. 3: 10/12

» Systems of ODES, Ch. 4: 10/14
» 1st EXAM, 10/15 (Friday night)
2. Transform Methods: 3+1 weeks
» Laplace Transforms, Ch. 6: 10/19 - 11/11
» 2nd EXAM, 11/12 (Friday night)
3. Series and Complex Variables: 3+3+3 weeks
» Power Series, Ch. 5: 11/16, 11/18, 11/23
» Fourier Series, Ch. 11: 11/25, 11/30, 12/2
» 3rd EXAM, 12/3 (Friday night)
» PDE by Fourier Series, Ch. 12, 12/7 - 12/22
» 4th EXAM, 12/23 (in Class)
)\ » Taylor and Laurent Series, Ch. 13-16: 12/28, 12/30
» Complex and Residue Integrations, Ch. 16: 1/4 - 1/13
» Sth EXAM, 1/14 (Friday night)
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PDEs, Ch. 12 (|

\

Complex Variables, Ch. 13-16, 17,18

ODEs ¢
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e Ist-order, Ch. 1

e 2nd-order, Ch. 2

e Higher-order, Ch. 3

e Systems of ODEs, Ch. 4

e Integral Transform ¢ O
0 Z — Trans.
( X Power Series, Ch. 5

e Series Solutions ¢ 0 Taylor Series, Ch. 15

]

N
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fComEIex Variables: Scope !

W

e Complex Numbers, Ch. 13
e Complex Function, Ch. 13

e Complex Integraton, Ch. 14
e Power Series, Ch. 15
e Taylor Series, Ch. 15

Complex Variables

Conformal Mapping, Ch. 17
Complex Analysis, Ch. 18
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(Imaginary
axis)

e Cartesian form: z=x+1y
where x = Re{z},y = Im{z},7 = /—1.
e Polar form: z=re? |

where © = |z| = \/x2 + 92 (absolute value or modulus),
and 6 = arg(z) = tan~'(¥) (argument).

e Principle value Arg(z):

Imaginary

—7 < Arg(z) <
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omplex Variables: Properties i

e Addition: for two complex numbers z; = (z1,91) and 2o = (%2, y2)

21+ 29 = (21 + T3, 41 +Ya);

e Multiplication:
21 %2 = (331352 = U1 Yoo ss $2y1),

e (Quotient:

21 T1%2 + N1Y2 . L2Y1 — T1Y2
Z2 Lo T Yo el e z=x+iy=5+2i
e Complex conjugate:
7 e Zya

e Real part and Imaginary part:

Re(z) = o= (z+2)
m(z) = y=_(z—2)
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Eomplex Variables: Triangle Inequality i
.‘._.M.——.*

e Triangle inequality:

|21 + 22| < |z1] + |22,

By induction, we can obtain the generalized triangle inequality:

l21 F 2o Al S SRR R fae e

e Cauchy-Schwarz inequality:

|21 22| < |21] + |22l

e Multiplication in polar form:

2192 = T1T9 [COS(@l = (92) == isin(@l -+ 92)],
and

= 21 = '21’
|21 22| = |21]|22], =l==7
29 ‘22’

<1

arg(z1 22) = arg(z1) + arg(z2), ‘dl‘g(z—2) = arg(21) — arg(22),
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E(z,t) = Agcoslwt — kx + 0] = Re{Age! @t~ k=+9)} — Re{A(r) e},

Vv Imag

X
A cos(@)

A sin(@)

Reference
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omplex Variables: Power i

Integer powers, De Moivre’s formula:

2" = r" [cos(nf) + i sin(nd)],

Roots, if z = w",

0 + 2k 0 + 2k
w = Yz = {/r[cos( +n 7T)%—isi]fl( a3 ﬂ-)]a

where £k =0,1,...,n — L.

The principal value of w = /z is obtained for the principal value of arg(z)
and k£ = 0.

Example: w = /1,
W=k T

DT

where w = e 3 .
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Eomplex Variables: Circle in the complex plane i

e (ircle:

2 —al=p

e Open (closed) circular

iz —a| < p (open), z—a| < p (closed),

e An open circular disk |z — a| < p is also called a neighborhood of a, or a
p-neighborhood of a.

e Open (closed)

p1 < |z—al < p2 (open), p1 < |z—al < ps (closed),

e Half-planes:

-{}:-{33.('.: y

y > 0(y <0), upper half-plane (lower half-plane) 3
x> 0(z <0), right half-plane (left half-plane).

i
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omplex Variables: Sets in the complex plane i

W

e Neighborhood of a: .
An open circular disk |z — a| < p is also called a neighborhood of a, or a
p-neighborhood of a.

° St
Every point of S has a neighborhood only consisting of points belonging
to S.
E.g. |z] < 1 is open, |z| < 1 is not open.

o S:
Any two of its points can be joined by a broken line (linear segments)
within S.
E.g. {|z] <1 and |z — 3| < 1} is NOT connected.

e Domain: An open connected set.

e Complement of a set S:
The set of all points of the complex plane that do not belong to S.

e Closed set S
A set S is called closed if its complement is open.

e Boundary point: 3!
A boundary point of a set S is a point every neighborhood of which con- 4K
tains both points that belong to S and points that do not belong to S.
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omplex Variables: Complex function i
W

For a set of complex numbers, S,

a function f defined on S is that
w = f(z),

z varies in S, and is called a

The set S is called the domain of definition of f.

The set of all values of a function f is called the range of f.

