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Syllabus (Spring '2"01 2

\I Basu:s of Numerical Methods: 4 weeks (z.tzs 3/6, 3/13 3/20 3127 4/3)
| 1. Floating-Point Representation and Errors, ' ' © .7, I |
‘ . Roots of Equations, 1 19.2, N3
. Interpolations, 119.3, T19.4, N4
. Numerical Differentiations, 1 19.5, N4
- Numerical Integrations, 119.5, N5
- Numerical Linear Algebra, 120, N7, N&
7. Runge-Kutta methods for ODEs, T21.1, T21.2, T21.3, N10, N11
Il. Numerical Methods for PDEs: 5 weeks (4/10, 4/17, 4/24, 5/1, 5/8)
1. PDEs and Finite-Difference method, T12, N15, A6
2. Crank-Nicolson method fro Parabolic problems, 7T21.6, N15.1
3. Lax-Wendroff method for Hyperbolic problems, T21.7, N15.2 ...,
4. Gauss-Seidel method for Elliptic Problems,
T20 3, T21 4, T21 5 N15 3

O hLONDN
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\1 Errors: [T] Ch. 19.1; [C] Ch. 1, Ch. 2

2. Root of equations: [T] Ch. 19.2; [C] Ch. 3

Week 1: (3/6

e Floating-Points representation,
e Roundoff Errors,

e Truncation Errors,

e Error Propagation,

e Dimensionless equation.

e Bisection method,
e Fixed-point iteration method,

e Newton's method,

e Newton's method for nonlinear systems.
e Secant method.
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[] e: exact integer exponent, (bs2be1 - - - bs2)

= Ay

[0 E: the bias of the exponent, 211 = Ielbid e e e o

ey O
- By -
e
_— -,

i = —1022m+1023 s

L1 M: exact positive integer mantissa,

== 0.b51b50 it blbo pas [b51b50 s blbo] X 2_52, un-normalized

= 1.b51b50-:-b1bg =1 + [b51b50 “iee blbo] X 2_52, normalized
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f Floatln Pomts representatlon {

IEEE Slngle PreC|S|on 32b|t !l

:|: (qdols ...dA8 1)11)-_)_{)3 ¢ oo 1)-_)_3

If exponent bitstring aq...ag is Then numerical value represented is
(00000000)2 = (0)40 +(0.b1b2bs .. . baa)y x 27146
(00000001)5 = (1)10 +(1.b1bobs . . . bo3)y x 27126
(00000010)3 - (2)]0 :l:(ll)ll)zbg . .1)23)2 x 2-1%0
(0000001 1)2 = (3)10 +(1.b1babs . . .bys)y x 27124

} )
(01111111)2:( 127 )]0 i(l.b]bgl)g...bgg)-gXQO
(10000000); = (128) +(1.b1bobs . . .bos)q x 2

! }
(11111100), = (252) 10 +(1.b1babs . .. ba3)s x 2147
(11111101)2 = (253)10 +(1.b1babs . . .bys)y x 2140
(11111110)5 = (254)10 +(1.b1bybs . . . bys)y x 2147
(IT111111)5 = (255)10 +oc il by = ... = by3 = 0, NaN otherwise




E Floatln Pomts representatlon {

IEEE Double Precmon 64b|t {’

i 1oz ...ayqp | b1babs ... bso

If exponent bitstring is ay ...aqq Then numerical value represented is

1 -
(00000000000) 0)10 i(_o.bll)gbg.. 1-3 )g x 271022
(000000000015 J1c +(1.b1b2b5 . . .) )y % 271022
(00000000010), )1 +(1.b1b2bs . . . bsg)y x 271021
(00000000011) ) +(1.b10205 .. 1);2) x 21040

l
(OLLTTTTL111)5 = (1023)10
(10000000000) = (1024) 44

l

(IT111111100).

(11111111101).

( )

( )

1
2
3

10

(1.b1bobs . .

