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Abstract: We study the formation of dark-bright vector soliton pairs in
nonlocal Kerr-type nonlinear medium. We show, by analytical analysis and
direct numerical calculation, that in addition to stabilize of vector soliton
pairs nonlocal nonlinearity also helps to reduce the threshold power for
forming a guided bright soliton. With help of the nonlocality, it is expected
that the observation of dark-bright vector soliton pairs in experiments
becomes more workable.
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2. W. Królikowski, O. Bang, N. I. Nikolov, D. Neshev, J. Wyller, J. J. Rasmussen, and D. Edmundson, “Modulational instability, solitons in nonlocal nonlinear media,” J. Opt. B: Quant. Semiclassical Opt. 6, S288-S294
(2004).
3. S. Lopez-Aguayo, A. S. Desyatnikov, and Yu. S. Kivshar, “Azimuthons in nonlocal nonlinear media,” Opt. Express 14, 7903-7908 (2006).
4. O. Bang, W. Krolikowski, J. Wyller, and J. J. Rasmussen, “Collapse arrest and soliton stabilization in nonlocal
nonlinear media,” Phys. Rev. E 66, 046619 (2002).
5. M. Peccianti, K. A. Brzdakiewicz, and G. Assanto, “Nonlocal spatial soliton interactions in nematic liquid crystals,” Opt. Lett. 27, 1460-1462 (2002).
6. Z. Xu, Y. V. Kartashov, and L. Torner, “Upper threshold for stability of multipole-mode solitons in nonlocal
nonlinear media,” Opt. Lett. 30, 3171-3173 (2005).
7. G. C. Duree, et al., “Observation of self-trapping of an optical beam due to the photorefractive effect,” Phys. Rev.
Lett. 71, 533-536 (1993).
8. C. Conti, M. Peccianti, and G. Assanto, “Route to nonlocality and observation of accessible solitons,” Phys. Rev.
Lett. 91, 073901 (2003).
9. C. Rotschild, O. Cohen, O. Manela, M. Segev, and T. Carmon, “Solitons in nonlinear media with an infinite
range of nonlocality: first observation of coherent elliptic solitons and of vortex-ring solitons,” Phys. Rev. Lett.
95, 213904 (2005).
10. A. Griesmaier, J. Werner, S. Hensler, J. Stuhler, and T. Pfau, “Bose-Einstein condensation of chromium,” Phys.
Rev. Lett. 94, 160401 2005.
11. D. N. Christodoulides and R. I. Joseph, “Vector solitons in birefringent nonlinear dispersive media,” Opt. Lett.
13, 53-55 (1988).
12. Yu. S. Kivshar and G. P. Agrawal,Optical Solitons: From Fibers to Photonic Crystals, (Academic, San Diego,
2003).
13. A. P. Sheppard and Yu. S. Kivshar, “Polarized dark solitons in isotropic Kerr media,” Phys. Rev. E 55, 4773-4782
(1997).
14. M. Shalaby and A. J. Marthelemy, “Observation of the self-guided propagation of a dark and bright spatial soliton
pair in a focusing nonlinear medium,” IEEE J. Quant. Electron. 28, 2736-2741 (1992).
15. Z. Chen, M. Segev, T. H. Coskun, D. N. Christodoulides, Yu. S. Kivshar, and V. V. Afanasjev, “Incoherently
coupled dark-bright photorefractive solitons,” Opt. Lett. 21, 1821-1823 (1996).
16. Z. Xu, Y. V. Kartashov, and L. Torner, “Stabilization of vector soliton complexes in nonlocal nonlinear media,”
Phys. Rev. E 73, 055601 (2006).

#82372 - $15.00 USD

(C) 2007 OSA

Received 30 Apr 2007; revised 13 Jun 2007; accepted 25 Jun 2007; published 28 Jun 2007

9 July 2007 / Vol. 15, No. 14 / OPTICS EXPRESS 8781

17. Y. V. Kartashov and L. Torner, “Gray spatial solitons in nonlocal nonlinear media,” Opt. Lett. 32, 946-948 (2007).
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1.

