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Abstract: A scheme for magnetic-free optical nonreciprocity in an ensemble of four-level cold
atoms is proposed by exploiting the directional four-wave mixing effect. Using experimentally
achievable parameters, the nonreciprocal optical responses of the system can be observed and the
conversion on nonreciprocal transmission and nonreciprocal phase shift can be implemented.
These nonreciprocal phenomena originate from the directional phase matching, which breaks
the time-reversal symmetry and dynamic reciprocity of the cold atomic system. Moreover, by
embedding the cold atoms into a Mach-Zehnder interferometer and choosing proper parameters,
a two-port optical isolator with an isolation ratio of 79.70 dB and an insertion loss of 0.35 dB
and a four-port optical circulator with a fidelity of 0.9985 and a photon survival probability of
0.9278 can be realized, which shows the high performance of isolation and circulation. The
proposal may enable a new class of optically controllable cavity-free nonreciprocal devices in
optical signal processing at the low light level.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

In the past several decades, the study of optical nonreciprocity has been one of the hottest spots in
the field of optics due to its significant applications in photonic networks and optical information
processing [1]. Note that the constraint of the Lorentz reciprocal theorem makes it impossible to
generate an optical nonreciprocal response in a nonmagnetic, linear and time-invariant medium [2].
Accordingly, the way to circumvent Lorentz reciprocity and realize optical nonreciprocity relies
on time-reversal symmetry breaking of an optical system. A traditional approach for creating
optical nonreciprocity is to use the magneto-optical effect, i.e., by applying an external magnetic
bias on magneto-optical material [3,4]. Despite its commercial success, there are some problems
such as material’s incompatibility with the mature complementary metal–oxide semiconductor
(CMOS) technique and significant loss in optical domain. For this reason, significant efforts
have been made to develop magnetic-free optical nonreciprocity via adopting different linear
modulation methods, such as travelling-wave modulation [5–7], direct photonic transition
[8,9], synthetic angular momentum [10–12], optomechanical interaction [13–18], directional
spin-orbit coupling [19,20], non-Hermiticity [21,22]. With these methods, numerous complete
nonreciprocal photonic devices including optical isolators [5,6,11–13,18–20], circulators [15,17]
and directional amplifiers [9,17], have been theoretically proposed and experimentally realized.
Although these concepts are elegant, most of the reported schemes rely on complex structures
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and special modulation technologies. In contrast to linear magnetic-free optical nonreciprocity,
some attention has been devoted to break Lorentz reciprocity via introducing optical nonlinearity.
For instance, magnetic-free optical nonreciprocity and nonreciprocal photonic devices have been
demonstrated with Kerr nonlinearities [23,24], thermo-optic effect [25], stimulated Brillouin
scattering [26], parametric amplification [27,28], etc [29,30]. However, most nonlinearity-based
schemes rely on optical microcavities with high Q factor, which require complicated fabricated
process. Therefore, realizing magnetic-free optical nonreciprocity in a simple and efficient
optical system still remains to be explored.

On the other hand, based on electromagnetically induced transparency (EIT) [31,32], the
atomic ensemble provides a promising platform for all-optical control of photon transport [33].
Up to now, a host of breakthroughs have been made such as electromagnetically induced grating
[34,35], subluminal and superluminal propagation [36,37] and non-Hermitian systems [38,39].
Recently, magnetic-free optical nonreciprocity has also been achieved via combining EIT and
asymmetric Doppler shifts in moving atomic Bragg lattices [40–43] and hot atomic gases [44–46].
Such proposals have obvious advantages of all-optical controllable and reconfigurable capabilities,
which have been used for realizing cavity-free optical isolators and circulators [47–49]. It is well
known that EIT in an ensemble of cold atoms can greatly enhance nonlinear susceptibility without
significant absorption losses [50], which have found applications in nonlinear optics of weak light,
such as giant Kerr nonlinearity [51,52], enhanced four-wave mixing (FWM) [53–55], cross-phase
modulation [56] and so on. Motivated by previous investigations for microcavity-based optical
nonreciprocity [23–27,29,30], one question is evoked: Can we achieve magnetic-free optical
nonreciprocity and realize cavity-free nonreciprocal photonic devices with enhanced FWM effect
in a cold atomic medium?