+
:t( . 1)1[)2[)3

IITTITL1T10
ITTTTIITLLL

[ S | () | Q) | S

.. = bso = 0, NaN otherwise
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[ maximum positive nundber: S e =t T St S i S

(2 —2752) x 2102.3.% 103083

210 — 1024 ~ 103




error b ><77 and 27/77 : ¢ o8 e i, , _. h-_;_- _'

Errors by algorithms.
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NLSE is reduced to scaleless (dimens'-i'onles-s.)- form,
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5 Roots of equation: ﬁ

Flar=:=

T —

|
iw
M

Example:|

F(r)=cosx —x =0




5 Roots of equation: Bisection method i

‘..M

F(x)

F(a) - F(b) <0
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Power Series: Common used Maclaurln Serles

" ———

COS T

SIn &

In(1 4+ x)

l+z+a°+-

1—:1:—|—:132—---:Z(—1)m:1: X->Z
m=0
72 25 m
T
1+:1:—|—§+ mzzom, |z| < o0.
:B2 $4 Y (_1)mx2m
Pl A o ; < 00.
STRRT 2—;0 (2m)! i
3 5 OO m ,..2m-+1
SR (=)™
e S R SRt : < 00.
SR g;o (2m + 1)! SESE0
et (=Dt Py
ST s e B ; -1l <z <13
Tty mz::l m =3

‘ Complex numbers:
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5 Roots of equation: Newton’s method E

‘ tangent method
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5 Homework 1: Newton’s method 1
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Example:

More than 1D: Ne
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wton’s method
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Numer of iterations
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The smgular Value decomp081t10n SVD, of an m X n real or complex
matrix M is a factorization of the form

M=UZV*

where U is an m x m real or complex ; 5 is an m X n rect-
angular diagonal matrix with nonnegative real numbers on the diagonal,
and V* (the conjugate transpose of V') is an n x n real or complex

[1 The diagonal entries 5, i of ¥ are known as the singular values of M.,
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Homework 1: New

method |

/4
town's
'y +2=2
-z =+v2sinfcos ¢
y = v/2sinfsin ¢

2z =2cosh

(7)

that means we eliminate one parameter and change coordinate into
spherical one by using ¢ and ¢ two parameters. Those are limited
by 6 = [0,7] and ¢ = [0, 27]. \
Define

f(8,¢) = sinfcos ¢ + sinfsin ¢ + cos @

8
g(0,0) = 1+ 2sinf cos ¢(sinfsin ¢ + cos §) (8)

Newton’s method for solving two nonlinear equations would be

f96 —9fs
fe9s — 96f¢
oy dw—gf )
! Jogs — gofs

911-1 — 911 -

Right now, we face a new problem: the starting values! But since
our coordinate # and ¢ are limited, our search can be done by point
by point, that means we divide small points within ¢ = [0,7] and
¢ = [0,27]. Conclusion: there are total four solutions,

(237 Y, 2) = (_1’071)
(z,9,2) = (-1,1,0)
(z,9,2) = (1,0,-1)
(z.y,z) = (1. -1.0)
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z Roots of equation: Fixed-point method !

= s g(xn)




Roots of equation: FiX—“éd-pOint method E
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Homework 1: FiInd the value of «t il

The length of the curved part of a unit circle is 27.

We can approximate m by using triangles. Consider the arc bisected as
shown in the figure. 1.

