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I. Basics of Numerical Methods: 4 weeks (2/28, 3/6, 3/13, 3/20, 3/27, 4/3)
1. Floating-Point Representation and Errors, T19.1, N2
2. Roots of Equations, T19.2, N3
3. Interpolations, T19.3, T19.4, N4
4. Numerical Differentiations, T19.5, N4
5. Numerical Integrations, T19.5, N5
6. Numerical Linear Algebra, T20, N7, N8
7. Runge-Kutta methods for ODEs, T21.1, T21.2, T21.3, N10, N11

II. Numerical Methods for PDEs: 5 weeks (4/10, 4/17, 4/24, 5/1, 5/8)
1. PDEs and Finite-Difference method, T12, N15, A6 
2. Crank-Nicolson method fro Parabolic problems, T21.6, N15.1
3. Lax-Wendroff method for Hyperbolic problems, T21.7, N15.2
4. Gauss-Seidel method for Elliptic Problems, 

                                                       T20.3, T21.4, T21.5, N15.3
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  Syllabus (Spring 2012): 



1. Errors: [T] Ch. 19.1; [C] Ch. 1, Ch. 2
• Floating-Points representation,
• Roundoff Errors,
• Truncation Errors,
• Error Propagation,
• Dimensionless equation.

2. Root of equations: [T] Ch. 19.2; [C] Ch. 3
• Bisection method,
• Fixed-point iteration method, 
• Newton's method,
• Newton's method for nonlinear systems.
• Secant method.
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  Week 1: (3/6) 



In floating-point representation,

s⇥M ⇥Be�E ,

⇤ s: sign bit, b63 = ±

⇤ B: the base of the representation (usually B = 2, but sometimes B = 16),

⇤ e: exact integer exponent, (b62b61 · · · b52),

⇤ E: the bias of the exponent, 2

11�1 � 1 = 1023

e� E = �1022 v +1023

⇤ M : exact positive integer mantissa,

M = 0.b51b50 · · · b1b0 = [b51b50 · · · b1b0]⇥ 2

�52, un-normalized

= 1.b51b50 · · · b1b0 = 1 + [b51b50 · · · b1b0]⇥ 2

�52, normalized
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  Floating-Points representation 
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  Floating-Points representation 
IEEE Single Precision: 32bit
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  Floating-Points representation 
IEEE Double Precision: 64bit



⇤ Least Significant Digit:

�M = 2

�52 ⇡ 10

�52⇤3/10
= 10

�16

⇤ Least Significant Bit:

�M ⇥ 2

e�E
= 2

�52 ⇥ 2

e�E

⇤ minimum positive number:

(0 + 2

�52
)⇥ 2

�1022
= 2

�1074 ⇡ 10

�1074⇤3/10
= 10

�321

⇤ maximum positive number:

(2� 2

�52
)⇥ 2

1023 ⇡ 10

308

210 = 1024 ⇡ 103
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  IEEE 64 bit Floating-Points 



⇤ Round-o↵ Error: by finite bits,

⇤ Truncation Error: by finite number of terms (operations),

⇤ Overflow/Underflow: by too large or too small numbers,

⇤ Negligible Addition: by adding two numbers di↵ering by over 52 bits, ”+”

⇤ Loss of significance: by a ”bad subtraction”, ”�”

⇤ Error Magnification: by multiplying/dividing a number containing a small
error, ”⇥” and ”/”

⇤ Errors by algorithms.
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  Errors:



f(x) =
p
x

2 � 1, x = 0

=
x

2

p
x

2 + 1 + 1

f(x) = x� sinx, x = 0

= x� (x� x

3

31
+

x

5

5!
+ . . . )

=
x

3

31
� x

5

5!
+ . . .
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  Loss of Significance:
Example:

Example:



f(x) = e

x � e

�2x
, x = 0

= (1 + x+

x

2

21

+ . . . )� (1� 2x+

4x

2

2!

� . . . )

= 3x� 3

2

x

2
+

3

2

x

3
+ . . .

or = e

�2x
(e

3x � 1)

= e

�2x
(3x+

9

2!

x

2
+ . . . )

11

  Loss of Significance:
Example:



Nonlinear Schrödinger equation:

i
@U

@z
+D2

@2U

@t2
+ �3|U |2U = 0

⇤ set ⌘ = az and ⌧ = bt, then NLSE becomes

ia
@U

@⌘
+D2b

2 @
2U

@⌧2
+ �3|U |2U = 0

⇤ By choosing

a = �3,

b =

r
�3

2D2
,

NLSE is reduced to scaleless (dimensionless) form,

i
@U
@⌘

+
1
2
@2U
@⌧2

+ |U |2U = 0. 12

  Normalization: 



• Bisection Method: 

• Newton (-Raphson) Method:

• Fix-Point iteration Method: 

• Secant Method:

F (x) = 0
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  Roots of equation: 



F (x) = 0

F (x) = cos x� x = 0
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  Roots of equation: 

Example:



F (a) · F (b) < 0
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  Roots of equation: Bisection method



• The Taylor series of a function f(z) is,

f(z) =
1X

n=0

an(z � z0)
n, where an =

1

n!
f (n)

(z0),

• By Cauchy’s integral formula,

an =

1

2� i

I

C

f(z)

(z � z0)n+1
d z.
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 Taylor Series: with Cauchy’s integral formula



• The fundamental theorem of calculus states that

Z
x

a

f

0
(t) dt = f(x)� f(a),

which can be rearranged to,

f(x) = f(a) +

Z
x

a

f

0
(t) dt.

• By integration by parts,

f(x) = f(a) + (x� a)f

0
(a) +

Z
x

a

(x� t)f

00
(t) dt,

= f(a) + (x� a)f

0
(a) +

1

2

(x� a)

2
f

00
(a) +

1

2

Z
x

a

(x� t)

2
f

000
(t) dt,

• The Taylor series of a function f(z) is,

f(z) =

1X

n=0

a

n

(z � z0)
n

, where a

n

=

1

n!

f

(n)
(z0),
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 Taylor Series: Proof



1

1� x

= 1 + x+ x

2
+ · · · =

1X

m=0

x

m

, |x| < 1.

1

1 + x

= 1� x+ x

2 � · · · =
1X

m=0

(�1)

m

x

m

, |x| < 1.

e

x

= 1 + x+

x

2

2!