Example:
it P s~ 2,

is a complex function defined for all z.
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omplex Variables: Complex func ;

tion and Limit
W

e A function f(z) is said to have the | as z approaches a point 2z,
hny f el
e ~0

e Unlike the calculus, z may approach zy from any direction in the complex
plane.

e Continuous: A function f(z) is said to be continuous at z = zj if,

lim f(z) = f(zo0).

i@
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Eomplex Variables: Complex function, Derivative i
W

e The of a complex function f at a point zy is,
: o flzo+ Az) — f(20)
FAro) 5 Alggo AV
e f(Zo)7
Z =0 Ve u ZO
e Example 1: f(z) = 2°
P e A S e A
e i

e Example 2: f(z2) =2

IEate (z4+ Az)—Z = g = Ax — iAy
Az—0 Az Az Ax+ 1Ay

not differentiable.

e Analyticity: A function f(z) is said to be analytic in a domain D if f(z2) »' ';'k}:n‘ "
is defined and differentiable at all points of D. ‘
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auchy-Riemann Equations i

‘A-—M-—d

e lFor a complex function:

w = f(z) =ulx,y) +iv(z,y),

e f is analytic in a domain D if and only if the first partial derivatives of u
and v satisty the two Cauchy-Riemann equations.

R N R R

e Example 1: f(z) =2
Up = 2T = Uy, Uy = —2Y = —Vg.

e Example 2: f(2)=Z=x — 1y,

G R R (A e P4 A
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Eomplex Variables: Cauchy-Riemann EQq., Proof i

W

e Ly assumption, the derivative f'(z) at z exists, f'(2z) = lima. g f(Z+AA’2_“Z).

o Write Az = Ax + 1Ay,

oy o @+ Aryy + Ay) +iv(z + Az, y + Ay)] — [ulz, y) +io(z, )]
it ) :
Az—0 Ax + 1Ay

J

e For the first path I: let Ay — 0 first and then Az — 0,

u(x + Az, y) —u(x,y) v(ix+ Azx,y) —v(z,y)

/ et . . . Fak .
R Au A Au S
e For the second path II: let Ax — 0 first and then Ay — 0,
, + Ay) —u(z,y) . . v(z,y+Ay) —v(z,y) .
/ i 1 /U/(.CU, y ) 1 ) ) g o
S By A Ay 8

e the Cauchy-Riemann equations,

U= and
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omplex Variables: Exponential function ;

.‘-—M-——-J

e The complex : e”, or written as exp(z).

e c? is analytical for all z, i.e., an entire function.

e Proof: by using the Cauchy-Riemann equations, i.e., **“""‘-h}

e = e”|cos(y) + ¢ sin(y)],

where .‘»..,..J

u = e cos(y), v = e” sin

e The derivative of e* is also €7, i.e., () = e*.

C Theexpansionofez:1+z+'§—2!+§—?+...

o cfle?2 — 621+22,

e Periodicity of e* with period 2w, i.e.,

eZTom — % for allz
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omplex Variables: Trigonometric function i

W

e'* = cos(z)+1 sin(z),

R e

e the complex trigonometric functions:

ezz_l_e—'l/z

COS 2 = 5 :

: etz _ otz
sin z = ,

21 :

e cos z, sin z are analytic for all z, but tan z is not wherever cos z = 0.

e General formulas of real trigonometric functions remain valid for complex
counterparts, 1.e., ¥

cos(z1 + z9) = c€OSz1 COS 2y F sin z7 sin 2o,

sin(z; + 22) = sinz; coszs & cosz; sin zs.
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omplex Variables: Hyperbolic function ;

W

e The complex

S o e
cosh z = :
2
, ee=tie A
sinh z = ,
2
sinh 2
tanhz = ———,
cosh z

e These functions are entire, with derivatives

(cosh z)" = sinh z,
(sinh z)’

cosh z,

e Relations between complex trigonometric and hyperbolic functions,

cosh(i z) = cos z, sinh(i z) = ¢sin z,

cos(t z) = cosh z, sin(i z) = i sinh z,
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omplex Variables: Logarithm i

W
e The of z =x + 1y is denoted by In z or log z,
e Define: | .
oW — pUTIV _ ,reze =
then

Inz =1Inr+ 6, (r =12 > 0,0 = argz),

e Since the argument of z is determined only determined only up to integer
multiples of 2,

e the complex natural logarithm In z(z # 0) is infinitely many-valued.

e Principal value of In z,

Lnz = In|z| + i Arg(z)

e Other values of In z are

In z = Lnz & 2nmi, TR A e
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Eomplex Variables: Logarithm, example i

e Examples:

Ln(1) =0, =0 2 A
Ln(—1) = =i, =t R e T
Ln(z) = 7i/2, Ini = mi/2,—37¢/2,5m/2,. ..

e Relations:

’ - ; In(z1220) = Inz; 4+ In 2o,
§ 1 to Many‘ ln(z_2> = Inz; — In 29,

B

e Analyticity of the Logarithm: for every n =0, £1, %2, ...,

In z = Lnz & 2nme, el 2

is analytic,

e Each of the infinitely n is call a brach of the logarithm.
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ogarithm, Derivative i

W

e If 2 is negatively real (where real logarithm is undefined), Lnz = In |z|+i7.

e The derivative:

1
(Inz) = -, (2 not 0 or negative real).
Z
e Proof:
: 1 2 2 ; 1Y
Inz=Inr+1i0+c) = 5111(:13 + y°) 4+ ¢ftan™ " = + ¢,
T

where the constant c is a multiple of 27. By the Cauchy-Riemann equa-
tions, 1.e., Uy = Uy, Uy = —Ug, and

(Inz) =up +iv, = =

CiERs A 1
2 +y2 oz
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omplex Variables: General Powers i

W

e The of a complex number,

2¢ = eflnz ¢ is complex and 2z # 0.

e Principle value:
c cLnz

e Eixample 1:

it exp[i(gi + 2 p7i)] = e~ T/2F207

J

Gis e =5l 2

the principal value (n

e Lixample 2:

A5 5 = e Aina/o P im’ + 2 nmi)]

1 1
et e [Sin(§ In2) 4 ¢ COS(§ In 2)]
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Eomplex Variables: Complexintegral, Ch>14 I
W

e Complex definite integral are called line integrals,

/C f(2)dz,

e The line integral over curve in the complex plane
is defined as the limit of partial sum,

n

/ F2)d2 % S fEm) Ao
C ™m

I
==
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Eomplex Variables: Complex'Integral, Analytical functioni
W

144
=)
24d z = - —1,
3

/o
1
/ cos zd z = 2 sin e,
— T
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omplex Variables: Complex Integral, path i
.....M.——-.‘

e Let C' be a piecewise smooth path, represented by z = z(t), where a <

t <b,
. : : dz
fade= | fe@leds =
G a dt
° around the Unit Circle
%
c < 7

o Use 2(t) = cost +isint = e, 0 <t < 2m, ie.,

dZ XK : . 22T
7{—:/ e‘”z’e”dt:i/ dt = 2m,
c < 0 0

o Compare with Lnz|?! =

e Now 1/z is not analytic at z = 0. But any simply connected domain%
containing the unit circle must contain z = 0. )
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omplex Variables: Complex Inte i

O O e e .
gral, around a circle

Y

7{}(2 o™

e Represent C in the form,

2(t) = zg + p(cost + i sint) = zg + peit,

then

27
/ pmeimtipeitdt,
0

27
£ ipm—l—l / ei(m_'_l)tdt,
0

ot 2R A e
= 0 . m #* —1and integer

]i(z ey S
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/C Re(z)d 2

e Path 1: C*, where z(t) =t + 2it, (0 <t < 1),

1
1
/Rezdz:/ t(14+24)dt = = + 14,
e 0 2

e Path 2: (7 and Cs, where 2(t) =t and 2(f) =1+ i,

/Rezdz = / Rezdz+/ Rezd z,
C Ca
1
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1. [Complex Numbers and Functions]:

|
- Find the principal value

OREH

2. [Line Integrations]:

(a) [(z+2z7")dz, C the unit circle (counterclockwise),
(b) Jcosh(4z)dz, C any path from —mi/8 to wi/8,

(¢) [,Im(2%)dz, C around the triangle with vertices z = 0,1,¢ (coun-|
- terclockwise),
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gomplex Variables: Closed paths ' ;

Not simple Not simple

7

‘ Simple closed path: a closed path that does ‘
(5

} not intersect or touch itself. 9

e 50
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Simply
connected

! Simply connected domain D: a domain such
§ that every simple closed path in D enclosed

/ only points of D. .
- R

201ME1H5HER=
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omplex Variables: Cauchy integral theorem i

“M___-J

A CART in a D, then for every simple
closed path C' in D,
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omplex Variables: Cauchy integral theorem, proof i

wM

éf(z)d,z:ji[ud:c—vdy]—I—i%c[udyﬁ—vdx].

Since f(z) is analytic in D, its derivative f/(2) exists in D.

e (Green’s theorem:
]{ ﬁ-df:f VxF-kdzdy
C

OF 8F
%[Fldx—l—ngy ff[ =Sy dxdy
C

e Replace F; and F5 in the Green’s theorem by u and —wv,

C

by using the Cauchy-Riemann equations.

e Replace F} and F5 in the Green’s theorem by v and u,

jl{[udy—kvd:v f ———dazdy—O
C dy

by using the Cauchy-Riemann equations again.
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o No singularities (entire functions),

%ezdz:(), ]{Coszdz=0, %z”dz:(), (=0 ).
C C C

o Singularities outside the contour,

j{ sec(z)dz =0, C'is the unit circle.
C

1
C

o nonanalytic function, C' is the unit circle,
27 : :
7{ Re(z)d z = / e by 20t
C 0
o Simple connectedness essential,

1
jl{ —d z = 2ms.
CZ
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omplex Variables: Independence of Path i

.‘-—M

e Independence of Path:
If f(z) is analytic in a simply connected domain D, then the integral of
f(z) is independent of path in D.

fdz+ fdz=20

C1 e
fdz:/ fdz
Ca

thus, / fdz:—/
4 C

%
2
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Eomplex Variables: Cauchy’s'integral formula™ i
W
e et f(z) be analytic in a simply connected domain D. Then for any points
2o in D and any simple closed path C' in D that enclose zg, i

) dz = 2mi f(20).
C % — R0

where the integration being taken counterclockwise.

e Alternatively for f(zg),

. by replacing f(z) = f(z0) + [f(2) — f(20)];
@i g T e SRR
CZ—Z()dZ 2 f( 0)7€;z—zod +£ R 2 () :

= i f(zo) + —27p,
P

= 271 f(20) Doy
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Eomplex Variables: Complex Integral, ML= Inequality i
........M.—-—.*

|/Cf(z)dz| <ML

where L is the length of C and M is a constant such that |f(z)| < M
everywhere on C.

o estimation of an integral (find an upper bound),

/ 2= dz, C' the straight-line segment from 0 to 141
C

e Solution: L = /2 and |f(z)| = |2?| <2 on C,

\/ 2 dz <21/2.
C
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omplex Variables: Cauchy integral formula Example;

“.M
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Eomplex Variables: Cauchy’s integral formula;cont.