The length of the hypotenuse of the triangle is 2sin(6/2) for a fraction of
the circle 1/2 k, then an approximation for 7 is

—

N 7\ T~ 2k sin(0/2).
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[J Now let 6, b
% R T e ey
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[ Next let S,, = sin”#6,, and ¢

[1 Starting with So = 1 and P; = 2, compute S,,.1 and P, recursively for
e s AR
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Homework 1: Find the value Of T
— Wt/ B

3.5 ! l | I

3_ =

2.0[ -

2_ o
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Homework 1: FIN

- — —_ _ _

- -

| 1 ]

2-iterations,

3-iterations,

4-iterations,

S5«iterations,

6-iterations,

7=-iterations,

8-iterations,

9-iterations,

l0-iterations,
ll-iterations,
l12-iterations,
l13-iterations,
l4-iterations,
l15-iterations,
lé-iterations,
l7-iterations,
l18-iterations,
19~iterations,
20-iterations,
2l-iterations,
22-iterations,
23-iterations,
24-~iterations,
25-iterations,
26-iterations,
27-iterations,
28~iterations,
29-~iterations,
30-iterations,

—_—

with
with
with
with
with
with
with
with

with
with
with
with
with
with
with
with
with
with
with
with
with
with
with
with
with
with
with
with
with

the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the

—_—

error:
error:
error:
error:
error:
error:
error:
error:

T —

0.313166
0.0801252
0.0201475
0.00504416
0.0012615
0.000315403
7.88524e~05
1.97132e-05

——

error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:
error:

4.92831e~06
1.23208e-06
3.0802e~07
7.70049e-08
1.92512e-08
4.81281le~09
1.2032e~09
3.008e~10
7.52003e~11
1.88001e~11
4.6998e~12
1.17506e~12
2.93543e~13
7.28306e~14
1.77636e~14
3.9968e~15
4.44089%e-~16
~4.4408%e~16
~4.4408%e~16
~4.4408%e~16
~4.4408%e~16

—

—

—

—

d the value of 1



Spacing of floating point numbers,

>> eps

ans =

2.2204e~16




— — — —_— _ - — —_ — _ — —_— _— — —_— _ — — —_— — — — — —

i E E E E =

gl i O O O O O O O O o e .
® ’ % m
E Matlab : some tips |

use matriz/vector operations rather than loop operations

use build-in routine as otten as possible

build your self sub-routines, .m files

use adaptive input argument list

use the breakpoint in the debug mode

check workspace for the type/value of the

remark the code as much as possible
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|

Week 2 (3/1 3) SR

2. Root of equatlons [T] Ch 19. 2 [C] Ch. 3
e Bisection method,
e Fixed-point iteration method,
e Newton's method, '
e Newton's method for nonlinear systems.
e Secant method.
3. Interpolation: [T] Ch. 19.3; [C] Ch. 4
e Lagrange polynomial
¢ Runge phenomena
e Chebyshev interpolation
e Newton's divided difference interpolation
e spline interpolation
e Padeé interpolation

4. Numerical Integration: [T] Ch. 19.5; [C] Ch. 5

e Trapezoidal rule

e Simpson’s rule

e Adaptive method

e Gauss integration formula




E Fixed-point method: Logistic equation i

M———-‘)

d_N N dX
dat

:7]\[(1—?) E:WX(l—X), X =N/K

Xni1=9Xn (1 —X,)




25

20

15

step, n

101N

M

uat

IC eq

Logisti

Ixed-point method

F



| | | | | | | | '1 | '1

Logistic equation: Stabilities !

| | | | | | | |

[1 Steady state (or equilibrium):

Xn—l—l = Xn =5 Xss

[ 1 Logistic equation, the steady state is given by

P X N e S A

with two steady states are possible: stable steady state unstable steady state

Xssl =0 and XSSQ = A 1/7‘

[] steady state is a state that can be reached from the neighbor states,

small perturbation is driven.




< 1, the steady state is stable.

d
%)X:Xss

(
(

If |a

> 1, the steady state is unstable.

d,
%)X:Xss

If |a
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For the Steady.sta-te X

SS2

which is stable if 1 < r < 3.
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1-1/r

(unstable)
3.5

XSS2
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X4g4=0 (unstable)
25

=1-1/r
(stable)

XSS2
1.5

0.5

X4g,=0 (stable)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

n
n

X



f Fixed-point method: Logistic equation {

M———-‘)

Xn—l—l — "}/Xn (]. = Xn)

n+1

n+1




Fixed-point method: Loqistic equation

1 .
r=28
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period-2 period-3
cycle cycle

Chaos
cycl

1011S

stable
steady
state

Istic equat
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g Root of equation: Newtown’s Basins =

P +1=0

Newton-Raphson cont.