To answer this question, a scheme is proposed in this paper to achieve nonreciprocal optical
behaviors via directional FWM effect in a cold atomic ensemble with four-level configuration. It is
demonstrated that the optical depth and driving detuning play important roles in the manipulation
of nonreciprocal optical responses of the atomic medium. For suitable values of the parameters,
the optimal nonreciprocal transmission and nonreciprocal phase shift with high transmission can
be achieved. Different from the mechanisms of the controllable optical nonreciprocity in previous
investigations [40–49], the realization of optical nonreciprocity originates from the directional
phase matching controlled by the propagation direction of the probe field. Subsequently, by
inserting the cold atomic medium into a Mach-Zehnder interferometer (MZI), a reconfigurable
nonreciprocal device with alternative functions as a isolator or a circulator is designed and
analyzed based on the nonreciprocal phase shift with high transmission. It is found that the
isolation ratio and insertion loss of the optical isolator can reach approximately 79.70 and 0.35 dB,
respectively, and the optical circulator has a fidelity of 0.9985 and a photon survival probability
of 0.9278, which are greatly improved compared with the performance indices in the previous
schemes [47–49]. By now, the proposed question is settled satisfactorily. Magnetic-free optical
nonreciprocity and cavity-free nonreciprocal photonic devices can be realized with enhanced
FWM effect in a cold atomic medium. Our proposal can provide an avenue for the manipulation
of magnetic-free optical nonreciprocity and a possibility of cavity-free nonreciprocal photonic
devices at low light level.

The paper is organized as follows. In Sec. 2., we introduce the theoretical model and show the
expressions of the forward and backward probe fields. In Sec. 3., we discuss the nonreciprocal
optical responses and its potential applications in optical isolator and circulator. Our conclusions
are given in Sec. 4.

2. Models and equations

The schematic of the proposed optical nonreciprocity is depicted in Fig. 1(a). An ensemble of
cold 87Rb atoms is driven by a coupling field and a driving field, both of which propagate at a
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small angle of 1◦ with respect to +z axis. Here, a four-level atomic system with two excited states
(|3⟩ and |4⟩) and two ground states (|1⟩ and |2⟩) is considered, as illustrated in Figs. 1(b) and
1(c). The designated states of 87Rb atoms are chosen as follows: |1⟩ = |52S1/2, F = 1, mF = 0⟩,
|2⟩ = |52S1/2, F = 2, mF = 0⟩, |3⟩ = |52P1/2, F′ = 2, m′

F = −1⟩ and |4⟩ = |52P1/2, F′ = 2, m′
F =

1⟩. A weak probe field Ωf ,b
p is applied to the transition |3⟩ ↔ |1⟩, while the transitions |3⟩ ↔ |2⟩

and |4⟩ ↔ |2⟩ are driven by a coupling field Ωc and a driving field Ωd, respectively. According
to the transition selection rules [57], the probe and coupling fields are left circularly polarized
(σ−) while the driving field is right circularly polarized (σ+). For the forward-propagation
case, the weak probe field (denoted by Ωf

p) propagates through the cold atomic medium in
the forward (+z) direction. In this situation, the phase-matching condition of FWM can be
satisfied, thereby leading to the generation of a forward σ+ polarized FWM field Ωf

m [see
Fig. 1(b)]. In the backward-propagation case, the weak probe field (denoted by Ωb

p) propagates
along with the direction of −z axis and there is no nonlinear frequency conversion owing to the
lack of phase matching. As shown in Fig. 1(c), the FWM field does not exist when the probe
field passes through the cold atomic medium in the backward direction. Ωf ,b

p = µ31Ef ,b
p /2ℏ,

Ω
f
m = µ41Ef

m/2ℏ, Ωc = µ32Ec/2ℏ, Ωd = µ42Ed/2ℏ are half Rabi frequencies of the probe, FWM,
coupling and driving fields with µmn (m = 3, 4; n = 1, 2) being the corresponding electric-dipole
matrix element. In our proposal, all cold 87Rb atoms are initially prepared at the specific
Zeeman state |52S1/2, F = 1, mF = 0⟩ (|1⟩) via optical pumping and stimulated Raman adiabatic
passage techniques [58]. Therefore, almost all 87Rb atoms will remain in the ground state |1⟩
(i.e., ρ11 ≈ 1) for the forward and backward cases under the weak-field approximation, i.e.,
Ω

f
p,Ωf

m,Ωb
p ≪ Ωc,Ωd [59]. Other hyperfine Zeeman states will not be involved since little atoms

can be excited into states |3⟩ and |4⟩ to result in random spontaneous emission [60]. Therefore,
one can solve the master equation with the perturbation approach and obtain the corresponding
off-diagonal matrix elements in the steady state as

ρ
f
31 = −

Dp

D
Ω

f
p +
ΩcΩ

∗
d

D
Ω

f
m, (1)

ρ
f
41 = −

Dm

D
Ω

f
m +
Ω∗

cΩd

D
Ω

f
p (2)

for the forward case, and
ρb31 = −

Dp

D
Ω

b
p (3)

in the backward case [the formula derivations are given in Appendix], where Dp = Ω
2
d − d21d41,

