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Abstract

Uncertainty and entanglement are both profound and key concepts in quantum theory. For three
observables, recent works have revealed the tightest uncertainty constants for both product and
summation forms. In this work, we give an alternative proof of the uncertainty relations, as well

as a physical interpretation of the uncertainty constants. Our results show that such relations are
intimately connected with the distinguishment between separable and entangled states. The uncer-
tainty constant is a critical point whether such a condition of entanglement detection is valid.

1. Introduction

Uncertainty is one of the most fundamental con-
cepts in quantum mechanics. In 1927, Heisenberg
discovered his seminal uncertainty principle which
defines the fundamental constraints on quantum
measurements [1]. In 1929, Robertson formulated
precise uncertainty relations as symmetric quadratic
polynomials of the variances of two observables [2].
For any two quantum mechanical observables A and
B, Robertson has found the following uncertainty
inequality,

AAAB > ~|([A, B)), (1)

N | —

where AQ £ /(Q2) — (Q)? is the standard deviation
and () is the expected value of the observable 2
with respect to the state p. The variance is denoted as
(AQ)? £ (0?) — (2)? and we may use (A)2 when
the state p needs to be emphasized. Since then, there
are lots of discussions in this field, generalizing the
uncertainty relation to more observables and differ-
ent metrics [3-16].

In the case of three observables, an investigation
of the uncertainty relation reveals the tightest uncer-
tainty constants for both product and summation

forms [17, 18]. For three observables Hj, it is showed
that

In addition to the uncertainty, entanglement is
also one of the most important concepts in quantum
information theory. The discussions of entanglement
can be dated back to the Einstein—Podolsky—Rosen
paradox [19]. Since then, entanglement has been one
of the key issues in quantum theory, which has greatly
deepened our understanding of quantum mechanics,
with numerous applications in quantum technologies
[20]. Entanglement also stimulates the discussions on
the constraints of probability distributions, operator
structures, game theory and many other problems in
the field of mathematical physics [21, 22].

Behind uncertainty and entanglement lies the
concept of non-commutativity of operators. In fact,
one can see immediately that the uncertainty in
equation (1) comes from the non-commutativity of
observables. On the other hand, researchers have
showed the crucial role of non-commutativity in the
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discussions of entanglement or nonlocality [21-24].
Thus it is natural that researches have shown close
relations between the two concepts of uncertainty and
entanglement [25-27]. In this paper, we follow a dif-
ferent route to prove the inequalities of the variance
in the sum and product forms. Our proof gives a more
natural physical meaning, with a clear physical inter-
pretation to the uncertainty constants. It is showed
that they are intimately related to the distinguishment
between the separable and entangled states.

The structure of the paper is organized as fol-
lows. Section 2 is the proof of the inequalities of the
variance, i.e. equations (2) and (3). In section 3, it
is shown that these inequalities, as well as the uncer-
tainty constants, can be utilized to give a way to dis-
tinguish between separable and entangled states. In
section 4, a concrete example is given. Section 5 is
some discussions and the summary. The last section
is the appendix.

2. The inequalities of variance in the sum
and product forms

In order to prove the uncertainty relations in
equations (2) and (3), one can introduce an ancillary
system and consider the variance of the global system
to indicate the local uncertainty relation in the sub-
system. Then, the summation form in equation (3)
suggests that it may be more suitable for giving a
physical interpretation. For this reason, unlike [18],
we first prove equation (3) instead of equation (2).
As a consequence, equation (2) follows directly from
equation (3).

First, one can define a global operator R=
Z;:  H; ® 0j, where o are the Pauli operators. Direct
calculations show that

ZH2®I+Z

+1 ® i0j42 (4)

Note that the subscript j modulo by 3, i.e. j mod 3.
Now we want to investigate the variance of R. To

this end, we first consider the bound of R and its

square. Generally, it depends on the concrete form of

R and R2. Suppose that the state is a product state, i.e.

1 ® v, where p and v are states of the subsystems.
Then we have

3
)+ Z 0]+2>7
(5)

S (Hy o) | - (6)
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Note that by the Schwarz inequality, for any state

p , one has
[TrpR]* < TrpR?. (7)

For a product state, still by the Schwarz inequality,
we have

[Tr(p@v) R = | Y (Hj

ji=

—

w

HY? D @) ]

ji=1 j=1

N

Note that 3,(0;)* < 1[25, 28], thus

3
[Tr(p®v) Z (8)

j=1
By equations (5) and (8), one can see that
(AR)?