Blue:
x=0.5 + 0.8661

Green:

x=0.5 - 0.866i
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Newton’s method’s basins of attraction revisited

H. Susanto?, N. Karjanto >*

*School of Mathematical Sciences, University of Nottingham, University Park, Nottingham NG7 2RD, UK
® Department of Anplied Mathematics, Faculty of Engineering, The University of Nottingham Malaysia Campus, Semenvih 43500 Selangor Malaysia
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Newton’s method’s

—_—

Basins

-1.5 -1.45 -14 -1.35
Re(z)



f(@z)f (zn) .
ao(f’(zn))z + a1f (zn)f" (zn)

Znil = F(Zn) =2Zn —

(d) a; = —1.05
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5 Roots of equation: Secant line i

W

tangent line

o .
secant line
P




O O

= e

fx)=ax+ b & f(x)=ax+b

for each line :
00 for entire range

1O

Interpolation Curve Fitting




f InterEoIation: Polynomial interpolation i

Give two points:

(x()ay()) and (xlayl)a

the polynomial function p(x) satisfying

—

'Linear interpolation: |

pZa)== Yo

p(wl) e )

1S




it

%

The coefficients can be obtained by solving the follc
tions, S

i

N
0 AN
N
1 ON

- 2 USR
aop + Troai + xgaz + -+

2 '_
ap +x101 +xi02 + -+

N

2

.....

owing system of

=%

li

near equa-
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B Fmd the Lé;;gr
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e

| %_
2. Evaluate the”pol
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5 Homework 2: Lagrange interpolation {I

[1 The Lagrange polynomial is

Pn(z) = 0.995 2+0.00891667 22 —0.00491667 2> +0.00108333 z*—0.0000833333 z°.

[ For x = 20,

Pn(20) = —109.2, far away from 20.







Homework 2: Lagrange mterEoIatlon %

Give the 17 points:

(—1.0000,0.0588) (—0.8750,0.0755) (—0.7500,0.1) (—0.6250,0.1379)

(—0.5000,0.2) (—0.3750,0.3077) (—0.2500, 0.5) (—0.1250, 0.8)

(0,1.0) (0.1250,0.8)  (0.2500,0.5)  (0.3750,0.3077)
(0.5000,0.2)  (0.6250,0.1379)  (0.7500,0.1)  (0.8750,0.0755) (1.0000,0.0588).

1. Find the Lagrange polynomial, L P(x), that matches all of these points.

2. Compare your polynomial function with respect to the function

1
1+ 1622’

flz) =

and evaluate the difference (error) between them by calculating

1
St / LP(@) - f(@)do




Homework 2: Lagranage interpolation 1

equispaced points

max error = 5.9001




Lagrange interpolation

Homework 2
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Fourier Series: Gibbs phenomenon | ;

flx)

!\’
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Polynomial wiggle: RUnge phenomenon il

P, (x)




Interpolation: Runge phenomenon {

W
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,»Interpolatlon: Chebyshev points

.-—-—.M—-——.J
For n 4+ 1 nodes in [—1, 1|, the corresponding are
g g e
Aeadiy : 0<1<
R e S

Chebyshev points for n=5 Chebyshev points for n=25




0.5

equispaced points

max error = 5.9001

1.5

0.5

Chebyshev points

max error = 0.017523 -




Homework 3: Chebyshev nodes o

W

Give the 17 points:

(—0.995734,0.0592987) (—0.961826,0.0632842) (—0.895163,0.0723533
(—0.673696,0.121038 (—0.526432,0.184023)  (—0.361242,0.323842
)
)