+ · · · =
1X

m=0

x

m

m!

, |x| < ⇤.

cosx = 1� x

2

2!

+

x

4

4!

� · · · =
1X

m=0

(�1)

m

x

2m

(2m)!

, |x| < ⇤.

sinx = x� x

3

3!

+

x

5

5!

� · · · =
1X

m=0

(�1)

m

x

2m+1

(2m+ 1)!

, |x| < ⇤.

ln(1 + x) = x� x

2

2

+

x

3

3

� · · · =
1X

m=1

(�1)

m�1
x

m

m

, �1 < x ⇥ 1.
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 Power Series: Common-used Maclaurin Series

Complex numbers:
 x -> z



⇤ Newtwon’s method:

x

new

= x

old

+�x,

= x

old

� f(x

0

)

f

0
(x

0

)

Taylor expansion to the 1st-order:

f(x) = f(x0) +
df(x)

dx

x=x0

(x� x0) +O(�x

2
)
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  Roots of equation: Newton’s method



f(x) = x

2 � 2x = 0, with f(x0) = 5
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  Roots of equation: Newton’s method
Example:

tangent method



e

�x

2

= cos x+ 1
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  Homework 1: Newton’s method
Example:



e

�x

2

= cos x+ 1
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  Homework 1: Newton’s method
Example:



f1 = x

3
1 + x

2
2 = 0,

f2 = x

2
1 � x

3
2 = 0.

⇤ define the vector

~

F :

~

F ⌘


f1

f2

�
=


x

3
1 + x

2
2

x

2
1 � x

3
2

�
.
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  More than 1D: Newton’s method

Example:



~

F (x
i+1) =

2

64
f1(xi

)
f2(xi

)
...

3

75+

2

64

@f1

@x1

@f1

@x2

@f1

@x3
· · ·

@f2

@x1

@f2

@x2

@f2

@x3
· · ·

...
...

...

3

75

x=xi

2

64
dx1

dx2
...

3

75 .

= ~

F (x
i

) + ¯̄
J · d~x

where ¯̄
J is called the Jacobian matrix.

~

Xi+1 =

2

64
x

i+1
1

x

i+1
2

...

3

75 =

2

64
x

i
1

x

i
2

...

3

75�
~

F (xi)
¯̄
J(xi)
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  More than 1D: Newton’s method
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  More than 1D: Newton’s method
f1 = x

3
1 + x

2
2 = 0,

f2 = x

2
1 � x

3
2 = 0.

Example:
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  More than 1D: Newton’s method



8
<

:

x+ y + z = 0
x

2 + y

2 + z

2 = 2
x(y + z) = �1

,

~

F ( ~X) ⌘

2

4
x+ y + z

x

2 + y

2 + z

2 � 2
x(y + z) + 1

3

5 =

2

4
0
0
0

3

5
.

~

Xn+1 =

2

4
xn+1

yn+1

zn+1

3

5 =

2

4
xn

yn

zn

3

5�
~

F ( ~Xn)
¯̄
J( ~Xn)
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  Homework 1: Newtown’s method
Example:
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  Homework 1: Newtown’s method



⇤ The Jacobian of the inverse transformation is the reciprocal of the Jaco-

bian of the original transformation, i.e.,

���
@(x, y)

@(u, v)

���=
1���@(u,v)

@(x,y)

���

⇤ This is a consequence of the fact that the determinant of the inverse of a

matrix

¯

¯

A is the reciprocal of the determinant of

¯

¯

A.
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  Newton’s method: Jacobian matrix



⇤ The singular value decomposition, SVD, of an m ⇥ n real or complex

matrix

¯

¯M is a factorization of the form

¯

¯M =

¯

¯U ¯

¯

⌃

¯

¯V ⇤

where

¯

¯U is an m⇥m real or complex unitary matrix,

¯

¯

⌃ is an m⇥ n rect-

angular diagonal matrix with nonnegative real numbers on the diagonal,

and

¯

¯V ⇤
(the conjugate transpose of

¯

¯V ) is an n⇥n real or complex unitary

matrix.

⇤ The diagonal entries

¯

¯

⌃i, i of
¯

¯

⌃ are known as the singular values of

¯

¯M .
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  Jacobian matrix: Singular Value Decomposition

Singular Jacobian matrix



⇤ Define z = �(x+ y),

⇤ then
⇢

x

2 + y

2 + (x+ y)2 = 2
x(y � x� y) = �1

,
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  Homework 1: Newtown’s method
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  Homework 1: Newtown’s method
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F (x) = 0 ) xn+1 = g(xn)

34

Example:

  Roots of equation: Fixed-point method
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Example:

  Roots of equation: Fixed-point method



⇤ The length of the curved part of a unit circle is 2⇡.

⇤ We can approximate ⇡ by using triangles. Consider the arc bisected as

shown in the figure. 1.

⇤ The length of the hypotenuse of the triangle is 2 sin(✓/2) for a fraction of

the circle 1/2 k, then an approximation for ⇡ is

⇡ ⇡ 2 k sin(✓/2).
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  Homework 1: Find the value of π



⇤ From the trigonometry, we have

sin

2 1

2

✓ =

1

2

(1� cos ✓) =
1

2

(1�
p
1� sin

2 ✓) =
sin

2 ✓

2 + 2

p
1� sin

2 ✓
.

⇤ Now let ✓n be the angle that results from division of the circular arc into

2

n
pieces.

⇤ Next let Sn = sin

2 ✓n, and assign that

Sn+1 = Sn/(2 + 2

p
1� Sn).

⇤ Then ⇡ can be approximated by

⇡ ⇡ Pn ⌘ 2

n
p
Sn+1.

⇤ Starting with S2 = 1 and P1 = 2, compute Sn+1 and Pn recursively for

2  n  20.
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  Homework 1: Find the value of π
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  Homework 1: Find the value of π
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  Homework 1: Find the value of π
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  Matlab®:  eps

Spacing of floating point numbers,



⇤ use matrix/vector operations rather than loop operations

⇤ use build-in routine as often as possible

⇤ build your self sub-routines, .m files

⇤ use adaptive input argument list

⇤ use the breakpoint in the debug mode

⇤ check workspace for the type/value of the variables

⇤ remark the code as much as possible
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  Matlab®: some tips



2. Root of equations: [T] Ch. 19.2; [C] Ch. 3
• Bisection method,
• Fixed-point iteration method, 
• Newton's method,
• Newton's method for nonlinear systems.
• Secant method.