Dm = Ω
2
c − d21d31, D = Ω2

dd31 + Ω
2
cd41 − d21d31d41, d21 = ∆2 + iγ21, d31 = ∆1 + iγ31 and

d41 = ∆3 + iγ41. ∆1 = δp, ∆2 = δp − δc and ∆3 = δp − δc + δd represent the one-photon,
two-photon and three-photon detunings, respectively. δp = ωp − ω31, δc = ωc − ω32 and
δd = ωd − ω42 are the detunings of the probe, coupling and driving fields, respectively. 2γj1
(j = 2, 3, 4) is the decay rate of the coherence between the states |j⟩ and |1⟩. It is worth noting
from Eqs. (1) and (3) that the off-diagonal matrix element ρ31 is composed of a direct-coupling
term (−DpΩ

f
p/D) and a cross-coupling term (ΩcΩ

∗
dΩ

f
m/D) in the forward direction, while it

only contains a direct-coupling term (−DpΩ
b
p/D) in the backward direction. That is to say, the

existence of the cross-coupling term depends on the propagation direction of the probe field, i.e.,
directional phase matching.

In the slowly varying amplitude approximation, one-dimensional (1D) Maxwell’s equations
can be expressed as

∂Ω
f
p(z, t)
∂z

+
1
c
∂Ω

f
p(z, t)
∂t

= i
αpγ31

2L
ρ

f
31, (4)
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Fig. 1. (a) Schematic for realizing optical nonreciprocity with ensemble of cold 87Rb
atoms, which is driven by a coupling field and a driving field in the forward (+z) direction.
Forward probe field suffers nonlinear frequency conversion in phase-matched four-wave
mixing (FWM) process, whereas backward probe field goes through cold atoms with linear
absorption and dispersion. Schematics of four-level atomic system interacting with (b) four
applied fields (Ωc,Ωd ,Ωf

p,Ωf
m) in forward direction and (c) three applied fields (Ωc,Ωd ,Ωb

p)
in backward direction.

∂Ω
f
m(z, t)
∂z

+
1
c
∂Ω

f
m(z, t)
∂t

= i
αsγ41

2L
ρ

f
41 (5)

for the forward probe and FWM fields, and

∂Ωb
p(z′, t)
∂z′

+
1
c
∂Ωb

p(z′, t)
∂t

= i
αpγ31

2L
ρb31 (6)

for the backward probe field, where z′ = L − z. αp = Nσ13L (αm = Nσ14L) is the optical depth
of the probe (FWM) transition, where N is the atomic density, σ13 (σ14) is the atomic absorption
cross section of the probe (FWM) transition, and L is the length of the atomic medium. Note
that the optical depth can be effectively controlled by adjusting the density and length of the
atomic medium. For simplicity, αp = αs = α and γ31 = γ41 = Γ are selected. In our scheme,
the intensities of the coupling and driving fields are spatially invariant as long as the probe and
mixing fields are weak enough. Our interest is in the atomic response to the long probe and
mixing pulses, such that (1/c)∂Ωj

i/∂t = 0 (i = p, m; j = f , b). After passing through the atomic
medium with length L, the forward probe and FWM fields become
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with
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In the meantime, the backward probe field becomes

Ω
b
p(α) = Ω

b
p(0)eiKbα, (9)

with Kb = −DpΓ/2D.
Here, we focus on the transmission characteristics of the forward and backward probe field,

which is chosen as a signal. In terms of the scattering matrix [2], the probe field in Eqs. (7) and
(9) can be recast into the following form
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where ζ f
peiφf

p = Af
p+eiKf

+α−Af
p−eiKf

−α and ζb
p eiφb

p = eiKbα. ζ f (b)
p and ϕf (b)

p represent the transmission
amplitude and phase shift of the forward (backward) probe field, respectively. It is obvious
from the off-diagonal elements of the scattering matrix that the directional FWM can break
Lorentz reciprocity and dynamic reciprocity, and thereby leading to nonreciprocal optical
responses: nonreciprocal transmission (i.e., ζ f

p ≠ ζ
b
p ) and nonreciprocal phase shift (i.e.,

ϕ
f
p ≠ ϕ

b
p). Alternatively, Eq. (10) is applicable to describe photon transmission for both cases

with simultaneously and separately inputting forward and backward probe fields.

3. Results and discussions

In this section, the focus is on investigating the nonreciprocal optical responses of the cold atomic
system and its potential use of cavity-free optical isolator and circulator. Considering the D1
line of cold 87Rb atoms, which are cooled to Dopper temperature (∼ 145µK), γ21 = 10kHz and
γ31 = γ41 = Γ with the spontaneous decay rate of the excited states 2Γ = 2π × 5.75MHz [57].