2
1
7{224- 2
CZ —= ]

o (a): , enclosing the point zg = +1
2 4+1 24+1,. 1 2 +1
]{ Z2+ dz:%[z = Il ]dz:27ri[z + Ilo=q = 273
C b Ao 1 C it —|— 1 Z T 1 Vi —|— 1
e (b): , gives the same as (a) by the principle

of deformation of path.

e (c): The path ,

2o lf | 1 S
%22+1dz:j{[z SE T o B e +1]yz_ e
(et C

e (d): ;

2
1
7{22+ dz =0.
CZ —1
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e Cauchy’s theorem applies to

e If f(2) is analytic in a multiply connected domain D defined by an outer
contour C7 and multiple inner contours C;,i = 2,3,...,n (all are in
sense),

1fdz:;]iifdz

Introducing three inner cuts C~’1, C~’2, C5 to divide the domain D into two
simply connected domains. Apply Theorem 1 to them, integral over cuts
will be canceled.
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Eomplex Variables: Multiple-connected domain i
.——M
e If f(2) is analytic in a doubly connected domain D bounded by tWo coun-
terclockwise contours C, Cy,

e e e Lisr

2w o 2 =2 C, % = 20
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o If f(2) is in a domain D, then it has derivatives of all orders in

D, which are then also analytic functions in D.

e The values of these derivatives at a point zg in D are given by

: 1 f
Pl S s e
f(20) = 2—' /12) zd z,

271 Jo (2 — 2p)

e and in general

n ! !
f( )(ZO) e % = (z_i§§n+1dz’

where C' is any simple closed path in D that encloses 2y and whose full JF¥egs
interior belongs to D;

e We integrate counterclockwise around C'.
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Eomplex Variables: Derivatives, Proof i

W

e The definition of the Derivative,

f(z0 + Az) — f(20)

f(20) = Alirgo Az :
e By ,
Fzo HOZ - Hok o 1 f(2) (2)
Az 5 ZWiAz[]iz—(zo—kAz)dz_ Cz—z()dz]’
T aaaE

o as Az — 0,

Flao) =5 § o da

Z— 2p)
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omplex Variables: Contour integral i

W

o for any contour enclosing the point ¢ (counterclockwise)

COS 2 . , . .
]i (z — 7Ti)2dz = 211 (€08 2) | ;=i = 27 sinh .

o for any contour enclosing the point —i (counterclockwise)

L322 356
]{ £ 2 ;_ dz =mi(z* —32% +6)"’|,=_; = —18mi.
o A

C for any contour for which 1 lies inside and +2: lie outside
(counterclockwise)
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Eomplex Variables: Cauchy s inequality i

W

e For |f(2)] < M on C,

1
(n) dz| < —M 2
7 (20) 27‘(‘2‘]{ (z — 20) ”+1 . omi Al

2 n!M
£ (z0)| <

p ol
\ A
0 A

'

> 4
7]

i

A

» N
1

1

. > Q‘ . L
& \\‘.5,_1".’3-{‘%.

A it
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Eomplex Variables: Liouville’s & Morera’s theorems.
W
e Liouville’s theorem:

If an entire function is bounded in absolute value in the whole complex
plane, then this function must be a constant.

o By assumption, |f(z)| is bounded, say, |f(z)| < K for all z. Using
Cauchy’s inequality, wee see that |f'(zg) < K/r.

e Since f(z) is entire, this holds for every r, so that we can take r as large
as we please and conclude that f’(z9) = 0. Since zj is arbitrary, f'(z) =0
for all z, then f(z) is a constant.

e Morera’s theorem:
If f(z) is continuous in a simply connected domain D and if

;éf(Z)dzz(),

for every closed path in D, then f(z) is analytic in D.
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e A power series, in powers of £ — g, 1s an infinite series of the form:

Z CLm(ZE‘ e xO)m = ap + Cll(CC & CEQ) =i CLQ(CI? g 330)2 -+ ..
m=0

e 1 is a variable.
® ap,ai,as, - are constants, called the coefficients of the series.
e 1 is a constant, called the center of the series.

e We shall assume that all variables and constants are real,
C.D.
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EPower Series: Theory 1

e A power series, in powers of x — xg, is an infinite series of the form:

Z Clm(ilj s x())m =y CL1(ZC e CEO) + CL2(£C — Qjo)2 1.
m=0
e The is

e The 1S

iy
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Power Series: Convergence, Chap.15.1 ;

.‘—M

e A sequence:

R e L
e A Series:
n
S\ E Tt
m=0

e A convergent sequence is one that has a limit,

Hiril-re st
1N =F00

e By definition of lzmit, this means that for every ¢ > 0, we can find an
such that,

|z — | <€, for all n > N;
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EPower Series: Convergent Sequence ;

.‘__M

e The sequence: {%}
R UR e

1S with limit O.

e The sequence: {i"}
SRS

1S
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Power Series: Convergent Series ;

W

e A convergent series is one whose sequence of partial sums converges, say

(@SxS0
nh_)ng@Snzsz sz
m=1
e s is called the or value of the series.

e A series that is not convergent is called divergent series.
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Power Series: Convergent Interval ;

W

e Cauchy’s convergence principle for series:

A series z1 + 29 + ... is convergent if and only if for every given ¢ < 0
(no matter how small) we can find an N (which depends on ¢, in general)
such that

2 T2y Lo e e T S S forevery n >N and p=1,2,...
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Power Series: Convergence Test ;

W
1. . i.e., Harmonic Series
=i IR ;
— =14+ -4+-=+..., divergent
g 2t
; b 1
2 : 1.e., | -5 dx converges,
ii—l—l—l—l—l—l— convergent
2. i Tien Sk o g

3. Ratio Test:

[©.S)
, convergen
|
= {2m)!
4. nth-Root Test:
Z om convergent
m=1
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Power Series: Radius of Convergence, ROC ;

Dl Butel-diedt &5 Rl

Divergence Convergencej Divergence

For a series converges for all x such that |z — z¢| < R,

e and diverges for all x such that |x — xg| > R, the interval defined by R is
called the convergence interval.