) (—0.798017, 0.0893711
)
(0,1.0) (0.18375, 0.649257 (0.361242, 0.323842
)
)

)
(—0.18375, 0.649257)
(0.526432,0.184023)
(0.9618260.0632842)

NllE N A e T M B

(0.673696,0.121038 (0.798017,0.0893711 (0.895163,0.0723533
(0.9957340.0592987

1. Find the Lagrange polynomial, LP(x), that matches all of these points.

2. Compare your polynomial function with respect to the function

= 1
14+ 1622°

flz)

and evaluate the difference (error) between them by calculating

1
S /_ LP(@) - f(@) do







then Pi(1) = -3, wehave e =2.

2. For (x2,¥s), the polynor.n.ia.lin(:U') is

pa(x) = Pi(x) + ¢ (x — xo) (2 — 21),

then Po(—1) = —15, we have cy = —4.
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g InterEoIation: Spline E
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pleceW|se
polynomial
interpolation }
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Hdposiset 6t

Ply/¥ 1 :1.00 & 1.20mm eic.
Inking adges on all sides

£ER. BTN

Typelf §:13085
Sizer®
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5 Integration : Middle-point rule ;l

/ 7 fayde e AT

k

where Ax = 11 — T
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5 Integration: TraEezoidaI rule %

[ f@)de = SRl ) + fae)] + O@A),

here Ax = 31 — xk.
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5 Integration: TraEezoidaI rule ;

/f deAa;{[( Zfazz

where Ar = 11 — xp.
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Py(t)dt = 337

Ax
Ax

/

This is the Simpson integration formula.



- - - g - g o i ok - - - - . K - g - - - - g K - g - - -

g Integration: SimpSOI‘l'S rule ;

..M

/xk+1 f(ilf)dilj ~ %[f(xk—l) ~h 4f(£lﬁk) -+ f(xk—l—l)] = O(A£C5),

where Ax = xp11 — xp.

First parabola
\/ Second parabola

LA™

y = flx) Last parabola
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The error of Simpson’s rule:
Lh+1

Lk—1
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Week 3: (3/20)

3. Interpolation: [T] Ch. 19.3, - 19.4; [C]Ch. 4
e Lagrange polynomial
¢ Runge phenomena
e Chebyshev interpolation
e Newton’'s divided difference interpolation
e spline interpolation
e Padeé interpolation
4. Numerical Integration: [T] Ch. 19.5; [C] Ch. 5
e Trapezoidal rule
e Simpson’s rule
e Adaptive method
e Gauss integration formula
5. Numerical Linear Algebra: [T] Ch. 20.1-20.3; [C] Ch. 7, 8
e Gauss Elimination
e LU-Factorization
e Solutions by Iteration
e Eigen-value problem
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for multiplication = N?M loops.
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gFirst-order ODEs: Order s S

o Linear nth-order ODE:

ek tmy/ dz" of the unknown functlon.y is
~ highest occurring derivative, it is called an ODE of nth-order:

F(Qj,y,y/, U5 7y(n)) = O, where y(n) —

y(n) +pn—1(ﬂf)y(n_1) A
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Euler’s method
with error of O(h).
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y(t)

12

10

Do




30

Euler’s method

Homework 3




with k/m = 1.

ions x(t =
0, 30.

t

1

ial cond

T
FEuler’s method for t

1ni

[ 1 For the

[0 Compare your results with the analytical solution

x(t) = Cost.



5 Homework 3: Euler’s method i
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e Backward Euler methoﬂ i e taC
e Adams-Bashforth method O e o
| e Richard’s method e s o s
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Euler’s method
with error of O(h).
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with error of O(h?).
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e Euler’s

nd

e 4th-order FD method

e Runge-Kutta method

e Differential matrix
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g Integration: SimpSOI‘l'S rule ;

..M

/xk+1 f(ilf)dilj ~ %[f(xk—l) ~h 4f(£lﬁk) -+ f(xk—l—l)] = O(A£C5),

where Ax = xp11 — xp.