2 Tr(p@v)R = [Tr(u®v)R]’

3 3
> AH + ) (i [Hj,His]){0j42)
j=1 j=1

)

neV

Note that identity holds in equation (9) only if iden-
tity holds in equation (8). According to the Schwarz
1nequahty, it is valid when (H;) = t(c;) and |(0})| =
\/g' Moreover, according to the appendix, actually the
state v can be specifically chosen to satisfy

3 3
z:: +1 ) {oj42) = *72:: >|~
(10)

Thus when (Hj) =t(0j) and ‘<0j>|=% (in
which case the identity in equation (9) is valid),

it follows from equation (10) and the positivity of
(AR, )? that,

3 13
AH; > — > [([HjHi])l, (1D

It should be mentioned that the condition (Hj) =
t(oj) may fail in general. Hence at the moment,
equation (11) is proved only for the H; satisfy-
ing the previous conditions. However, one can see
immediately that the condition is satisfied when
(H;) = 0, thus equation (11) is valid. Now for gen-
eral H;, one can take H; = H; — (H;)], then (H/) =
0. However, since AH/=AH; and [H/,H/ ]=
[H;,Hj1], equation (11) is valid for any operators H;.
This completes the proof of equation (3).
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By equation (11), one can further obtain the triple
measurements uncertainty in the product form. In
fact, by the Algebraic-Geometric Mean inequality,

3

3> K[ )

>% j]iu[m,lww (12)
It follows that
'Sk 3>(1)3f[|<[H Hy])l- (13)
3 V3

Apparently, when AH]2 are equal, one can deduce
from the above equation that

3 33
1
2

[[aH > (\/5> [1i[H.H (14)

i=1 j=1
Now for the case Asz are not equal, one

2

can choose coefficients k;= % and
Hj’ =x;H;. Now  direct calculations show
that 1_[]3 Af =1 and (AH];)2 are  equal.
M(;reover H':1(A5[j/)2 =1I- AH; and
[ [ Hi )| = TT=, [([Hj, Hja])|. Thus one

can see that equation (14) is also valid for general Hj,
which completes the proof of equation (2).

3. The difference between separable and
entangled states

In [25], the researchers propose a method to detect
entanglement by considering the variance of separ-
able and entangled states, in which the observable can
be written as Zj A; @I+ 1® B;. Although the oper-
ator R in this paper does not have such a good decom-
position, it is still to use it for entanglement detection,
i.e. the uncertainty relations in section II is related to
the distinguishment between separable and entangled
states.

Recall that a state is said to be separable if it can be
written as a convex combination of the product states,
ie.

p:ZAjﬂj(@l/j. (15)

j
Direct calculations show that
2
(AR =Tr {Z A (1 ® vj) RZ}

—TIr {Z i (1 @) R] :
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> Y NTr[(4©v) K]
=S N [Tr (g @y R]’

=Y N(AR), o,
j

(16)

where the > in the above equation is due to the
Schwarz inequality. Note that if the variance of any
product state is larger than zero, i.e. (AR)? e e
0, then for any separable state p, (AR)? > 0. Since
the separable states form a compact set [29], one
can obtain that there exists some positive constant
¢> 0 such that (AR)? > ¢ > 0. Now note that in the
derivation above, we have used product state. If the
identity in equations (9) and (11) does not hold for
any product state, i.e. Z:;ZlAH]2 is strictly larger
than % 21-3:1 |([Hj, Hi1])|, then the variance of any
product state is larger than zero. Thus we know that
(AR)? > ¢ > 0 for any separable state p. On the other
hand, the variance of a general state can violate such a
bound. In fact, if p is an eigenstate of R = Zja:l H;®
o), then its variance (AR); = 0. Moreover, since it is
not separable, this eigenstate must be an entangled
state. Thus one can obtain a sufficient condition of
entanglement, if the variance of the state is less than
the constant ¢, it is an entangled state. In this sense, the
uncertainty constant is a critical point whether such a
condition of entanglement is valid.

4. An example

In this section, we give an example to show the largest
bound of R? and how it can be used in the distin-
guishment between separable and entangled states.
For convenience, we assume that H? = [. In this case,
R? reduces to

3
R* =3I+ [Hj,Hij1] ®ioj,. (17)
i1
Now the norm of R? is
IR = ||3I+Z Hjy1] ®iojio||
3+ZII Hjp] ®iojis|
<09. (18)

Note that equation (18) is due to the fact that ||H;|| =
1 and thus ||[H}, Hjy]|| < 2. It follows that

9, (19)
3. (20)
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Indeed, there exist some H; and p such that
the upper bounds in equations (19) and (20)
can be saturated. Note that |[|[H;j,Hj;1]® iojy,||
is the maximal absolute eigenvalue A(max) of
[Hj,Hj;1] ®i0j4,. Moreover, for any state ¢,
(@127 [Hj, Hipa] ®iojyale) < 300, [I[Hj, Hip] ©
02| = 21'3:1 A(max);. Thus to obtain the maximal
value in equation (18) or equation (19), the operators
[Hj,Hj1,] ® ioj4, necessarily have a common eigen-
state. To this end, one can assume that the operators
[Hj,Hj11] ® ioj4, commute. Direct calculations show
that this is valid when [Hj, Hj; ] anti-commute. Thus
they can generate a Clifford algebra. For example, one
can take H; = o, then

3
R:ZJj®Uj' (21)

j=1

The maximal eigenvalue of R? is 9, with the corres-
ponding eigenvector % (0,—1,1,0)T which saturates
the upper bound. Note that % (0,—1,1,0)T is a pure
state and can be written as % (—|01) + |10)), whose
Schmidt number is two. Thus it is an entangled state.