e No general statement about convergence or divergence can be made for
A et S 10 N = 7

e The number R is called the radius of convergence.

e R is called "radius” because for a complex power series it is the radius of BRIy
a disk of convergence.
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EPOWEI’ Series: Radius of Convergence, cont. ;

Dot Butel-edt & Sulbellelotels

e The radius of convergence R is defined as

1 1
R = or e .
hmm—>oo m / ‘aml ’ hmm—)OO | a’;l—:

Example: =

| P Z S

W TSI ] m=0

|Solution:|

e by Ratio test:

am+1:m—|—1—>oo, as m — o0
Am

e This series converges only at the center x = 0, i.e., a useless series. 44X
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(zeometric series:

EPOWEI’ Series: Radlus of Convergence= Example il

Am+1 X 17
a'm
e This series converges with a =
O
aig bl
E : ( ) $3m
e by Ratio test: =Y
Am+1 i 1
iR

e This series converges with a C|z3| < R=8, or |z| < 2. &
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slaylor Series: Circle of Cohvérgencé

Divergent

e The Taylor series of a function f(z) is,

= 1
f(Z) = TLE_:Oan(Z = ZO)na where Ap = Ef(n) (20)7

e A Maclaurin series is a Taylor series with center ;

e Z s where an = — f(0),
n=0
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|

| |

ETaiIor Series: Proof %

e '['he fundamental theorem of calculus states that

/ Py s T

which can be rearranged to,
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sPower Series: Common-uséd MacIaUrin Series }:

1 ’ o 7
|

‘ Complex numbers:

| 3 e
e 1—z+zx —...:mZ::O(—l) T E X -> 2 ‘
2 m ._--—....-—J

Crr s 1—|-£C—|-%—|— miojo%, | < 00
COR i 1—2—?%—2—?—---—;(_(12):;12”1, z| < 0.
2303 e e xz_?jLa;_T“':ni(_(QlZ:—T—z;Tl’
In(l+z) = x%QJr%S...:mil (_1):1—13;7%,
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i E O O O O O O O e O o O N N .
éTa Q |OI’ SEI’IES: with Cauchy’s integral formula E

e The of a function f(2) is,

1
L o ym s (n)
Rl nE:O an(z — 20)", where e n!f (20),

e By Cauchy’s integral formula,
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Laurent Series; expans X

on around the singularit I

, , [L.aurent series
singularity

=
~
~

0
\
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ELaurent Series: Ch. 16 Y

e Let f(z) be analytic in a domain containing | | 4
and C with center zg and the annulus between them. Then f(z) can be
represented by the Laurent series,
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Laurent Series: Laurent theorem ;

W

e The coeflicients of this Laurent series are given by the integrals,

1 3k
Tkt f(z") T
21 Jo (2% — zg)™
1
by = s bl e bt
IR C

taken counterclockwise around any simple closed path C that lies in the
annulus and encircles the inner circle.

e T'his series

e Denote b,, by a_,,, one have

fz) = ) an(z—2)",

n=——oco

1 *
L e
211 Jo (2 — z)n
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Laurent Series: Laurent theorem, proof El

e By the Cauchy’s integral formula,

e RN TR

2R UG R =2 2TV Jo 2T

dz* = g(2) + h(z),

e The , the Taylor series of g(z) is,

AT, & (Z*

1 k
oA ianh e
e e S R

g(z) = 22 f(z_*)z)dz* L Zan(z ke

e The , now instead of | Z=X| < 1, we have \Z;;z?| SPERE.
[y 1
7*—z  z—2(1— ZZ*__ZZOO)
* * * *
% z:lzo{l Zz—_zz() (Zz:zi)o)2+.. +<Zz:2i0)n}_ Z—lz* ZZ—ZO
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| | | | | | | | | | | | | | | | | | | ] | | |

ELaurent Series: Laurent theorem, proof, cont. El

e Multiplication by — f(z*) /27 ¢ and integration over Cb,

]_ *
27-‘-7/ C2 Z* — Z
e W+ b (" = o) ()" +
2 271 R & 4 £ (Z'—Z())2 = < 20 Z Z
: =3 1
R (Z_Zo)n %CQ(Z ZO) f(Z ) 2 et (Z—Zo)n—'_l %;Z(Z Zo) f(Z ) > }
+ R (2)
e where the last term,
. < e ! 1 (Z* _ZO)n+1 * 0 e I
°
°

201ME1H5HER=



° 2~2%sin 2

Laurent Series: Laurent theorem, Example El

—5 _: — — Q_l)n 2n—4
z sz_Z(Qn—l—l)!Z ;

n=0

with the annulus of convergence |z| > 0, the whole complex plane without

the origin and the principal part of the series at 0 is 2 =% — %z‘2.
> Z261/z’
1 1 1 1 1
201/2 _ 2 PR T e e e 2 A SR Tt S, oAl
Fel el A s B
with the annulus of convergence |z| > 0.
° 1/(1— z2),
SRR U e
e e valid i z ,
n=0
1 —1 — 1 s
1—z:z(1—z—1):_zzn+1’ valid if Ao

n=0
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E aurent Series: Laurent theorem, Example El

— 1/(23’_'24)7
1 RS 2%
= :Zz 3 validif  0< |z| < 1,
n=0
| —1 S o
ZB_Z4:Z4(1—Z—1):_?;)Z”+4’ valid if ik
2 fXZ) z;3§32 é:i_ké:g’
= Tt 5
flz)=> (1+ 2n+1)z A Al [T e
=1
T~ 1 & =
f(Z) Vs Zl on+1 T Z sn+1’ valid if 1< ‘Z‘ <2 , N
n— n=1 4 gﬁ.
e 1 =5
fr et Z(Z + 1) AR valid if e
n—=1 _ o
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fComEIex Variables: Scope !