First parabola
\/ Second parabola

LA™

y = flx) Last parabola
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f ODE: Runée-Kutta method, i,

2nd-order

4th-order




5 ODE: Boundarz-V;Tue Problem 1

W

required ‘
boundary ¢
value
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{ Homework 4: Coupled-mode equation

A

B A B A B

coupled-mode equation:

dE;Z(Z) = Wk, (2)+ikE_(2)
dEd_Z(Z) = —i10F (2)—ik"E (2)

with the Boundary Condition:




Homework 4: Coupled-mode equation 3

[1 Coupling coeflicient:
k(z) = ko X F(2),

[J Assume kg = 0.5, and F(z) = 1, i.e., k is a constant: calculate

E4(z=L) 2
E4 (2=0)
E_(2=0) 2
E (2=0)

1. Tranmission spectrum: T = | v.s. detuning 0;

2. Reflection spectrum: R = | v.s. detuning J.

3. Compare to the analytical solution,

sinh® y/(kL)2 — (0L)2
— 9 + cosh® y/(kL)2 — (6L)2

H==

?

where L. = 10{mm] is the grating length, and estimate the absolute SR
error in your simulation. U sSSPy




Homework 4: Coud-moe euation ;I
, . — , .

0.8} .

0.6 |
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z Homework 4: Coupled-mode eguation ;I
Apodization:

F(z) = exp[_—().&') (2= b2k
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we have the mdzczal equcmtmb s
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o e

- _1\mp2m R
Ty = ; 2m+’/§n!I‘)(V:I—j|— I Bessel function of the first kind
Yol = m[«]y(fﬁ) cosvm — J_,(x)], Bessel function of the Second kind T 37




Power Series: Bessel’s Equation, cont. ;
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g Homework 5: Bessel function ;l

Solve the Bessel’s equation, for Jy, v =0

ny// g ZUy/ i (332 T V2)y P O7

with the initial conditions: Jy(1) = 0.765198 and J;j(1) = —0.440051 for the
range x : [0, 10].




f ODE: Stiff probleﬁT {

The initial value problem:

y = —20y +202° + 2z, y(0) = 1,

has the solution

y = 6—20:1: —|—332.
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{ ODE: Stiff problem

h = 0.05

BEM
h =02

Euler

h = 0.05

Euler

h = 0.1

RK
h = 0.1

h =02

Exact

1.00000
0.26188
0.10484
0.10809
0.16640
0.25347
0.36274
0.49256
0.64252
0.81250
1.00250

1.00000

0.24800

0.20960

0.37792

0.65158

1.01032

1.00000
0.00750
0.03750
0.08750
0.15750
0.247750
0.35750
0.48750
0.63750
0.80750
0.99750

1.00000

— 1.00000

1.04000

—0.92000

1.16000

—0.76000

1.36000

—0.52000

1.64000

—0.20000

2.00000

1.00000
0.34500
0.15333
0.12944
0.17482
0.25660
0.36387
0.49296
0.64265
0.81255
1.00252

1.000

5.093

25.48

127.0

634.0

3168

1.00000
0.14534
0.05832
0.09248
0.16034
0.25004
0.36001
0.49001
0.64000
0.81000
1.00000

i \ 5
I!.h\u AU “,_-f"

A -
SASSS e 5
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Clearly this method is unstable Tfﬁh ? 2710 :
The simplest cure is to resort Impheit dLﬁepehcm,g—, ,,_

.\_..__.1— S,

e o g - - =i : k
=5 : F oy e o et e = R el S Ry - [
T s T e By
e S T T S e S AR . :
T Lo e A e - S TR, A — ; =
n n. n—|—1 SR RIS A _
G

or . | AT sy
s e
cha 1+ ch

This method is absolutely stable: even as h — oo, y,4+1 — 0, which is the true
equilibrium solution.