3. Interpolation: [T] Ch. 19.3; [C] Ch. 4
• Lagrange polynomial
• Runge phenomena 
• Chebyshev interpolation
• Newton's divided difference interpolation
• spline interpolation
• Padé interpolation

4. Numerical Integration: [T] Ch. 19.5; [C] Ch. 5
• Trapezoidal rule 
• Simpson's rule
• Adaptive method 
• Gauss integration formula 42

  Week 2: (3/13) 



dN

dt
= �N (1� N

K
)

dX

dt
= �X (1�X), X ⌘ N/K

Xn+1 = �Xn (1�Xn)

43

  Fixed-point method: Logistic equation
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  Fixed-point method: Logistic equation
Xn+1 = �Xn (1�Xn)



⇤ Steady state (or equilibrium):

Xn+1 = Xn = Xss

⇤ Logistic equation, the steady state is given by

rX2
ss �Xss(r � 1) = 0,

with two steady states are possible:

Xss1 = 0 and Xss2 = 1� 1/r

⇤ stable steady state is a state that can be reached from the neighbor states,

⇤ unstable steady state is a state that the system will leave as soon as a

small perturbation is driven.
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  Logistic equation: Stabilities



⇤ Stability is a local property.

⇤ By applying a small perturbation x

n

that moves the system out of its

steady state,

X

ss

! X

n

= X

ss

+ x

n

⇤ then

x

n+1 = X

n+1 �X

ss

= f(X

ss

) + (

df

dx

)

X=Xssxn

+O(x

2
n

)�X

ss

⇡ (

df

dx

)

X=Xssxn

⌘ a x

n

⇤ If |a ⌘ (

df

dx

)

X=Xss | < 1, the steady state is stable.

⇤ If |a ⌘ (

df

dx

)

X=Xss | > 1, the steady state is unstable.
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  Logistic equation: Stabilities



⇤ For the logistic equation:

Xn+1 = �Xn (1�Xn)

⇤ For the steady state Xss1,

a = (r � 2rX)X=0 = r,

which is stable if r < 1.

⇤ For the steady state Xss2,

a = (r � 2rX)X=0 = 2� r,

which is stable if 1 < r < 3.
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  Logistic equation: Stabilities
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  Logistic equation: Stabilities
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  Fixed-point method: Logistic equation

Xn+1 = �Xn (1�Xn)
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  Fixed-point method: Logistic equation
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  Logistic equation: Bifurcation



52

  Logistic equations: Chaos



x

3 + 1 = 0

53

Example:

  Root of equation: Newtown’s Basins
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x

4 � 1 = 0

  Attractors in Newtown’s Basins
Example:
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f(z) = z7 � 1

56

  Newton’s method’s Basins



f(z) = z7 � 1
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Taylor expansion to the 1st-order:

f(x) = f(x0) +
df(x)

dx

x=x0

(x� x0) +O(x)

⇤ Newtwon’s method:

x

new

= x

old

+�x,

= x

old

� f(x

0

)

f

0
(x

0

)
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  Roots of equation: Newton’s method
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  Roots of equation: Secant method
⇤ Finite di↵erence approximation:

f

0
(xn) ⇡

f(xn)� f(xn�1

)

xn � xn�1

+O(�x

2

)

⇤ secant method:

x

new

= x

old

+�x,

= x

old

� [

xn � xn�1

f(xn)� f(xn�1

)

]f(x

0

)



xn+1 = xn � [
xn � xn�1

f(xn)� f(xn�1)
]f(x0)

60

  Roots of equation: Secant method



61

  Roots of equation: Secant line



62

  Interpolation:



⇤ Give two points:

(x0, y0) and (x1, y1),

the polynomial function p(x) satisfying

p(x0) = y0;

p(x1) = y1;

is

p(x) = (

x� x1

x0 � x1
)y0 + (

x� x0

x1 � x0
)y1.
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  Interpolation: Polynomial interpolation

Linear  interpolation:



For a given set of N + 1 dat points

{(x0, y0), (x1, y1), . . . , (xN , yN )},

we want to find the coe�cients of an Nth-degree polynomial function to

match them:

PN (x) = a0 + a1x+ a2x
2
+ · · ·+ aNx

N
,

The coe�cients can be obtained by solving the following system of linear equa-

tions,

a0 + x0a1 + x

2
0a2 + · · ·+ x

N
0 aN = y0,

a0 + x1a1 + x

2
1a2 + · · ·+ x

N
1 aN = y1,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
a0 + xNa1 + x

2
Na2 + · · ·+ x

N
NaN = yN .

64

  Interpolation: Polynomial interpolation



LPN (x) = y0
(x� x1)(x� x2) · · · (x� xN )

(x0 � x1)(x0 � x2) · · · (x0 � xN )

+ y1
(x� x0)(x� x2) · · · (x� xN )

(x1 � x0)(x1 � x2) · · · (x1 � xN )

+ · · ·+ yN
(x� x0)(x� x1) · · · (x� xN�1)

(xN � x0)(xN � x1) · · · (xN � xN�1)

or

LPN (x) =

NX

m=0

ymLN,m(x), with LN,m =

NY

k 6=m

x� xk

xm � xk

65

  Interpolation: Lagrange interpolation

Lagrange
Polynomial:



Give the points:

(0, 0), (1, 1), (2, 2.001), (3, 3), (4, 4), (5, 5)

1. Find the Lagrange polynomial that match all of these points.

2. Evaluate the polynomial function at x = 20 for the extrapolation, and is

there anything wrong for the value at x = 20 ?

66

  Homework 2: Lagrange interpolation



⇤ The Lagrange polynomial is

Pn(x) = 0.995x+0.00891667x

2�0.00491667x

3
+0.00108333x

4�0.0000833333x

5
.

⇤ For x = 20,

Pn(20) = �109.2, far away from 20.

67

  Homework 2: Lagrange interpolation
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  Homework 2: Lagrange interpolation



Give the 17 points:

(�1.0000, 0.0588) (�0.8750, 0.0755) (�0.7500, 0.1) (�0.6250, 0.1379)

(�0.5000, 0.2) (�0.3750, 0.3077) (�0.2500, 0.5) (�0.1250, 0.8)

(0, 1.0) (0.1250, 0.8) (0.2500, 0.5) (0.3750, 0.3077)

(0.5000, 0.2) (0.6250, 0.1379) (0.7500, 0.1) (0.8750, 0.0755) (1.0000, 0.0588).