Introduction

Recently the study of nonlocal nonlinearity brings new features in solitons [1], such as modification of modulation instability [2] and azimuthal instability [3], suppression of collapse in
multidimensional solitons[4], change of the soliton interaction [5], and formation of soliton
bound states [6]. Nonlocal effect comes to play an important role as the characteristic response
function of the medium is comparable to the transverse content of the wave packet. Experimental observations of nonlocal response also have been demonstrated in various systems, such as
photorefractive crystals [7], nematic liquid crystals [8], thermo-optical materials [9], and 52Cr
Bose-Einstein condensates with strong dipole-dipole interaction [10].
For nonlinear local media, in contrast to the scalar models, dark-dark, bright-bright, or
dark-bright soliton pairs can exist in normal or anomalous dispersion region in vector settings [11, 12]. Especially with the help of a dark soliton, a bright soliton in normal dispersive media is formed through soliton-induced guiding effect [13]. Experimental observations
of coupled dark-bright soliton pairs are demonstrated in CS2 cell [14] and photorefractive media [15] with focusing nonlinearity. With nonlocal nonlinearity, a large number of multi-hump
multi-component vector solitons are found with a remarkable stabilization [16]. Moreover, in
defocusing nonlocal media stable gray solitons are found [17]. For nonlocal Kerr-type nonlinear
medium, the nonlocality is known to improve the stabilization of solitons due to the diffusion
mechanism of the nonlinearity. The price to pay is that nonlocal solitons also need to increase
their formation power to compensate the diffusion effect in nonlocal materials. In this work,
we study vector solitons with dark-bright pairs in nonlocal nonlinear media. We reveal that
stable bright solitons that are guided by dark soliton backgrounds can be formed in nonlocal
self-defocusing system. Moreover we find that the nonlocal nonlinearity also helps to reduce
the threshold power for such a guided bright soliton due to the combination of nonlocality and
vectorial coupling.
2.

Formulism

We consider two mutually incoherent wave packet propagating along the ξ axis within a nonlocal Kerr-type nonlinear medium. The governing equations of the vectorial Manakov system
which consists of two vector components U and V are given by,

∂ U 1 ∂ 2U
+ n(ξ , η )U = 0,
−
∂ ξ 2 ∂ η2
∂ V 1 ∂ 2V
i
+ n(ξ , η )V = 0,
−
∂ ξ 2 ∂ η2

i

n(ξ , η ) =

Z ∞

−∞

R(η − η ′ )(|U|2 + |V |2 )dη ′ ,

√
1
R(η ) = √ e−|η |/ d ,
2 d
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where η is the transverse coordinates, n(ξ , η ) is the refractive index profile induced by the
exponential-type diffusion kernel function R(η ) responding to the soliton intensity [18]. The
coefficient d stands for the degree of nonlocality which governs the diffusion strength of refractive index. With the nonlocal vector model in Eq. (1-4), stationary solutions in form of
V (ξ , η ) = v(η )exp(iµv ξ ) and U(ξ , η ) = u(η )exp(iµu ξ ) are assumed to be the solution of
dark-bright vector soliton pairs with real propagation constants, µv and µu , respectively. The
two component solutions of dark-bright vector soliton pairs are subject to the boundary condi√
tion u(±∞) = 0 and v(±∞) = ± µv .
3.

Result and discussion

The solutions of dark-bright vector soliton pairs in local and nonlocal media, as well as the
refractive index profiles, are shown in Fig. 1(a) and Fig. 1(b). The dependence of the power
for bright component, defined in Eq. (9), and its propagation constant µu is plotted in Fig.
1(c). As the case in scalar model, a bright soliton in nonlocal media has higher cutoff potential
than the local one due to the diffusion of the nonlinear index. In Fig. 2, the relations between
the propagation constant for bright soliton µu and the degree of nonlocality d at different fixed
powers are shown. It can be seen that the propagation constant of the bright one in a dark-bright
soliton system is growing as the degree of nonlocality increases, for the bright component sees
a potential directly from the nonlinear index that is raised due to the diffusion nonlocality in
response to the intensity sum of the dark-bright soliton pair. But in contrast to the scalar soliton
in local media [19], the bright soliton guided by a dark soliton in vector model requires lower
forming power in nonlocal region as the same propagation constant is concerned, as the marked
points A and B shown in Fig. 1(c).
In addition to direct numerical treatments, we examine the formation power of bright soliton
in nonlocal media analytically by variational methods. To simplify the analysis, a constant dark
pulse is assumed as the background and the Lagrangian equation for the bright soliton in a
vectorial nonlinear nonlocal system has the form,
i
1
1
L = dη { (Uξ U ∗ −Uξ∗U) + |Uη |2 + |U|4 + |U|2 |V |2
2
2
2


2
1
2
2
2
∗
∗
2 ∂
|V | },
+d |Uη | + |U| (Uηη U +Uηη U) + |U|
2
∂ η2
Z

(5)

where the subscriptions ξ and η stand for derivative with respect to longitudinal and transverse
coordinates. The terms within the brackets multiplied by d in the second line in Eq. (5) represent
the nonlocal index response which can be calculated through following expansion,
∞