Implicit integration method, system %

For a set of linear equations
pAS S
where C is a positive definite matrix. Explicit differencing gives
Y,i1=(1-Ch)- -Y,.

Now a matrix A" tends to zero as n — oo only if the largest eigenvalue of A has
magnitude less than unity. Thus Y,, is bounded as n — oo only if the largest
eigenvalue of 1 — Ch is less than 1, or

2
h <

)\maa:

where \,,.. is the largest eigenvalue of C. Implicit differencing gives
Yoi1=Y,+hY, 4, or Y,;1=(1+Ch)"'-Y,

Thus the method is stable for all stepsizes h. The penalty we pay for
stability is that we are required to invert a matrix at each step.
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£ ODE: Semi-imEIicit integration method
For a nonlinear system = '

Y = F(Y),

where F is a nonlinear operator, and the implicit differencing gives
Y'n—|—1 =Y, + hF(Yn—I—l)

In general this is some nasty set of nonlinear equations that hs to be solved
iteratively at each step.
Suppose we try linearizing the equations, as in Newton’s method:

OF
Yot1= Yo +h[F(Yn) + Zlv, (Yo = Yo
oY
where OF /JY is the Jacobian matrix. Then
OF
Yor1=Y,+h[l—h—]"" F(Y,).
=Y T A R

Solving implicit methods by Linearization is called a ”semi-implicit” method.
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The difference between the two numerical estimates is

a convenient indicator of
truncation error, - i s R e e
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A y2h. o yZ*h--
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5 ODE: AdaEtive stepsize control il

We can keep a desired degree ot accuracy by adjusting h with the cost of 11
evolutions (compared to ).




ope: Adaptive stepsize control %

W

A scales as h°.

If we take a step h; and produce an error Ay, the next step hy is estimated
as

A
b=l =

)

where A, is the desired accuracy.

If Ay is larger than A, in magnitude, the equation tells how much to
decrease the stepsize.

If A7 is smaller than Ay, the equation tells how much we can safely increase
the stepsize for the next step. |
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The general form of a

EODE: Embedded Run
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ge-K
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Runge-Kutta formula is

ko = h f(x, + ash, yn + ba1k1)

ke = h f(xn, + agh, yn + bg1k1 + - - - + besks)

Ynt1 = Yn + C1k1 + coky + caks + caks + csks + cekg + O(R®)

The embedded fourth-order formula is

y:+1 = Yn + i k1 F+ ks

and the error estimate is

C; kg

CZ k4

Cgk5 I Cng S O(h5)

—

| O O O O O O .

utta method %




ODE: Predictor-CorreEor method 1

W

For the ODE, v = f(z,y), from z, to x,

i) / ol

In a single step method, like Runge-Kutta, the value y,, .1 at x,, .1 depends
only on y,.

In a multistep method, we approximate f(x,y) by a polynomial passing
through several previous points x,, £,_1, ... and possibly also through
Tni1. Lhe result is

Yn+1 = Yn s h[ﬁ()f(ajn—l—la yn—l—l) S Blf(xna yn) 7% 52][(:8%—17 yn—l) T ] |

If 5o = 0, the method is explicit; otherwise it is implicit.
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3. use some e:cplzczt forrnula f6r~h :




ODE: Predictor-CorreEor method 1

W

step:
1. In the predictor step we are essentially extrapolating the polynomial
fit to the derivative from the previous points to the new point x,, 1.

2. Then we doing the integral in a Simpson-like manner from x, to
Ln+1-

/xk—i—l f(z)dz = %[f(ﬂfk—l) + 4f(zp) + f(xpe1)] + O(AD),

3. The subsequent Simpson-like integration, using the prediction step’s
value of y,,11 to interpolate the derivative, is called the corrector step.




2. Corrector
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