1. Find the Lagrange polynomial, LP (x), that matches all of these points.

2. Compare your polynomial function with respect to the function

f(x) =

1

1 + 16x

2
,

and evaluate the di↵erence (error) between them by calculating

error =

Z 1

�1
|LP (x)� f(x)|2 dx

69

  Homework 2: Lagrange interpolation
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  Homework 2: Lagrange interpolation
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  Homework 2: Lagrange interpolation
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  Homework 2: Lagrange interpolation

3.61225
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 Fourier Series: Gibbs phenomenon



74

  Polynomial wiggle: Runge phenomenon



75

  Interpolation: Runge phenomenon



⇤ For n+ 1 nodes in [�1, 1], the corresponding Chebyshev notes are

xi = Cos [

2 i+ 1

2n+ 2

⇡], 0  i  n.

76

 Interpolation: Chebyshev points
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 Interpolation: Runge phenomenon



Give the 17 points:

(�0.995734, 0.0592987) (�0.961826, 0.0632842) (�0.895163, 0.0723533) (�0.798017, 0.0893711)

(�0.673696, 0.121038) (�0.526432, 0.184023) (�0.361242, 0.323842) (�0.18375, 0.649257)

(0, 1.0) (0.18375, 0.649257) (0.361242, 0.323842) (0.526432, 0.184023)

(0.673696, 0.121038) (0.798017, 0.0893711) (0.895163, 0.0723533) (0.9618260.0632842)

(0.9957340.0592987)

1. Find the Lagrange polynomial, LP (x), that matches all of these points.

2. Compare your polynomial function with respect to the function

f(x) =

1

1 + 16x

2
,

and evaluate the di↵erence (error) between them by calculating

error =

Z 1

�1
|LP (x)� f(x)|2 dx

78

  Homework 3: Chebyshev nodes



⇤ bilinear interpolation in 1D: given points (xm�1, f(xm�1)) and (xm, f(xm)),

f(x) =

x� xm

xm�1 � xm
f(xm�1) +

x� xm�1

xm � xm�1
f(xm)

⇤ bilinear interpolation in 2D:

z(x, y) =

y � yn

yn�1 � yn
z(x, yn�1) +

y � yn�1

yn � yn�1
z(x, yn)

=

y � yn

yn�1 � yn
[

x� xn

xn�1 � xn
z(xn�1, yn�1) +

xn � xn�1

xn � xn�1
z(xn, yn�1)]

+

y � yn�1

yn � yn�1
[

x� xn

xn�1 � xn
z(xn�1, yn) +

x� xn�1

xn � xn
z(xn, yn�1)]

79

  2D: Lagrange interpolation



Give the 5 points:

(0,�5), (1,�3), (�1,�15), (2, 39), (�2, 9)

The interpolating polynomial is constructed by Newton algorithm:

0. For (x0, y0), the polynomial P0(x) = y0 = �5.

1. For (x1, y1), the polynomial P1(x) is

p1(x) = P0(x) + c1 (x� x0) = �5 + c1 (x� 0),

then P1(1) = �3, we have c1 = 2.

2. For (x2, y2), the polynomial P2(x) is

p2(x) = P1(x) + c2 (x� x0)(x� x1),

then P2(�1) = �15, we have c2 = �4.

80

  Newton’s divided difference Interpolation: 



3. For (x3, y3), the polynomial P3(x).

p3(x) = P2(x) + c3 (x� x0)(x� x1)(x� x2),

then P3(2) = 39, we have c3 = 8.

4. For (x4, y4), we have

P4(x) = �5 + 2(x� 0)� 4(x� 0)(x� 1) + 8(x� 0)(x� 1)(x+ 1)

+3(x� 0)(x� 1)(x+ 1)(x� 2).

81

  Newton’s divided difference Interpolation: 



82

  Interpolation: Spline

piecewise 
polynomial

interpolation 



83

  Interpolation: Spline



84

  Interpolation: Spline



Z b

a
f(x) dx

85

  Integration:



The numerical integration of a function f(x) over some interval [a, b] is a

weighted sum of the function values at the sample points (nodes),

Z b

a
f(x)dx ⇡

NX

k=0

wk f(xk), with a = x0 < x1 · · · < xN = b,

86

  Integration approximated by Summation



Z
xk+1

xk

f(x)dx ⇡ �xf(
x

k

+ x

k+1

2
),

where �x = x

k+1 � x

k

.

87

  Integration : Middle-point  rule



Z
xk+1

xk

f(x)dx ⇡ �x

2
[f(x

k

) + f(x
k+1)] +O(�x

3),

where �x = x

k+1 � x

k

.

88

  Integration: Trapezoidal rule



Z a

b
f(x) dx ⇡ �x{ [f(a) + f(b)]

2
+

n�1X

i=1

f(xi)},

where �x = xk+1 � xk.

89

  Integration: Trapezoidal rule



Change the interval x = {x
k

� �x, x

k

, x

k

+ �

x

} to t = {��x, 0,�x} by

t = x� x

k

, then the second-degree polynomial to fit f(t) is

P2(t) = c2t
2
+ c1t+ c0,

with the coe�cients

c0 = f

k

,

c1 =

f

k+1 � f

k�1

2�x

,

c2 =

1

2�x

2
(f

k+1 + f

k�1 � 2f

k

).

Integrate the second-degree polynomial f(x) from t = ��x to t = �x,

Z �x

��x

P2(t)dt =
�x

3

(f

k�1 + 4f

k

+ f

k+1).

This is the Simpson integration formula.