3.1. Optical nonreciprocity via directional FWM effect

The forward-backward transmission characteristics of the probe field passing through the cold
atomic medium is explored first. According to Eqs. (7) and (9), the phase diagrams of the
forward- and backward-propagating probe fields with the optical depth α ranging from 0 to 600
are plotted in Fig. 2(a). In the phase diagrams, the distance between the data point and origin
represents the transmission amplitude ζp of the probe field, and the angle between the horizontal
axis and a line connecting the origin and data point denotes the corresponding phase shift ϕp
[61]. As shown in Fig. 2(a), when δp = δc = 0 and δd = 79.6Γ, the forward and backward probe
fields have completely different amplitude and phase evolutionary tracks, which means optical
nonreciprocity. To obtain deeper insight into the variations of nonreciprocal optical responses,
the transmission amplitudes and phase shifts of the forward and backward probe fields versus α
are plotted in Figs. 2(b) and 2(c), respectively. It is found that the forward probe field including
the amplitude and phase shift oscillates with the increase of the optical depth α, while the
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backward probe field exhibits a constantly increasing negative phase shift with the transmission
amplitude being slowly decreased [see Figs. 2(b) and 2(c)]. Specifically, when α = 250, as
indicated by the diamonds in Fig. 2(a), the nonreciprocal transmission arrives at its optimum
value with ζ f

p = 0.0379 and ζb
p = 0.9609. When α = 500, as indicated by the squares in Fig. 2(a),

ϕ
f
p = 0, ϕb

p = −π, ζ f
p = 0.9266 and ζb

p = 0.9233, which means that the optimal nonreciprocal
phase shift (∆ϕp = ϕ

f
p − ϕ

b
p = π) with high transmission is achieved. In fact, it is feasible to push

the optical depth of a cold atomic ensemble up to the 1000 level in experiment [62]. Therefore,
the nonreciprocal optical responses can be manipulated by changing the optical depth of the
probe transition.

Fig. 2. (a) Phase diagrams of forward and backward probe fieldsΩf
p andΩb

p with the optical
depth α ranging from 0 to 600. (b) Transmission amplitudes and (c) phase shifts of forward
and backward probe fields as a function of α . Other parameters are Ωc = Ωd = 12Γ,
δp = δc = 0 and δd = 79.6Γ.

The emergence of the optical nonreciprocity, as shown in Fig. 2, originates from the directional
phase matching [27]. To better digest the physical mechanism, γ21 is set to 0 because of
γ21 ≪ γ31, γ41,Ωc,Ωd and the focus is directed to the case of δp = δc = 0. In this situation,
Eqs. (7–9) can be simplified to the following expressions,
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2Γ2]. In the forward case, the phase matching makes the double-Λ system in
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Fig. 1(b) form an EIT-based FWM scheme and induces two competing FWM channels, i.e.,
|1⟩ → |3⟩ → |2⟩ → |4⟩ → |1⟩ and |1⟩ → |4⟩ → |2⟩ → |3⟩ → |1⟩. The large driving detuning
δd causes an imbalance between the two FWM channels and leads to the power oscillation
between the probe and FWM fields. When α = 250 (500), κα = π (2π), and almost all of the
photon energy is converted from the probe (FWM) field to the FWM (probe) field with zero
phase shift [see Eqs. (11) and (12)]. However, in the backward case, a N-type EIT system is
formed owing to the lack of phase matching [see Fig. 1(c)]. It is clear from Eq. (13) that the
large driving detuning δd reduces the absorption coefficient β/2, thereby leading to most probe
photons being routed in the backward direction.

According to Eqs. (11) and (13), it can be found that the driving detuning δd greatly influences
the absorption term βα and the phase term κα, which determines the nonreciprocal optical
responses of the cold atomic system. Figures 3(a) and 3(b) display the variations of the
transmission amplitudes and phase shifts of the forward and backward probe fields with the
driving detuning δd, respectively. This clearly shows that the nonreciprocal phase shift reaches
the optimal effect (i.e., ∆ϕp = π) with high transmission at δd = 79.6Γ, while the nonreciprocal
transmission arrives at the optimal effect at δd = 159.2Γ. Therefore, the detuning of the driving
field can manipulate the nonreciprocal behaviors of the forward and backward probe fields by
an optical method. This indicates that magnetic-free optical nonreciprocity with all-optical
controllable capability can be achieved with enhanced FWM effect in a cold atomic medium.

Fig. 3. (a) Transmission amplitudes and (b) phase shifts of forward and backward probe
fields as a function of the driving detuning δd . Other parameters are the same as in Fig. 2(b),
except for α = 500.