W

e Complex Numbers, Ch. 13
e Complex Function, Ch. 13
e Complex Integraton, Ch. 14

e Power Series, Ch. 15
e Taylor Series, Ch. 15
Complex Variables Uniform Convergence, Ch. 15.5

Conformal Mapping, Ch. 17
Complex Analysis, Ch. 18 e
Potential Theory, Ch. 18 &5

TN S 1 gy, &

I
4
&2
B
0
e
b
y U
-~
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1. [Contour Integrations]:

|

(a) §. 52— dz, C the unit circle |z| = 3 (counterclockwise),

| (b) §C Ln(z43)4cos z

oz 42, C the unit circle 12| = 2 (counterclockwise),

2. [Power Series]:
Find the radius of convergence for the power series,

oo

Sten (1)

|
o= ,

HS‘. [Taylor and Laurent Series]:
|
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Laurent Series: Singularity, Zero and Pole ;

.———M

o A of an analytic function f(z) is a zp at which f(z) ceases
to be analytic.

e A zerois a z at which f(z) = 0.

e Laurent series can be used for classifying singularities and Taylor series
for discussing zeros.

e An isolated singularity of f(z) is a zg, which has a neighborhood without
further singularities of f(z).

e The singularity of f(z) at z = 2y is called a , and m is called its order,
b1 b
fz) = Z_—ZO""”JF (2 — z0)™

e Poles of the first order are also known as simple poles.
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Laurent Series: Pichard’s theorem ;

.‘-..M-——-.*

e If the principal part of f(z) has infinitely many terms, we say that f(z)
has at z = zp an

e If f(2) is analytic and has a pole at z = 2, then |f(z)| = o0 as z — zp in
any manner.

e Picard’s Theorem:
If f(z) is analytic and has an isolated essential singularity at a point zg, it
takes on every value, with at most one exceptional value, in an arbitrarily
small e-neighborhood of z;.
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ELaurent Series: Removable Singularity | E

e Removable singularities: a function f(z) has a removable singularity at
z = zp if f(2) is not analytic at z = 2y, but can be mad analytic there by
assigning a suitable value f(zg).

o f(z) = (sin 2)/z becomes analytic at z = 0 if we define f(0) = 1.

201ME1H5HER=



o A of an analytic function f(2) in a domain D is a z = 2g in D such
that f(Z()) =

A zero has order n if not only f but also the derivatives f, f7,--- , f»=1
are all 0 at z = zg but f(™ £ 0.

A first-order zero is also called a simple zero.

Taylor Series at a n-th order Zero: At an n-th order zero z = 2y of f(z),
the derivatives f'(z0),--- f(" 1 (zy) are zero, by definition.

f(Z) == an<Z o Zo)n . CLn_|_1(z ax zo)n‘l‘l T

The zeros of an analytic function f(z) are isolated, that is, each of them
has a neighborhood that contains no further zeros of f(z).

Let f(z) be analytic at z = z9 and have a zero of n-th order at z = z;.
Then 1/f(z) has a pole of n-th order at z = z.
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ELaurent Series: Re5|due integration method E

W
ff z)d z

e If f(2) is analytic everywhere on C and inside C,

e If f(2) has a singularity at a point z = zy inside C, but is otherwise
analytic on C and inside C, then f(z) has a Laurent series,

@)

f(z):Zanz—zo Z = 2]

n=0

that converges for all points near z = zy, except at z = zg itself.

z)d z, we can evaluate the

e With the first negative power, b; =

27rz C’
integral,
]{ f(z)dz =2miby,
&
e The coefficient by is called the of f(Z) at z = 2,

b1 = Res,—,, f(2).
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Laurent Series: Residue integral, Example ;n

o Integrate the function f(z) = 2~ % sin 2z counterclockwise around
the unit circle C, ' '
SIn 2 1 1 G e
Laurent series : b e e S
1) o 235 Bl Bl !

which converges for |z| > 0, with the residue b; = —1/3!, then

sin 2 : T 1
7{1 = dz =2miby = T

o Integrate the function f(z) = 1/(2° — 2z?) counterclockwise
around the circle C': |z| = 1/2,

1 1 1
Laurent series : P e A s
2 z 2

which converges 0 < |z| < 1, with the residue b; = 1, then

1
7{ 2 4dz:27r7j.
CZ ity
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ELaurent Series: Re5|due integral, SlmEIe pole El

e For the residue of f(z) at at zo,

Res,—.,f(z) = b1 = lim (2 — zg) f(2),

it

o For a simple pole at 2z = zy the Laurent series is

b
f(z):Z 12 +ag+ai(z—29)+as(z—20)" + -, 0<|z—2| <R
— 20

Multiplying both sides by z — 25 and then letting 2 — 29, we obtain

lim (z — z9) f(2) = by + lim (2 — 2zp)[ag + a1(z — z9) + - - -

=0 % Pl
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o If , p(z0) # 0 and ¢(z) has a simple zero at 2y (so that
f(z) has at zp a simple pole), | |

EResidue |ntegl"a|?§imple pole 1

Res,_ .. f(2) = Res,—; , —F— =

o The Taylor series of ¢q(z) at a simple zero zg is

2
et a0 2

q(2) = (z — 20)q'(20) +

substituting this into f = p/q and then

Res,—;, f(2) = Zh:I?O(Z = Zo)% = lim (2 — 20)p(z)
_ p(*0)
q'(20)
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EResidue Inteéral: Simple poles, Example | El