90

  Integration: Simpson’s rule



Z
xk+1

xk�1

f(x)dx ⇡ �x

3
[f(x

k�1) + 4f(x
k

) + f(x
k+1)] +O(�x

5),

where �x = x

k+1 � x

k

.
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  Integration: Simpson’s rule



For

g(x) =

Z
x

xk

f(t)dt,

= g(x

k

) + g

0
(x

k

)�x+

1

2!

g

(2)
(x

k

)�x

2
+

1

3!

g

(3)
(x

k

)�x

3
+ · · ·

= g(x

k

) + f(x

k

)�x+

1

2!

f

0
(x

k

)�x

2
+

1

3!

f

(2)
(x

k

)�x

3
+ · · ·

where (x� x

k

) = �x. Similarly

Z
xk+1

xk

f(x)dx = g(x

k

) + f(x

k

)�x+

1

2!

f

0
(x

k

)�x

2
+

1

3!

f

(2)
(x

k

)�x

3
+ · · ·

Z
xk�1

xk

f(x)dx = g(x

k

)� f(x

k

)�x+

1

2!

f

0
(x

k

)�x

2 � 1

3!

f

(2)
(x

k

)�x

3
+ · · · ,

where g(x

k

) = 0. Then

Z
xk+1

xk

f(x)dx+

Z
xk

xk�1

f(x)dx = 2[f(x

k

)�x+

1

3!

f

(2)
(x

k

)�x

3
+

1

5!

f

(4)
(x

k

)�x

5
+ · · · ]
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  Integration: Taylor expansion of integration



By replacing �x by �x/2, we have

Z
xk+1

xk

f(x)dx = f(x

k

)�x+

1

2

2 · 3!f
(2)

(x

k

)�x

3
+

1

2

4 · 5!f
(4)

(x

k

)�x

5
+ · · · ]

⇤ The error of trapezoidal rule:

Z
xk+1

xk

f(x)dx� �x

2

[f(x

k

) + f(x

k+1)] = O(�x

3
) + . . . ,

⇤ The error of Simpson’s rule:

Z
xk+1

xk�1

f(x)dx� �x

3

[f(x

k�1) + 4f(x

k

) + f(x

k+1)] = O(�x

5
) + . . .
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  Integration: Errors



94

  Integration: Adaptive method



3. Interpolation: [T] Ch. 19.3, - 19.4; [C] Ch. 4
• Lagrange polynomial
• Runge phenomena 
• Chebyshev interpolation
• Newton's divided difference interpolation
• spline interpolation 
• Padé interpolation

4. Numerical Integration: [T] Ch. 19.5; [C] Ch. 5
• Trapezoidal rule 
• Simpson's rule
• Adaptive method 
• Gauss integration formula

5. Numerical Linear Algebra: [T] Ch. 20.1-20.3; [C] Ch. 7, 8
• Gauss Elimination
• LU-Factorization
• Solutions by Iteration 
• Eigen-value problem 95

  Week 3: (3/20) 



¯

¯

A · ~x =

~

b,

where

¯

¯

A =

2

664

a11 a12 · · · a1N

a21 a22 · · · a2N

· · ·
aM1 aM2 · · · aMN

3

775 ,

~

x =

2

6664

x1

x2
.

.

.

xN

3

7775
, and

~

b =

2

6664

b1

b2
.

.

.

bN

3

7775
.

⇤ M = N , nonsingular case,

⇤ M < N , underdetermined case: minimum-norm solution,

⇤ M > N , overdetermined case, Least-Squares-Error solution.

96

  Matrix: Linear algebra



Consider M = N = 3,

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5 ·

2

4
x1

x2

x3

3

5
=

2

4
b1

b2

b3

3

5
,

a11x1 + a12x2 + a13x3 = b1

a21x1 + a22x2 + a23x3 = b2

a31x1 + a32x2 + a33x3 = b3

step 1: by pivoting at a11

a

(0)
11 x1 + a

(0)
12 x2 + a

(0)
13 x3 = b

(0)
1

a

(1)
22 x2 + a

(1)
23 x3 = b

(1)
2

a

(1)
32 x2 + a

(1)
33 x3 = b

(1)
3 97

  Gauss method: Forward Elimination 



step 2: by pivoting at a22

a

(0)
11 x1 + a

(0)
12 x2 + a

(0)
13 x3 = b

(0)
1

a

(1)
22 x2 + a

(1)
23 x3 = b

(1)
2

a

(2)
33 x3 = b

(2)
3

2

64
a

(0)
11 a

(0)
12 a

(0)
13

0 a

(1)
22 a

(1)
23

0 0 a

(2)
33

3

75 ·

2

4
x1

x2

x3

3

5
=

2

64
b

(0)
1

b

(1)
2

b

(2)
3

3

75 ,

⇤ for subtraction

1
3N

3
loops,

⇤ for multiplication

1
2N

2
M loops.

98

  Gauss method: Forward Elimination 



step 3: by backward substitution:

x3 = b

(2)
3 /a

(2)
33

x2 = (b

(1)
2 � a

(1)
23 x3)/a

(1)
2 2

x1 = (b

(0)
1 �

3X

n=2

a

(0)
1n xn)/a

(0)
11

in general form,

xm =

 
b

(m�1)
m �

MX

n=m+1

a

(m�1)
mn xn

!
/a

(m�1)
mm , for m = M,M � 1, . . . , 1

⇤ for backsubstituion

1
2N

2
loops (one multiplication plus one subtraction),

99

  Gauss method: Backward Substitution



If akk = 0, for example

2

4
0 1 1

2 �1 �1

1 1 �1

3

5 ·

2

4
x1

x2

x3

3

5
=

2

64
b

(0)
1

b

(1)
2

b

(2)
3

3

75 ,

⇤ apply row switching to avoid the zero division,

⇤ interchange rows only: partial pivoting,

⇤ interchange row and columns: full pivoting,

⇤ simply pick the largest (in magnitude) element as the pivot,

⇤ more useful to reduce the round-o↵ error,

Max{|amk|, k  m  M}

⇤ a better choice,

Max{ |amk|
Max{|amn, k  n  M} , k  m  M}, 100

  Gauss method: Pivoting



¯̄L · ¯̄U = ¯̄A,

where ¯̄L is lower triangular and ¯̄U is upper triangular,

2

664

↵11 0 0 0
↵21 ↵22 0 0
↵31 ↵32 ↵33 0
↵41 ↵42 ↵43 ↵44

3

775 ·

2

664

�11 �12 �13 �14

0 �22 �23 �24

0 0 �33 �34

0 0 0 �44

3

775 =

2

664

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

3

775 .

101

  Matrix: LU-Decomposition (Factorization)



We can use a decomposition to solve the linear set

¯

¯

A · ~x = (

¯

¯

L · ¯¯U) · ~x =

¯

¯

L · ( ¯¯U · ~x) = ~
b

by first solving for the vector

~
y

¯

¯

L · ~y =

~
b,

then solving

¯

¯

U · ~x =

~
y.