3.2. Application: optical isolator and circulator

It has been demonstrated that the controllable optical nonreciprocity is well suitable for application
in nonreciprocal photonic devices, such as optical isolators [13,18,27,29], circulators [15,17] and
directional amplifiers [17,45]. Previous study [63] has shown that a nonreciprocal phase shifter
embedded in a Mach-Zehnder interferometer (MZI) provides a practical and effective platform
for designing cavity-free optical isolators and circulators. In our work, the MZI is built by using
two polarization-maintained fiber beam splitters (BSs). The two BSs are used to first divide
the input probe field into two branches and then mix them. A vapor cell filled with cold 87Rb
atoms acts as a nonreciprocal phase shifter and is then connected to the upper branch of the MZI
[see Fig. 4]. Cold atomic medium with ultrahigh optical depth can be achieved by a convenient
magneto-optical trap setup [62]. Besides, the effect of the magnetic fields on nonreciprocal
phase shift can be neglected because the frequency shift of Zeeman states can be reduced to a
few kHz or less via using three pairs of magnetic coils to compensate the background magnetic
field [55]. As shown in Fig. 4, a pinhole (P), a polarization beam splitter (PBS), two half-wave
plates (HWPs), two quarter-wave plates (QWPs) and two lenses (Ls) are located at the upper
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branch of the MZI. The scattering of the coupling and driving beams can be blocked by P. Ls can
realize the coupling of spatial light to optical fiber. HWPs and QWPs can convert the polarization
states of the applied fields between vertical (horizontal) polarization and left (right) circular
polarization to guarantee the effective light-atom interaction. The incident forward and backward
probe fields are vertically polarized and can transmit through PBS, while the generated forward
FWM field can be converted from right circular polarization to horizontal polarization, which
can be decoupled from the upper branch of the MZI via the reflection of PBS. Because of the
nonreciprocal phase shift induced by the directional FWM effect, the probe photons accumulate
different phase shifts when propagating along the upper and lower branches of the MZI, and
then interfere constructively or destructively at the end of the interferometer. Here, two BSs are
chosen to be identical and then the input-output relation of the two beam splitters can be written
as [64]

â†out = cos θâ†in + ie−iϕ sin θb̂†in, (14)

b̂†out = ieiϕ sin θâ†in + cos θb̂†in, (15)

in which sin θ and cos θ are the reflection and transmission amplitudes of the beam splitter,
respectively. φ represents the relative phase between the reflection and transmission amplitudes.
Combining Eqs. (10), (14) and (15), the transmission matrix elements between the input and
output ports are obtained as
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p ) cos θ sin θ
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where Tmn is the transmission coefficient from port m to port n, with m, n = 1, 2, 3, 4. It is
assumed that the backscattering caused by the fiber roughness is negligible, so Tmm (m = 1, 2, 3, 4)
is set to zero. For the same reason, the photons injected from port 1 can not pass through port 3,
which implies that T13 = 0. With similar arguments, we have T24 = T31 = T42 = 0. In addition,
the relevant parameters α = 500, Ωc = Ωd = 12Γ, δc = 0 and δd = 79.6Γ are also chosen for the
cold atomic ensemble.

First, a cavity-free optical isolator is implemented by selecting port 1 and port 2 of the
MZI. Based on Eqs. (16) and (17), the reflection of the beam splitter is precisely set to



Research Article Vol. 30, No. 4 / 14 Feb 2022 / Optics Express 6292

Fig. 4. Schematic for proposed optical isolator and circulator based on a Mach-Zehnder
interferometer, in which atomic cell filled by cold 87Rb atoms is accessed to upper branch.
BS: beam splitter, L: lens, PBS: polarization beam splitter, QWP: quarter-wave plate, HWP:
half-wave plate; P: pinhole.

sin2 θ = ζ
f ,opt
p /(1 + ζ f ,opt

p ) ≈ 0.4810. In this situation, the forward transmission T12 and the
backward transmission T21 of the probe field versus the probe detuning δp are plotted separately
in Fig. 5(a). It is found that the forward and backward transmission coefficients are very different.
Specifically, the forward transmission T12 first decreases and then increases at a low level with δp
increasing from −0.4Γ to 0.4Γ [see blue solid line in Fig. 5(a)], while the backward transmission
T21 exhibits the opposite trend at a high level [see red dashed line in Fig. 5(a)]. In this region,
the backward transmission T21 far outweighs T12, which implies that the probe photons are
transmitted in the backward direction and blocked in the forward direction. Therefore, the
backward propagating probe field is actually the transmitted signal for two-port cavity-free optical
isolator.

