Syllabus: for Complex variables

1. Midterm , (4/27).
2. Introduction to Numerical PDE (4/30): [Ref.num].

3. Complex variables: [Textbook]Ch.13-Ch.18.

2 Complex numbers and functions, (5/4).
Cauchy-Riemann equations, (5, 5/11).
Complex integration, (5/14, 5/18).

Complex power & Taylor series, (5/21, 5/25).
Laurent series & residue, (5/28, 6/1, 6/4).

Conformal mapping, (6/8, 6/11).

O 0 0O Vv O O

Applications: real integrals by residual integration, potential theory, (6/15,
6/18).

4. Final exam , (6/15).
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Complex numbers. Complex plane

9 Cartesian form: z=x+ 1y,
where x = Re{z},y = Im{z},i = v/—1.
2 Ppolar form: z=re",

where r = |z| = /22 + y2 (absolute value or modulus), and
0 = arg(z) = tan~'(¥£) (argument).

2 Principle value Arg(z):
—m < Arg(z) < .

(Imaginary Imaginary
axis) axis
YA A
!'J
P Pl e o e e Z=X+ 1V
Z=x+1y
™ |
| e \?‘,"' : |
|
| (Real | - Rgal
L 1 31' axis) 0 x axis
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Complex numbers, properties

2 Addition: for two complex numbers z; = (z1,y1) and zg = (x2,y2)

z21 + 22 = (:131 + x2, Y1 +y2)7

9 Multiplication:

21 22 = (x122 — Y1Y2, T1Y2 + T2Y1),

9 Quotient:
z1 12 +Y1y2 | . T2Y1 — T1Y2
S 2 7 1t 2 2
22 Ty + Y3 Ty + Y3
2 Complex conjugate:
z=z"=xz—1vy,

9 Real part and Imaginary part:

1
Re(z) = z= §(z+2),
1 _
‘ Im(z) = y=—(z—2),
B ,’%‘i—ﬁ%ﬂ’ 21
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Complex numbers, properties, Cont.

9 Triangle inequality:
|21 + 22| < |z1] + |22],

By induction, we can obtain the generalized triangle inequality:

|21 + 22+ -+ zn| < |z +z2| + -+ |20,

2 Cauchy-Schwarz inequality:

|21 22| < |21] - |22l

2 Multiplication in polar form:

21 29 = 11712 [cos(01 + O2) + isin(01 + 62)],

and
szl =lallal 12 = :1:
palcl ﬂ«%% B _
National Tsing Hua Un ty arg(zl ZZ) arg(zl) + arg(ZQ) arg(z_) - arg(zl) - arg(ZQ),
2

[ — |
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Complex numbers, properties, Cont.

9 Integer powers, De Moivre’s formula:

Z’I’L

2 Roots, if z = w™,

w= ¥z = ¥r|cos(

where k =0,1,...,n — 1.

= r" [cos(nB) + i sin(nbd)],

0 + 2km

9 The principal value of w = %/z is obtained for the principal value of arg(z) and

k= 0.
9 Example: w = U1,

i 2w
where w = e* 3 .

»,

2, it %
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Sets in the complex plane

Circle:

»,

|z —a|l=0p
Open (closed) circular disk:

z—al<p (open), |z—al<p (closed),

An open circular disk |z — a| < p is also called a neighborhood of a, or a
p-neighborhood of a.

Open (closed) annulus (circular ring):

p1 < |z —al <p2 (open), p1 < |z —a| < p2 (closed),

Half-planes:

y > 0(y <0), upper half-plane (lower half-plane),
x> 0(z <0), right half-plane (left half-plane).

2, it %
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Sets in the complex plane, Cont.

9 Neighborhood of a:
An open circular disk |z — a| < p is also called a neighborhood of a, or a
p-neighborhood of a.

2 Open set S:
Every point of S has a neighborhood only consisting of points belonging to S.
E.g. |z| < 1isopen, |z| < 1is not open.

9 Connected set S:
Any two of its points can be joined by a broken line (linear segments) within S.
E.g. {|z] < 1and |z — 3| < 1} is NOT connected.

2 Domain: An open connected set.

9 Complement of a set S
The set of all points of the complex plane that do not belong to S.

9 Closed set S:
A set S is called closed if its complement is open.

2 Boundary point:
A F éﬁdb@indary point of a set S is a point every neighborhood of which contains both

e Ere T goints that belong to S and points that do not belong to S.
[ — |
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Complex function

9 For a set of complex numbers, S,

9 afunction f defined on S'is that
w = f(2),

9 . variesin S, and is called a complex variable.