— O241) pasa simple pole at ¢ because z%+1 = (2+i)(z2—1),

- f(Z) — (z312)
e Using Res,—, f(2) = b1 = lim_ ., (2 — 2z9) f(2),
e (92 + 7) gt (92‘—|— i) =24 9z + Z.]z:z’ ey
(234 2) 2 2(z+1)(z—14) z(z+1
e Using Res,—., f(z) = Res,—., ZE;; = 5((2((’))) with p(2) =9z + 17 and ¢'(z) =
2 e
(92 4+ 1) 92 + 4
Res,—; - y—i = —9O
% (23 + 2) [322 + 1] :
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gResidue Integ ral: Poles of Any Order ;

“M-——d

e 1 he residue of f(z) at an m-th order pole at zy is

1 ; dm—l
Resenss (m — 1)! zlgrzlo dzm—1

[(z = 20)" f(2)];

e In particular, for a 2nd-order pole, Res,—,, = lim,_., -L[(z — 20)%f(2)].

o The Laurent series converging near zq is

+ap+ai(z—20)+az(z—20)+ -,

(z — zo)m+(z — zo)m_l—iﬂ e

f(Z) £ bm bm—l bl

Multiplying both sides by (z — z9)™ gives
(z—20)"f(2) =bp +bp_1(z2—20) + - b1(2 — zo)m_1 +ag(z—29)™ -+,

Now by now the coefficient of the power (2 — 29)™ ! of the power series of
g(z) = (z — 29)™f(2), then Va

1

Biis (m—1) =
Ty 1)!9 (20)
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EResidue Inteéral: Poles of any order, Example;I

e (Z3+2Z5§f7z+4) has a pole of second order at z = 1 because the

denominator equals (z + 4)(z — 1)2.

e The Residue of f(z) is

d

Res.=1f(z) = lim —[(z - 1) f(2)]
)

d 50z

SR
z1—>ml dz(z+4

=SS oE
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. Several singularities ;

.—MM

e Let f(z) be analytic inside a simple closed path C and on C, except for
finitely many singular points 21, 29, - - , zx inside C. Then the integral of
f(z) taken counterclockwise around C equals 27% times the sum of the
residues of f(z) at 21,22, , 2k

k
74 f(2)dz =270y Res.es, f(2).
c i
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[ o =D
o Several singularities, Example E

W

o Evaluate the integral counterclockwise

4 —3
f i,
CZ o,

1. 0 and 1 are inside C'; Ans. 27i(—4+ 1) = —67 1.

2. 0 is inside, and 1 outside C'; Ans. 2w #(—4) = —8m 1.
3. 1 is inside, and 0 outside C'; Ans. 27 1.

4. 0 and 1 are outside C'; Ans. 0.

4 — 3z 4 — 3z
R T F —47 R P e 1
es 0z(z—1) €S 1z(z—1)
o Integrate %% counterclockwise around the circle C' : |z| =

3/2,

tan z tan z tan 2 -
s g TRe s o ek egs e e L LSS D e e <
fé’z Sy [ 2 122—1 2 12’2—1] &
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1. [Contour Integrations]:

|

(a) §. 52— dz, C the unit circle |z| = 3 (counterclockwise),

| (b) §C Ln(z43)4cos z

oz 42, C the unit circle 12| = 2 (counterclockwise),

2. [Power Series]:
Find the radius of convergence for the power series,

oo

Sten (1)

|
o= ,

HS‘. [Taylor and Laurent Series]:
|
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RESid uce Inte I"a|: Rational sine and cosine functions | E

.——M

¢ ovuusider the integrals of the type

2m
J:/ F(cosf,sinf)d 6
0

where F'(cosf,sinf) is a real rational function of cosf and sinf and is
finite on the interval of integration.

e Setting e’ = z, we obtain

i e - 1 1
cosf = 5(629 g nleA 5(2 + ;),
| Bt - 1 1
T e e RO e S o
sin -~ (e e ") 5 (2 Z),

e Since d z/d 0 = ie'?, the given integral takes the form,

szif(z)%,

counterclockwise around the unit circle |z| = 1.
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é RESid ue Integ I‘a|: Rational functions, Examele EI

e Integrate

=4 do > 7{ dz/iz
0 V2—cos®  Jov2-1(z+1)
7 1
5 57%(z_\/§—1)(z—\/§+1)dz
? 1

= 2miRes,_ 5_4 ]

VB D — 2+ 1)
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: Improper Integ E

ral of Rational functions I

e Consider real integrals of the form,

R— o0

/_O;f(x)dx: i /_RRf(a:)dx

e The limit is called the of the integral, i.e., P.V ffooo flx)dx

o If the function f(x) is a real rational function whose denominator is dif-
ferent from zero for all x and is of degree at least two units higher than
the degree of the numerator, then the limit exists.

e We may consider the corresponding contour integral,

%Cf(z)dz_—_%gf(z)dz—k/j;f(:v)dx:QWiZResf(z).
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RESidue Integ I"a|: Improper Integral, cont. EI

e ine sum consists of all the residues of f(z) at the points in the upper
half-plane.