The performance of an optical isolator can be quantified by the isolation ratio IR and insertion
loss IL [18,47], which are defined as IR = 10 log10 |a1,out/a2,out |

2 = −10 log10(T12/T21) and
IL = 10 log10 |a2,in/a1,out |

2 = −10 log10 T21, respectively. In Figs. 5(b) and 5(c), the isolation
ratio IR and insertion loss IL of the optical isolator are plotted versus the probe detuning δp. It is
found that the isolation ratio reaches the maximum of 79.70 dB at the optimal point δopt

p = 0 and
decreases rapidly with the variation of δp [see blue solid line in Fig. 5(b)]. At the same time, the
insertion loss is only 0.35 dB for the optimal isolation ratio [see Fig. 5(c)]. In comparison with
previous schemes [47,48], the proposed cavity-free optical isolator is a great improvement. In
the case of low insertion loss (i.e., IL<1 dB), it is roughly twice the maxima isolation ratio (i.e.,
IR ∼ 40 dB) in Ref. [47] and four time the maxima isolation ratio (i.e., IR ∼ 20 dB) in Ref. [48].
Besides, the isolation ratio can reach more than 20 dB in the range of −0.209Γ ≤ δp ≤ 0.207Γ,
yielding an isolation bandwidth of π × 2.39MHz [see blue solid line in Fig. 5(b)], in which the
insertion loss is less than 0.66 dB [see Fig. 5(c)]. This shows that cavity-free optical isolator
can be realized with enhanced FWM effect in a cold atomic medium. Furthermore, in the case
of imperfect input coupling, the disturbance of the input intensities of the coupling and driving
fields is considered. By introducing random variations into the intensities of the coupling and
driving fields, the corresponding Rabi frequencies can be rewritten as Ωc = Ωc0 + δΩc · {ζj} and
Ωd = Ωd0 + δΩd · {τj}, whereΩc0 and Ωd0 are the intensities of the coupling and driving fields in
the perfect input coupling case. δΩc and δΩs are the ranges of disturbance in the intensities of the
coupling and driving fields. {ζj} and {τj} represent sequences of uncorrelated random numbers
with standard normal distribution. Here,Ωc0 = Ωd0 = 12Γ and δΩc = δΩd = 0.002Ωc0 = 0.024Γ
are considered. It can be seen that the random disturbance in the intensities of the coupling and
driving fields results in the perturbation of isolation ratio [see red dots in Fig. 5(b)]. Actually, the
output amplitudes and phase shifts of the forward and backward probe fields described by Eqs. (7)
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Fig. 5. (a) Transmission coefficients T12 and T21, (b) isolation ratio IR and (c) insertion
loss IL of an optical isolator as a function of the probe detuning δp. The blue solid line
in Fig. 5(b) represents the perfect input coupling case, while red dots represent the set of
50 random disturbances of the isolation ratio in the imperfect input coupling case. Other
parameters are the same as in Fig. 2 except for α = 500.

and (9) depend on the intensities of the coupling and driving fields. The random disturbance in
Ωc and Ωd would cause the fluctuation of the transmission coefficients between port 1 and port 2,
which results in the find in Fig. 5(b). More importantly, one can find that the overall isolation
performance, including effective isolation ratio and bandwidth, becomes worse in comparison
with the case of perfect input coupling.

Second, a cavity-free optical circulator is implemented with the four ports of the MZI.
According to Eqs. (16–23), the beam splitter with the reflection sin2 θ = 1/2 is chosen so as
to balance the probe photons propagating in the MZI. To explore the circulation function of
the four-port optical circulator shown in Fig. 4, the transmission coefficients are plotted versus
the probe detuning δp in the forward-circulation direction (1 → 2 → 3 → 4 → 1) and the
backward-circulation direction (1 → 4 → 3 → 2 → 1) in Figs. 6(a) and 6(b), respectively. It is
found that the probe photons present nonreciprocal transmission in the forward- and backward-
circulation directions. The forward-circulation transmission Ti,i+1 (i = 1, 2, 3, 4) first decreases
and then increases, while the transmission Ti+1,i in the backward-circulation direction shows the
opposite trend with increasing δp, which are similar to the case shown in Fig. 5(a). At the optimal
point δopt

p = 0, the lowest forward-circulation transmissions (0.14% ∼ 0.15%) are achieved with
relative high backward-circulation transmissions (92.47% ∼ 92.79%), implying that the probe
photons circulate along the direction of 1 → 4 → 3 → 2 → 1.

For an optical circulator, the fidelity F and average photon survival probability η are
adopted in appraising the performance of the circulation function [1,47]. The operational
fidelity of the optical circulator is calculated by F = Tr[T̃T id,T ]/Tr[T idT id,T ], with T id =
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Fig. 6. (a) Forward-circulation and (b)backward-circulation transmission coefficients as a
function of the probe detuning δp. (c) Fidelity F and average survival probability η of an
optical circulator as a function of the probe detuning δp. (d) Transmission matrices for an
optical circulator at the optimal point δopt

p = 0. Other parameters are the same as in Fig. 2
except for α = 500.