On the other hand, when p = ;1 ® v be a product
state, since > j<oj>2 < 1, then by the Schwarz inequal-
ity we have

Tr(p@v)R* =3+ (i[Hj,Hj])(042)
j=1

3
<3+ | D [HHi] 1P
j=1
<3+2V3. (22)

Hence

|Tr(p@v)R| < \/3+2V3. (23)

The above bound is also valid for separable states.

Now since we have obtained the values above,
the distinguishment between separable and entangled
state can be made by comparing the variances. In
fact, by taking H;=0; as above, the identity in
equation (3) does not hold. Thus the variance in
equation (9) is strictly larger than zero. Now for the
separable state, the variances have some lower bound
¢ > 0 which can be violated by the entangled states.
That is, if the variance is less than such a constant
¢, the state is entangled. However, it is usually diffi-
cult to calculate such a constant. Instead, one can con-
sider the expected values in equations (20) and (23).
According to the discussions above, one can see that if
the expected value is larger than \/3 + 2+/3, then the
state is entangled.

M Huang and R-K Lee

5. Discussions

In [18], the proof of the uncertainty relations is based
on the positivity of the expected values of the observ-
ables. First proving the product form of uncertainty,
the summation form of uncertainty is obtained sim-
ilarly with a previous lemma [18]. In this paper, we
directly consider the variance and first prove the sum-
mation form of uncertainty relation, which has a clear
physical meaning. Correspondingly, the way of math-
ematical deduction is different from [18]. This differ-
ence is also partly reflected by the establishment of the
product form of uncertainty as a corollary of the sum-
mation form.

In [25], the violation of local uncertainty relations
can be viewed as a signature of entanglement. The dis-
cussions therein mainly focused on the case where the
global observable can be written as > A ©I+1® B;.
The key is the commutativity of A; ® I and I ® B;. In
such a case, the variance is additive, i.e. A(ZjAj ®
I+1®Bj)* = Z](AAJ2 + AB;). This good property
gives a natural lower bound of the variance of separ-
able states. In the general case, the complicated form
of the observable, e.g. E]-A]- ® C; + D; ® B; usually
does not give such a neat formula of uncertainty dir-
ectly, due to the fact that A;® C; and D; ® B; does
not commute in general. However, for the observ-
able R = 21.3:1 H; ® o; considered in this paper, with
the fine properties of Pauli matrices, it is still possible
to obtain a lower bound of the variance without the
commutativity of H; ® o;.

Moreover, it is demonstrated that in section 4
that the variance of states can help in the distinguish-
ment between separable and entangled states. Such a
discussion naturally generalize the results in [25] to
the case of a observable without enough commutat-
ive property. Furthermore, we showed that the coef-
ficient of uncertainty obtained in [18] is essentially
related to the distinguishment between separable and
entangled states. This gives a physical interpretation
to the result in [18]. On the other hand, as was poin-
ted out in [25], it is usually difficult to determine
the value of the lower bound of the variance. For
this reason, we also showed that the expected value
of R= Zle H; ® 0 can be used in the distinguish-
ment task, which is usually easier in manipulation and
calculation.

Our discussions may shed light on the discussions
of the relations of entanglement, uncertainty and
the algebraic properties of the observables without
enough commutativity.
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Appendix

By choosing an appropriate v, one can ensure that
the identities hold in equations (8)—(10) simultan-
eously when (H;) = t(c);. Note that since i[H}, Hj]
are Hermitian, to ensure that (i[H;, Hj1])(0j41) are
negative, we only need to select some state |¢) such
that (0j;1) has the opposite sign to (i[Hj, Hjt1]).
There are eight possible cases [18], for which the state
are listed as follows. Calculations verify the signs and
that ()| = 35

L {+,+,+h [0) =11+ 2J0)+e Ty /L - L)1)
2 {+ b o) =y/3 = R0+ T3+ L)
3 {t ot hl0) =3+ 200 Fe Ty /5 =2 ).
L O e U RV e LY
5.+ - b8 =1 = Lloj+e T/ 1+ L))
6. (=t —h18) =/ = L10) e E /L4 L)),
7 A=A o) =y 34 R 10— Ty 5 -2
8 {mmmhlo) =y =R =Ty /3 + R

Thus according to the Schwarz inequality, when
(H;) = t(0)j simultaneously with some constant ¢, the
identities in the equations are valid.
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