/ f(x ZE—Q?TZZReSf 7{]"

o If R — oo, the value of the integral over the semicircle S approaches zero.

e Proof: If we set z = Re’, and by assumption, the degree of the denomi-
nator of f(z) is at least two units higher than the degree of the numerator,
we have

k
’ ()‘<‘Z|27 ’Z':R>RO

for sufficiently large constant k£ and Rj.

e By the ML-inequality, | § f(2)d 2| < 75 KaR =% R > Ry
Hence, as R — 0, the value of the integral over S approaches zero.

e Then the integral

/OO Frrid = QWiZResf(z)

a9
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RESidue Integ I"a|: Improper Integ E

ral, Examele |

e Integrate
©. ) 1
/ ——dx
g 144

e first consider the improper integral from —oo to oo

1+2x 1+ 24

o oy 1 L
/ gate = 2miRes, _prun(gg] 4 Beseniali ) =

e since 1/(1 + x*) is an even function, we obtain,

/OO 1 q T
el i
i 24/2
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é RESidue Integ I"a|: Fourier Integral EI

e If f(z) is a rational function satisfying the assumption on the degrees, we
may consider the corresponding integral

/ f(z)e*®d x = ]{ et d = 27rz'z Res[f(z)e™"?], k real and positive.
— 00 C

e The real and imaginary parts are,
/ f(x)coskxdx = —QWZIm{ReS[f(z)eikz]},

/_OO f(x)sinkzdx = 27TZR6{R€S[f(Z)€ikZ]},
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RESidue IntegraI: Fourier Integral, Example E

:......m._——d

e Integrate [ COSkL 4 for k> 0,a > 0.
& OQ " AT

1kz

o For —— =7 has only one pole in the upper half-plane, i.e., a simple pole at
2z = 1a, then
eikz e—ak
Res,—; =
Z_m[az -+ 22] 2ia

e Thus

o0 1kz
e (il
/ 5 de:—e T
Sy I S a

e Fourier cosine integral becomes

EXD
cos kx Tt i
/ PRl s e

2 2
ey T e ST Q

e Fourier sine integral becomes

/ Sin xda::().

p) p)
R i o
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. Simple poles on the Real axis E

W

r—0

lim /02 f(2)d z = wiRes,—, f(2).

o By the definition of a simple pole (poles of the first order), the
integrand f(z) has the Laurent series for 0 < |z — a| < R,

e 1 + g(2), b1 = Res,—.f(2).

Al

e Here g(z) is analytic on the semicircle of integration, Cs : z = a + re” |
0 <6 < m, and for all z between C5 and the x-axis.

e By integration fCQ A OW 7@—192 re’?d 6 + fCQ g(2)d z = mib;. SO
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RESid Uc I nteg 'd I: Simple poles on the Real axis, P.V. EI

e ror sufficient large R, the integral over the entire contour has the value J
given by

J= /_OO S 27T’L'ZReS[f(Z)]a

e For a simple pole on the real axis, the integral over C5 (clockwise !) ap-
proaches the value,

K =-mi ) Res[f(2)],

Z2=0Qq

e The P of the integral is

P.V. /OO f@m)doz=J—K=2ri) Res[f(z)]+mi Y Res[f(2)].

= O8

Z2=0Qq
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é RESid Uc I nte—g- 'd I: Simple poles on the Real axis, Example EI

e Integrate

/OO : dx
oo (@2 =3z +2)(z2+ 1)

e In the upper half-plane, the integrand f(z) has simple pols at

%
z =1 R U= o
1
z=27 Res i r= e
. i
z=1, Res,—1f(z)= 50

e the principal value of f(2) is

i 1
P.V. d £
/_OO (22 — 3z +2)(z? + 1) &
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RESidue Inte I"a|: Fractional function | E

.——M——-—Q)

e Kvaluate

I:/ St e S
g ot S T

where the limits on a are necessary (and sufficient) to prevent the integral
from diverging as x — Zo0.

e The principle value

az R ax R ax
]{e—dz =% Sl (/ e—dx—ezmc”/ 6—d:):)
1—|—€Z R— o0 _Rl—l—em _Rl—l—ex
= (1—62”“)/ et
de s B
el 2

= 2miRes,—ix| e e

1 + e#

e Then the integral

©.@) ar
€ T
o Sl et sin a7

201ME1H5HER=



“M-——d

EResidue Integral: Inverse Laplace transform ;

e Laplace transform

F(s) = / et
1

c+100

Flelroseme = F(s) e™ds,

27'('2 Faei TN

e For the inverse Laplace transform, £, ie., f(t) = L H{F(s)}.

e To avoid the exponential divergence, one write

) =etnlh

If f(t) diverges as e**, we require ¢ to be great than « so that g(¢) will
be convergent.

e For g(t) =0 for t < 0, and may be represented by a Fourier integral, g P

1 [ 00 |
g(t) = ~—/ e’“’"tdw/ g(t)e *"dr
2T 0

=€ T,
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« Inverse Laplace transform, cont.

Residue Integral |

e Then ey .
S i wwt e T =T
Pl 27/ e dw/o Hrjersfe 2 ds

X

e With the change of variable, s = ¢+ 7w, the integral over 7 is thrown into
the form of a Laplace transform,

/O (e e rdr = /O  f()e*Tdr = F(s)

s is now a complex variable and Re(s) > ¢ to guarantee convergence.

e With c as a constant, d s = 1d w, we obtain

= / Vet

— 1700
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e Find the inverse Laplace transformation for

a
F(s) = o
e For the integrand,
e PR e
(s+a)(s—a)
has the Residues at one simple pole s = a and the other simple pole at
S§ = —a are,
1 —1
R o s o e at) R S ey —a,t,
eSg— 5 es 5 ¢
e Then the inverse Laplace transformation is
) = YR
- €S,—2z,
i +a)(z—a)

1
- 5(@‘”5 = e_at) — sinh at.
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ISth EXAM:

1. Topics cover “Complex Analysis” Ch. 13-16:
e Complex numbers, functions, Ch. 13
Complex integration, Ch. 14

Power, Taylor series, Ch. 15 (skip 15.5)
Laurent series, Ch. 16

Residue Integration, Ch. 16

Skip: Conformal Mapping (Ch. 17), Potential Theory (Ch. 18).

,—-—.—-——__.._—-——\.—,.,,,._‘__.____________________-}
¢ Jan. 14 (this Friday night), 7-10PM.
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