102

  Matrix: LU-Decomposition (Factorization)



⇤ forward substitution:

y1 =

b1

↵11

yi =

1

↵ii
[bi �

i�1X

j=1

↵ijyj ], i = 2, 3, . . . , N

⇤ backward substitution:

xN =

yN

�NN

xi =

1

�ii
[yi �

NX

j=1+1

�ijxj ], i = N � 1, N � 2, . . . , 1

103

  Matrix: LU dicomposition



2

664

↵11 0 0 0

↵21 ↵22 0 0

↵31 ↵32 ↵33 0

↵41 ↵42 ↵43 ↵44

3

775 ·

2

664

�11 �12 �13 �14

0 �22 �23 �24

0 0 �33 �34

0 0 0 �44

3

775 =

2

664

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

3

775 ,

with

↵i1�1j + · · ·+ ↵ii�jj = aij

there are N2
equations for the N2

+N unknown ↵’s and �’s.

⇤ set ↵ii ⌘ 1, for i = 1, . . . , N ,

⇤ for i = 1, 2, . . . , j, solve �ij

�ij = aij �
i�1X

k=1

↵ik�kj

⇤ for ji = j + 1, j + 2, . . . , N , solve ↵ij

↵ij =
1

�jj
(↵ij �

j�1X

k=1

↵ik�kj) 104

  LU decomposition, Crout’s algorithm



• Explicit form:

y

0
= f(x, y)

• Implicit form:

F (x, y, y

0
) = 0

• If the nth derivative y(n) = dn y/dxn of the unknown function y(x) is the
highest occurring derivative, it is called an ODE of nth-order:

F (x, y, y0, · · · , y(n)) = 0, where y

(n) =
dn y

dxn
,

• Linear nth-order ODE:

y

(n) + pn�1(x)y
(n�1) + · · ·+ p1(x)y

0 + p0(x)y = r(x),

 First-order ODEs: Order

105



For a first-order di↵erential equation:

y0(t) + a y(t) = r, with y(0) = y0,

has the following analytical solution,

y(t) = (y0 �
r

a
)e�at

+

r

a
.

Euler’s method:

y(t+ h)� y(t)

h
+ a y(t) = r,

y(t+ h) = [1� ah]y(t) + hr, with y(0) = y0.

with error of O(h).
106

  ODE: Euler’s method



Solve the first-order di↵erential equation:

dy

dt
= �y.

⇤ For the initial condition y(t = 0) = 1, plot y(t) by using Euler’s method

for t = [0, 10].

⇤ Compare your results with the analytical solution,

y(t) = e�t.

107

  Homework 3: Euler’s method



108

N = 10

N = 20



109

N = 30

  Homework 3: Euler’s method



Solve the spring-mass equation (2nd-order ODE):

m

d2x

dt2
= �kx,

by defining a coupled set of 1st-order ODEs

a ⌘ dv

dt
= � k

m

x,

dx

dt
= v,

with k/m = 1.

⇤ For the initial conditions x(t = 0) = 1 and v(t = 0) = 0, plot x(t) by using
Euler’s method for t = [0, 30].

⇤ Compare your results with the analytical solution

x(t) = Cos t. 110

  Homework 3: Euler’s method



111

  Homework 3: Euler’s method

∆t = 0.1
∆t = 0.05
∆t = 0.01



6. Numerical ODEs: [T] Ch. 21.1; [C] Ch. 10
• Euler’s method
• Heun’s method
• Runge-Kutta method
• Runge-Kutta-Fehlberg method
• Stiff ODEs
• Backward Euler method
• Adams-Bashforth method
• Richard’s method

112

  Week 3: (3/27) 



For a first-order di↵erential equation:

y0(t) + a y(t) = r, with y(0) = y0,

has the following analytical solution,

y(t) = (y0 �
r

a
)e�at

+

r

a
.

Euler’s method:

y(t+ h)� y(t)

h
+ a y(t) = r,

y(t+ h) = [1� ah]y(t) + hr, with y(0) = y0.

with error of O(h).
113

  ODE: Euler’s method



For a first-order di↵erential equation:

y0(t) = f(t, y),

y(t)|tk+1

tk = y(tk+1)� y(tk) =

Z tk+1

tk

f(t, y)dt,

y(tk+1) = y(tk) +

Z tk+1

tk

f(t, y)dt, with y(t0) = y0.

By trapezoidal integration method:

yk+1 = yk +
h

2
[f(tk, yk), f(tk+1, yk+1)]

where yk+1 is unknown and can be replaced by yk+1 ⇡ yk + hf(tk, yk).
Heun’s method:

yk+1 = yk +
h

2
[f(tk, yk), f(tk+1, yk + hf(tk, yk))]

with error of O(h2). 114

  ODE: Heun’s trapezoidal method



d

dx
y(x)|

x=xj ⇤ y(x
j

)� y(x
j�1)

x

j

� x

j�1

• Taylor’s expansion:

u(x
j+1) = u(x

j

) + u

0(x
j

)�x+
u

00(x
j

)

2
(�x)2 +

u

000(x
j

)

3!
(�x)3 + . . . ,

u(x
j�1) = u(x

j

)� u

0(x
j

)�x+
u

00(x
j

)

2
(�x)2 � u

000(x
j

)

3!
(�x)3 + . . . ,

• Euler’s 2nd-order FD approximation:

u

0(x
j

) =
u(x

j+1)� u(x
j�1)

2�x

� u

000(x
j

)

2 ⇥ 3! (�x)2 + . . . ,

⇤ u(x
j+1)� u(x

j�1)

2�x

+O(�x

2),

• 4th-order FD method:

• Runge-Kutta method:

• Di⇥erential matrix:

 Finite Difference Approximation

115



Second-order Runge-Kutta method:

k1 = hf(tk, yk),

k2 = hf(tk +

1

2

h, yk +

1

2

k1),

yk+1 = yk + k2 +O(h3
).

116

  ODE: Runge-Kutta method, 2nd-order



yk+1 = yk + c1 k1 + c2 k2 +O(h3),

k1 = hf(tk, yk),

k2 = hf(tk + a1 h, yk + b1 k1).