9 The set S is called the domain of definition of f.
In most cases S will be open and connected.

9 The set of all values of a function f is called the range of f.

9 Example:
w= f(z) =22+ 3z,

Is a complex function defined for all z.
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Complex function, limit, continuity

9 A function f(z) is said to have the limit [ as z approaches a point zg,

lim f(z) =1,

z—20

9 Unlike the calculus, z may approach zg from any direction in the complex plane.

2 Continuous: A function f(z) is said to be continuous at z = zq if,

TAZEERE
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Complex function, Derivative

9 The derivative of a complex function f at a point zg Iis,

f(z0 + Az) — f(20)

/ . .
Fi(z0) = AI;IEO Az
o TR G0
Z2—Z0 Z — 20
9 Example 1: f(z) = 22
bon o (A2 =22
fiz) = Jim Az =22

2 Example 2: f(z) ==

Az)—z Az Az —iA
f(z) = lim (z4+ Az)—Z _ Az Az z J
Az—0 Az Az Az + 1Ay

not differentiable.

@ > f% éA alyticity: A function f(z) is said to be analytic in a domain D if f(z) is defined
ationat Taimg Hon ar;i'di%ifferentiable at all points of D.
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Cauchy-Riemann equations

9 Fora complex function:
w = f(z) = u(z,y) +iv(z,y),
the criterion (test) for the analyticity is the Cauchy-Riemann equations,

2 f is analytic in a domain D if and only if the first partial derivatives of v and v
satisfy the two Cauchy-Riemann equations.

9 Example 1: f(z) = 22 = 2% —y?2 + 2ixy,
Ugr = 2T = Uy, Uy = —2Y = —Vy.
2 Example 2: f(z) =z =z — 1y,
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Cauchy-Riemann equations, Proof

2 By assumption, the derivative f’(z) at z exists, f'(z) = lima,_.g

f(z+Az)—f(2)
Az ’
D Write Az = Az + 1Ay,
£(z) = lim [u(z + Az, y + Ay) +iv(z + Az, y + Ay)] — [u(z, y) +iv(z,y)]
 AZ0 Az + sz 7
9 For the first path I: let Ay — O first and then Az — 0,
A — A —
f/(z) — hm ’U,(ZC —I_ x? y) U(le',y) ‘I‘Z hm ,U(x _l_ x, y) U(:C?y) — ua:‘l_z Ua:,
Az—0 Ax Ax—0 Ax
9 For the second path II: let Ax — 0 first and then Ay — 0,
Ay) — Ay) —
f(z) = lim Y@YTAY) —u@y) o v@y+Ay) —v@y) iyt vy,
Ay—0 1 Ay Ay—0 1 Ay
9

the Cauchy-Riemann equations,

|
e \
[P @ 2, 5’% i— A 'ﬁ?ﬂ’

= z+ Az
i
|
|
Uy = Uy, and .
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Exponential functions

the complex exponential function: e*, or written as exp(z).

e” Is analytical for all z, i.e., an entire function.

2 Proof: by using the Cauchy-Reimanny equations, i.e.,
e” = e”[cos(y) + i sin(y)],

where

u = e” cos(y), v =e" sin(y)

The derivative of e* is also e?, i.e., (e*) = e~.
The expansionof e =1+ z + 3—? + '23—? + ...

621 eZQ — 621+Z2,

O O UV O

Periodicity of e* with period 27, i.e.,

e 2l — % for allz
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Trigonometric functions

9 Euler formulas:
e’ = cos(z)+ i sin(z),

e '? = cos(z)—isin(z),

9 the complex trigonometric functions:

el 2 +e—zz
CoS z = :
2
1z

) e —e~
sin z = , ,
21

1z

9 cos z, sin z are analytic for all z, but tan z is not wherever cos z = 0.

9 General formulas of real trigonometric functions remain valid for complex
counterparts, i.e.,

cos(z1 & 2z2) = coszy coszg F sin z1 sin 22,
s iadv l«%i‘ F %ﬂ, sin(z; = 22) = sinz; cosza + coszi sin 22.

Mational Tsing Hua University
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Hyperbolic functions

9 the complex hyperbolic cosine and sine:

e +e ~
coshz = ——,
2
, e* —e ~*
sinhz = ——
2
sinh z
tanh z = :
cosh z

9 These functions are entire, with derivatives

(cosh z)’ = sinh z,

(sinh z)" = cosh z,

9 Relations between complex trigonometric and hyperbolic functions,

cosh(i z) = cos z, sinh(i z) = i sin 2,

cos(i z) = cosh z, sin(i z) = ésinh z,
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Logarithm

The natural logarithm of z = x + 7y is denoted by In z or log z,

Define:

then
Inz =1Inr + 10, (r=1z| > 0,0 = argz),

Since the argument of z is determined only determined only up to integer multiples
of 2,

the complex natural logarithm In z(z # 0) is infinitely many-valued.