[0, 0, 0, 1; 1, 0, 0, 0; 0, 1, 0, 0; 0, 0, 1, 0] and T̃ = (Tij/ηi) being the ideal and renormalized trans-
mission matrices, respectively. ηi = ΣkTi,k is the survival probability of probe photons entering
port i. Note that the range of fidelity F is from 0 to 1, in which F = 1 corresponds to an
ideal operation circulator. The average photon survival probability is calculated by η = Σiηi/4.
In Fig. 6(c), F and η are presented separately as a function of the probe detuning δp. One
can find that the maximal fidelity of 0.9985 occurs at δopt

p = 0, where the average photon
survival probability has a high value of 0.9278. Figure 6(d) shows the complete 4 × 4 trans-
mission matrix of the optical circulator with the optimal fidelity, which is very close to the
ideal transmission matrix T id. Besides displaying a good optical nonreciprocity, the trans-
mission matrix is also used to calculate the per-channel isolation ratio and insertion loss via
IRi = −10 log10(Ti,i+1/Ti+1,i) and ILi = −10 log10 Ti+1,i, respectively. At δopt

p = 0, we can
obtain {IRi} = {28.36, 27.99, 28.36, 27.99}dB and {ILi} = {0.34, 0.32, 0.34, 0.32}dB with
i = {1, 2, 3, 4}. It can be seen that the four channels have almost the same isolation ratio and
insertion loss. The average insertion loss IL is only 0.33 dB. Table 1 lists the performance metrics
of three optical circulators including fidelity F, average photon survival probability η and average
insertion loss IL. From Table 1, it can be seen that the proposed optical circulator has higher
fidelity and average photon survival probability and lower average insertion loss compared with
previous schemes [47,49], which shows better performance of circulation. This indicates that
cavity-free optical circulator can also be realized with enhanced FWM effect in a cold atomic
medium.

Before concluding, it should be noted that our nonreciprocal system can operate at low light
level. Previous study has demonstrated that nonlinear optical processes at low light level can
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Table 1. Comparing of the performance metrics for three optical circulators

Optical circulator Fidelity F Average photon survival probability η Average insertion loss IL (dB)

Ref. [47] 0.94 0.72 1.42

Ref. [49] 0.98 0.85 0.7

Our proposal 0.9985 0.9278 0.33

be achieved in an atomic ensemble via the combination of EIT and cold atom technology [52].
In particular, a low-light-level FWM has been experimentally observed in cold 87Rb atomic
ensemble via using a driving pulse with a peak intensity of ≈ 80µW/cm2, corresponding to an
energy of ≈ 60 photons per atomic cross section [55]. In the weak probe field approximation,
the intensity of the probe field is far smaller than the intensities of the control and driving
fields. Therefore, the probe field may have an energy of a few photons per atomic cross section,
corresponding to low light level. In this case, the intensity of the probe field is so weaker that it
has little influence on nonreciprocal transmission and nonreciprocal phase shift. Our proposal is
experimentally realizable because optical nonreciprocity [44,49] and enhanced FWM process
[54,55] have been experimentally implemented in the atomic ensemble.

4. Conclusions

In conclusion, a scheme for realizing and manipulating the optical nonreciprocity in an ensemble
of cold 87Rb atoms is theoretically suggested. Owing to the dependence of the FWM effect on
the directional phase matching, the forward and backward probe fields suffer different evolutions
for the probe transmission and phase shift. It is demonstrated that the nonreciprocal transmission
and nonreciprocal phase shift can be effectively manipulated via adjusting the optical depth
and driving detuning. Moreover, based on the achievable nonreciprocal phase shift with high
transmission, a two-port optical isolator and a four-port optical circulator are designed by inserting
cold atoms into a MZI. By properly choosing the parameters of the system, the optimal isolation
ratio and insertion loss of the optical isolator can reach 79.90 dB and 0.35 dB, respectively,
and the optical circulator has a fidelity of 0.9985 and a photon survival probability of 0.9278.
These performance metrics are greatly improved compared with previous schemes [47–49]. An
EIT-based FWM has been experimentally observed at low light level [55]. Thus, the proposed
scheme paves a path toward optically controllable cavity-free nonreciprocal photonic devices at
low light level and may have potential applications in quantum network and quantum information
process.

Up to now, the proposed question in Sec. 1. is well solved. The study states clearly that
magnetic-free optical nonreciprocity can be achieved and cavity-free nonreciprocal photonic
devices can be realized with enhanced FWM effect in a cold atomic medium.

Appendix: Equations of motion for the density matrices in the forward and back-
ward propagation cases

In this appendix, we describe the equations of motion of the density matrices and derive the
corresponding off-diagonal matrix elements for the forward and backward propagation cases
shown in Fig. 1.