117

  Generalized: Runge-Kutta method, 2nd-order



yk+1 = yk + c1 k1 + c2 k2 +O(h3),

= y(tk) + h y

0(tk, yk) +
h

2

2!
y

00(tk, yk) +O(h3),

= y(tk) + h f(tk, yk) +
h

2

2!
f

0(tk, yk) +O(h3),

= y(tk) + h f(tk, yk) +
h

2

2!


@f

@t

+
@f

@y

dy

dx

�

(tk,yk)

+O(h3),

= y(tk) + h f(tk, yk) +
h

2

2!


@f

@t

+ f(tk, yk)
@f

@y

�

(tk,yk)

+O(h3),

118

  Proof: Runge-Kutta method, 2nd-order



yk+1 = y(tk) + h f(tk, yk) +
h2

2!


@f

@t
+ f(tk, yk)

@f

@y

�

(tk,yk)

+O(h3),

= yk + c1 k1 + c2 k2 +O(h3),

= y(tk) + c1 h f(tk, yk) + c2 h f(tk + a1 h, yk + b1 h) +O(h3),

= y(tk) + c1 h f(tk, yk) + c2 h


f(tk, yk) + a1 h

@f

@t
+ b1 h

@f

@y

�

(tk,yk)

+O(h3),

119

  Proof: Runge-Kutta method, 2nd-order



c1 + c2 = 1,

a1 c2 =
1

2
,

b1 c2 =
1

2
.

⇤ Heun’s method:

c2 =
1

2
, c1 =

1

2
, a1 = 1, b1 = 1,

yk+1 = yk + (
1

2
k1 +

1

2
k2),

k1 = hf(tk, yk),

k2 = hf(tk + h, yk + k1). 120

  Generalized: Runge-Kutta method, 2nd-order



⇤ Midpoint’s method:

c2 = 1, c1 = 0, a1 =

1

2

, b1 =

1

2

,

yk+1 = yk + k2,

k1 = hf(tk, yk),

k2 = hf(tk +

1

2

h, yk +

1

2

k1).

⇤ Ralston’s method:

c2 =

2

3

, c1 =

1

3

, a1 =

3

4

, b1 =

3

4

,

yk+1 = yk + (

1

3

k1 +
2

3

k2),

k1 = hf(tk, yk),

k2 = hf(tk +

3

4

h, yk +

3

4

k1). 121

  Generalized: Runge-Kutta method, 2nd-order



Fourth-order Runge-Kutta method:

k1 = hf(tk, yk),

k2 = hf(tk +

1

2

h, yk +

1

2

k1),

k3 = hf(tk +

1

2

h, yk +

1

2

k2),

k2 = hf(tk + h, yk + k3),

yk+1 = yk +

k1
6

+

k2
3

+

k3
3

+

k4
6

+O(h5
).

122

  ODE: Runge-Kutta method, 4th-order



Z
xk+1

xk�1

f(x)dx ⇡ �x

3
[f(x

k�1) + 4f(x
k

) + f(x
k+1)] +O(�x

5),

where �x = x

k+1 � x

k

.

123

  Integration: Simpson’s rule



124

  ODE: Runge-Kutta method,
2nd-order

4th-order



125

  ODE: Boundary-Value Problem



coupled-mode equation:

dE+(z)

dz
= i�E+(z) + iE�(z)

dE�(z)

dz
= �i�E�(z)� i⇤E+(z)

with the Boundary Condition:

E+(z = 0) = 1

E�(z = L) = 0 126

  Homework 4: Coupled-mode equation



⇤ Coupling coe�cient:

(z) = 0 ⇥ F(z),

⇤ Assume 0 = 0.5, and F(z) = 1, i.e.,  is a constant: calculate

1. Tranmission spectrum: T ⌘ |E+(z=L)
E+(z=0) |

2
v.s. detuning �;

2. Reflection spectrum: R ⌘ |E�(z=0)
E+(z=0) |

2
v.s. detuning �.

3. Compare to the analytical solution,

R =

sinh

2
p
(L)2 � (�L)2

� �2

2 + cosh

2
p
(L)2 � (�L)2

,

where L = 10[mm] is the grating length, and estimate the absolute

error in your simulation.
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  Homework 4: Coupled-mode equation
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  Homework 4: Coupled-mode equation



Apodization:

F(z) = exp[�0.5 ⇤ (z � L/2)

2
].

129

  Homework 4: Coupled-mode equation



• An nth-order ODE:

y(n) = F (t, y, y0, · · · , y(n�1)),

can be converted to a system of n first-order ODEs by setting

y1 = y, y2 = y0, y3 = y00, · · · , yn = y(n�1).

• This system for an nth-order ODE is

y01 = y2,

y02 = y3,

· · ·
y0n = F (t, y1, y2, · · · , yn). 130

  Reduce a nth-order ODE into a system



• Bessel’s equaiton

x2y00 + xy0 + (x2 � �2)y = 0,

with a given number �.

• Bessel’s equation appears when a problem shows cylindrical symmetry.

• By using the series

y(x) = xr
1X

m=0

amxm

we have the indicial equaiton

(r + �)(r � �) = 0.

• y(x) = c1J�(x) + c2Y�(x), with two basis solutions

J�(x) = x�
1X

m=0

(�1)mx2m

22m+�m!�(� +m+ 1)!
, Bessel function of the first kind

Y�(x) =
1

sin �⇥
[J�(x) cos �⇥ � J��(x)], Bessel function of the Second kind 131

 Power Series: Bessel’s Equation
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 Power Series: Bessel’s Equation, cont.



Solve the Bessel’s equation, for J0, ⌫ = 0

x

2
y

00
+ xy

0
+ (x

2 � ⌫

2
)y = 0,

with the initial conditions: J0(1) = 0.765198 and J

0
0(1) = �0.440051 for the

range x : [0, 10].
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  Homework 5: Bessel function



The initial value problem:

y

0
= �20 y + 20x

2
+ 2x, y(0) = 1,

has the solution

y = e

�20x
+ x

2
.
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  ODE: Stiff problem



For a first-order di↵erential equation:

y

0
(t) = f(x, y), with y(0) = y0,

the backward Euler formula is,

yn+1 = yn + h f(xn+1, yn+1).

135

  ODE: Backward Euler’s method



For the example:

yn+1 = yn + h f(xn+1, yn+1),

= yn + h (�20 yn+1 + 20x

2
n+1 + 2xn+1),

=

yn + h[20(xn + h)

2
+ 2(xn + h)]

1 + 20h

, xn+1 = xn + h.