1
∂ m |U|2
hm
∂ ηm
m=0 m!
 2

∂
2
2
2
2
≈ |U| + |V | + d
(|U| + |V | ) ,
∂ η2

n(η ) =

∑

(6)

where

dm
H(ω )|ω =0 ,
d ωm
is the expansion of the Fourier transform, H(ω ), of the kernel function R(η ) in Eq. (4). To
solve the Lagrangian equation in Eq. (5), we use following solution ansatz for the bright and
dark solitons,
hm = im

U(η ) = Au sech(η /au )exp(iφu + icu η 2 ),
V (η ) = Av tanh(η /av )exp(iφv + icv η 2 ),
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where the parameters A j , a j , φ j and c j , ( j = u, v) are amplitude, width, phase, and chirp for
bright and dark solitons, separately. Concerning a scalar dark soliton with nonlocal nonlinearity,
the increase of the degree of nonlocality can only reduces the soliton width at low degree of
nonlocality. This influence is insensitive especially when the dark soliton has zero transverse
velocity [19]. Therefore, by assuming that dark soliton is invariant to the change of the degree
of nonlocality in the low nonlocal limit, a set of Euler-Lagrangian equations for Au , au ,φu
and c j can be obtained. Furthermore, we assume that in steady state, φ˙u = µu is a constant,
and c j is zero for chirpless soliton solutions. Then for a set of propagation constants of darkbright soliton pairs, µv and µu , an approximate linear dependence of bright soliton power versus
nonlocality is derived as,
Z ∞

|U|2 dη = 2A2u au ,


0.13
0.877
4 µ − 2 µv
√ u
+d −
+√
− 1.57 .
2 µv − 2 µu
2 µv − 2 µu
2 µv − 2 µu

P ≡

(9)

−∞

≈

In this first-order approximation, Eq. (9) indicates that the forming power of bright soliton
guided by a dark soliton in vector model decreases as the degree of the nonlocality increases.
In addition, when d = 0, Eq. (9) reduces to the case of soliton solutions in the local media
[20]. In Fig. 3, we show the dependence of threshold power for forming bright solitons with
the degree of nonlocality both by direct numerical simulation of Eq. (1-4) and the Lagrangian
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Fig. 1. Intensity profiles of bright soliton (solid line), dark soliton (dashed line), and the
refractive index (bold-dashed line) for the local (a) and nonlocal media (b) at the points A
and B in (c), respectively. The bifurcation curves of fundamental dark-bright soliton pairs
in local (d = 0, dashed line) and nonlocal media (d = 1, solid line) are shown in (c), where
points A and B are marked with µu = 0.8 and µv = 1.
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Fig. 2. Relations between the propagation constant for bright soliton µu and the degree of
nonlocality d at different fixed powers, P = 0.5 (solid line) and P = 1.0 (dashed line).

threshold power

2
Numerical
Theoretical

1.5
1
0.5
0
0

1

2
d

3

4

Fig. 3. Threshold power of bright solitons versus the degree of nonlocality for µu = 0.8
and µv = 1.0. Solid and dashed lines are calculated by numerical and variational methods,
respectively.

equation in Eq. (5), which is consistent with the results in Fig. 1(c). In this case we fix µv to
1 since it is associated with the dark component which is given by the boundary conditions
and can be scaled out. Conceptually, as the degree of nonlocality increases, the tendency for
refractive index to advance to the region of lower light intensity grows stronger. Even though
the dark pulse almost remains unchanged, the existence of bright pulse drives out index flow.
Consequently the index modulation induced by the soliton pair becomes shallower, and the
nonlinearity required to form a bright soliton decreases. The power of bright soliton decreases
in a dynamical balance with the refractive index flow. This implies that the threshold power to
form a bright soliton guided in the dark background can be reduced with nonlocal interaction.
The stability of dark-bright soliton pairs in nonlocal nonlinear media is analyzed by standard
linear stability analysis with introduction of perturbations solutions, i.e.
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where the small perturbations grow at the rate of the real part of λ . As the case in local media
[21], dark-bright soliton pairs in Manakov model are stable in the nonlocal nonlinear media.
4.

Conclusion

In conclusion, we study the formation of dark-bright soliton pairs in vectorial nonlocal nonlinear model analytically and numerically. We find that in addition to the stabilization of vector
soliton pairs, nonlocal nonlinearity also helps to reduce the threshold power for forming a
guided bright soliton due to the dynamical balance between the nonlinearity and nonlocal induced refractive index flow. With a constant background of dark solitons, our analytical model
shows a linear dependence of the formation power for bright solitons on the degree of nonlocality and also matches the numerical simulations very well. With the reduction of forming
threshold power, we believe that our results are very useful for the observation of dark-bright
vector soliton pairs in nonlocal nonlinear media.
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