For the forward propagation case, the weak probe field propagates through the cold atomic
medium in the forward (+z) direction. In this situation, the probe, coupling and driving fields (Ωf

p,
Ωc, Ωd) interact with the four-level 87Rb atoms and generate a forward FWM field Ωf

m via FWM
effect owing to the presence of phase matching. Under the electric-dipole and rotating-wave
approximations, as shown in Fig. 1(b), the interaction Hamiltonian in the interaction picture for
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the double-Λ-type atomic system is given by

Hf
I = − ℏ[∆1 |3⟩⟨3| + ∆2 |2⟩⟨2| + ∆3 |4⟩⟨4| + (Ωc |3⟩⟨2| +Ωd |4⟩⟨2| +Ωf

p |3⟩⟨1|

+Ω
f
m |4⟩⟨1| + H.c.)],

(24)

where H.c. means Hermitian conjugate. ∆1 = δp, ∆2 = δp − δc and ∆3 = δp − δc+ δd represent the
one-photon, two-photon and three-photon detunings, respectively. δp = ωp − ω31, δc = ωc − ω32
and δd = ωd − ω42 are the detunings of the probe, coupling and driving fields, respectively. The
equations of motion for the density matrix elements can be obtained as

∂ρ
f
21
∂t
= i(∆2 + iγ21)ρ

f
21 + iΩ∗

cρ
f
31 + iΩ∗

dρ
f
41 + iΩf

pρ
f
23 − iΩf

mρ
f
24, (25)

∂ρ
f
31
∂t
= i(∆1 + iγ31)ρ

f
31 + iΩf

p(ρ
f
11 − ρ

f
33) + iΩcρ

f
21 − iΩf

mρ
f
34, (26)

∂ρ
f
41
∂t
= i(∆3 + iγ41)ρ

f
41 + iΩf

m(ρ
f
11 − ρ

f
44) + iΩdρ

f
21 − iΩf

pρ
f
43. (27)

It is assumed that the probe and FWM fields are much smaller than the coupling and driving
fields so that almost all atoms will remain in the level |1⟩, i.e, ρf11 = 1 and ρf22 = ρ

f
33 = ρ

f
44 = 0.

According to Eqs. (25–27), the steady-state solutions of the corresponding off-diagonal matrix
elements ρf31 and ρf41 can be obtained straightforwardly as

ρ
f
31 =

−(Ω2
d − d21d41)Ω

f
p +ΩcΩ

∗
dΩ

f
m

Ω2
dd31 +Ω

2
cd41 − d21d31d41

, (28)

ρ
f
41 =

−(Ω2
c − d21d31)Ω

f
m +Ω

∗
cΩdΩ

f
p

Ω2
dd31 +Ω

2
cd41 − d21d31d41

, (29)

where d21 = ∆2 + iγ21, d31 = ∆1 + iγ31 and d41 = ∆3 + iγ41. 2γj1 (j = 2, 3, 4) is the decay rate of
the coherence between the states |j⟩ and |1⟩.

In the backward propagation case, the weak probe field propagates along with the direction
of −z axis. Due to the lack of phase matching, no FWM field is generated when the backward
probe field passes through the cold atomic medium. Thus, as shown in Fig. 1(c), the interaction
Hamiltonian for the N-type atomic system can be written as

Hb
I = −ℏ[∆1 |3⟩⟨3| + ∆2 |2⟩⟨2| + ∆3 |4⟩⟨4| + (Ωc |3⟩⟨2| +Ωd |4⟩⟨2| +Ωb

p |3⟩⟨1| + H.c.)]. (30)

And then the equations of motion for the density matrix elements are given by

∂ρb21
∂t
= i(∆2 + iγ21)ρ

b
21 + iΩ∗

cρ
b
31 + iΩ∗

dρ
b
41 + iΩb

pρ
b
23, (31)

∂ρb31
∂t
= i(∆1 + iγ31)ρ

b
31 + iΩb

p(ρ
b
11 − ρ

b
33) + iΩcρ

b
21, (32)

∂ρb41
∂t
= i(∆3 + iγ41)ρ

b
41 + iΩdρ

b
21 − iΩb

pρ
b
43. (33)

In the limit of the weak backward probe field, almost all atoms will remain in the level |1⟩, i.e,
ρb11 = 1 and ρb22 = ρ

b
33 = ρ

b
44 = 0. According to Eqs. (31–33), the steady-state solution of the
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corresponding off-diagonal matrix element ρb31 can be derived as

ρb31 = −
(Ω2

d − d21d41)Ω
b
p

Ω2
dd31 +Ω

2
cd41 − d21d31d41

. (34)

It is assumed that Dp = Ω
2
d − d21d41, Dm = Ω

2
c − d21d31 and D = Ω2

dd31 +Ω
2
cd41 − d21d31d41.

Then, the off-diagonal matrix elements shown in Eqs. (1–3) of the main text are achieved.
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