136

  ODE: Stiff problem
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  ODE: Stiff problem



x

0
(t) = �20x� 19 y, x(0) = 2,

y

0
(t) = �19x� 20 y, y(0) = 0,

The solutions are

x(t) = e

�39 t
+ e

�t
,

y(t) = e

�39 t � e

�t
.
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  Homework 5: Stiff problem



Consider the single equation,

y0 = �cy

where c > 0 is a constant. The explicit (or forward) Euler scheme for integrating

this equation with stepsize h is

yn+1 = yn + hy0n = (1� ch)yn.

Clearly this method is unstable if h > 2/c, for then |yn| ! 1 as n ! 1.

The simplest cure is to resort implicit di↵erencing, backward Euler scheme,

yn+1 = yn + hy0n+1

or

yn+1 =

yn
1 + ch

This method is absolutely stable: even as h ! 1, yn+1 ! 0, which is the true

equilibrium solution.
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  ODE: Implicit integration method



For a set of linear equations

Y0
= �C ·Y

where C is a positive definite matrix. Explicit di↵erencing gives

Y
n+1 = (1�Ch) ·Y

n

.

Now a matrix An

tends to zero as n ! 1 only if the largest eigenvalue of A has

magnitude less than unity. Thus Y
n

is bounded as n ! 1 only if the largest

eigenvalue of 1�Ch is less than 1, or

h <
2

�
max

where �
max

is the largest eigenvalue of C. Implicit di↵erencing gives

Y
n+1 = Y

n

+ hY0
n+1, or Y

n+1 = (1+Ch)�1 ·Y
n

Thus the method is stable for all stepsizes h. The penalty we pay for this

stability is that we are required to invert a matrix at each step.
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  Implicit integration method, system



For a nonlinear system

Y0
= F(Y),

where F is a nonlinear operator, and the implicit di↵erencing gives

Yn+1 = Yn + hF(Yn+1)

In general this is some nasty set of nonlinear equations that hs to be solved

iteratively at each step.

Suppose we try linearizing the equations, as in Newton’s method:

Yn+1 = Yn + h[F(Yn) +
@F

@Y
|Yn · (Yn+1 �Yn)]

where @F/@Y is the Jacobian matrix. Then

Yn+1 = Yn + h[1� h
@F

@Y
]

�1 · F(Yn).

Solving implicit methods by Linearization is called a ”semi-implicit” method. 141

  ODE: Semi-implicit integration method



There are two approximate solutions from x to x+ 2h,

1. one step 2h:

y2h(x+ 2h) = y1 + (2h)

5
�+O(h

6
) + . . .

2. 2 steps each of size h:

y2⇤h(x+ 2h) = y1 + 2(h)

5
�+O(h

6
) + . . .

The di↵erence between the two numerical estimates is a convenient indicator of

truncation error,

� ⌘ y2h � y2⇤h.

142

  ODE: Adaptive stepsize control



We can keep a desired degree of accuracy by adjusting h with the cost of 11

evolutions (compared to 8).

143

  ODE: Adaptive stepsize control



⇤ � scales as h5
.

⇤ If we take a step h1 and produce an error �1, the next step h2 is estimated

as

h2 = h1|
�2

�1
|2,

where �2 is the desired accuracy.

⇤ If �1 is larger than �2 in magnitude, the equation tells how much to

decrease the stepsize.

⇤ If�1 is smaller than�2, the equation tells how much we can safely increase

the stepsize for the next step.

144

  ODE: Adaptive stepsize control



The general form of a fifth-order Runge-Kutta formula is

k1 = h f(xn, yn)

k2 = h f(xn + a2h, yn + b21k1)

· · ·
k6 = h f(xn + a6h, yn + b61k1 + · · ·+ b65k5)

yn+1 = yn + c1k1 + c2k2 + c3k3 + c4k4 + c5k5 + c6k6 +O(h

6
)

The embedded fourth-order formula is

y

⇤
n+1 = yn + c

⇤
1k1 + c

⇤
2k2 + c

⇤
3k3 + c

⇤
4k4 + c

⇤
5k5 + c

⇤
6k6 +O(h

5
)

and the error estimate is

� ⌘ yn+1 � y

⇤
n+1 =

6X

i=1

(ci � c

⇤
i )ki 145

  ODE: Embedded Runge-Kutta method



For the ODE, y0 = f(x, y), from x

n

to x,

y(x) = y

n

+

Z
x

xn

f(x1, y)dx1

⇤ In a single step method, like Runge-Kutta, the value y
n+1 at xn+1 depends

only on y

n

.

⇤ In a multistep method, we approximate f(x, y) by a polynomial passing
through several previous points x

n

, x
n�1, . . . and possibly also through

x

n+1. The result is

y

n+1 = y

n

+ h[�0f(xn+1, yn+1) + �1f(xn

, y

n

) + �2f(xn�1, yn�1) + · · · ]

If �0 = 0, the method is explicit; otherwise it is implicit.
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  ODE: Predictor-Corrector method



⇤ Predictor step: for yn+1, two methods suggest, functional iteration and

Newton’s method.

1. take some initial guess for yn+1,

2. insert it into the right-hand side to get an updated value of yn+1 until

converges.

3. use some explicit formula for the initial guess.
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  ODE: Predictor-Corrector method



⇤ Corrector step:

1. In the predictor step we are essentially extrapolating the polynomial

fit to the derivative from the previous points to the new point x

n+1.

2. Then we doing the integral in a Simpson-like manner from x

n

to

x

n+1.

Z
xk+1

xk�1

f(x)dx ⇡ �x

3

[f(x

k�1) + 4f(x

k

) + f(x

k+1)] +O(�x

5
),

3. The subsequent Simpson-like integration, using the prediction step’s

value of y

n+1 to interpolate the derivative, is called the corrector step.
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  ODE: Predictor-Corrector method



Adams-Bashforth-Moulton scheme:

1. Predictor:

yn+1 = yn +

h

12

[23f(xn, yn)� 16f(xn�1, yn�1) + f(xn�2, yn�2] +O(h

4
)

2. Corrector:

yn+1 = yn +

h

12

[5f(xn+1, yn+1) + 8f(xn, yn)� f(xn�1, yn�1)] +O(h

4
)
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  Adams-Bashforth-Moulton method