Principal value of In z,
Lnz = In |2z| + i Arg(z)

Other values of In z are

Inz = Lnz & 2nmi, n=12...
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Logarithm, Cont.

9 Examples:

Ln(1) = 0, Inl =0, £27¢, £4m1,. ..
Ln(—1) = =i, Inl = +mi, 37, £574, . ..
Ln(i) = wi/2, Int =mi/2,—3mi/2,57i/2, ...
9 Relations:
In(z122) = Inz; +1nzg,
ln(z—l) = Inz; —In 29,
Z2

9 Analyticity of the Logarithm: for every n = 0, &1, £2, ...,
Inz = Lnz & 2nm1, n=12...

IS analytic, except at 0 and on the negative real axis.

R > :g Eﬁc,g,of the infinitely n is call a brach of the logarithm.
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Logarithm, Branch cut and Derivative

v
z=0 ;

9 Jfzis negatively real (where real logarithm is undefined), Lnz = In |z| + 7.

2 The derivative:
(Inz) = —, (znot 0 or negative real).
Z

9 Proof:

1
Inz=Inr+1i60+c) = 5 In(z? 4+ y?) + i[tan™? Y + ],
x

where the constant c is a multiple of 27. By the Cauchy-Riemann equations, i.e.,

(Inz) =uy +ivy = :132—733/2 = 1
S PPy SR

Mational Tsing Hua University
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General Powers

The general powers of a complex number,

2 = eflnz ccomplex and z # 0.

Principle value:

c clbLnz

Example 1:

it = eilni = exp[i(gz' + 2nmi)] = e/ 2F 2P
the principal value (n = 0) is e~ ™/2,
Example 2:
: 1
(14427 = exp[(2—49)(InV2+ it 2 ni)]

1 1
= 2¢7/4%2 ”W[Sin(i In2) +:4 003(5 In 2)]
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Line integral in the complex plane

9 An indefinite integral is a function whose derivative equals a given analytic function
in a region.

2 Complex definite integral are called line integrals,

/C f(2)dz,

2 The line integral over curve C': {z(t) = z(t) + ¢y(¢)} in the complex plane is
defined as the limit of partial sum,

/ fdzr ) f(ém)Azm
C m=1

TAZEERE
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Indefinite integration of analytic functions

[ iz = pe - Fe, Fe) = 1)

0

2 Examples:

142 —9 2
/ 2?dz = —= + =4,
0 3 3

T
/ cos zd z = 2 sin i,

— 71

/ —dz =Lnz|", =m,
—1

) <

VEH L EER

Mational Tsing Hua University

EE-2020. Sprina 2009 — p. 21/42



Use of a representation of a Path

9 |LetCbhea piecewise smooth path, represented by z = z(¢), where a < ¢t < b,

/f(zdz—/f )]2(t)d 73:%

2 Example 1: around the Unit Circle

dz

C <

2 Use 2(t) = cost +isint = e, 0 < t < 27, i.e.,

dz 27 . _ 27
— = / e tietldt =1 dt = 2,
C = 0 0

2 Compare with Lnz|Z1 = 0.

9 Now 1/z is not analytic at z = 0. But any simply connected domain containing the
unit circle must contain z = 0.

TAZEERE
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Use of a representation of a Path, Example 2

9 Example 2:

%C(z — 20)"d z

9 Represent C' in the form,
z(t) = z0 + p(cost 4+ i sint) = zg + pez’t7
then
27
f (Z — Zo)mdz — / pmez mtzpeztdt
¢ 0

2T
_ ,I:pm—|—1 / 6z(rn—l—l)td t,
0

B 2wt ; m = —1
0 :m # —1and integer

VEH L EER
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Use of a representation of a Path, Example 3

9 Example 3:

/C Re(z)d z

D path 1: C*, where z(t) = t + 2it, (0 < t < 1),
1 1
/Rezdz:/ t(1+2i)dt = = +1,
C 0 2

9 path 2: ¢y and C», where z(t) = t and 2(t) = 1 + it

/Re,zdz = / Re,zdz—l—/ Rezd z,
C C1 Ca
1 2 1
= / tdt—i—/ Wt = — + 21.
0 0 2

VEH L EER
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Bounds for integrals, ML-Inequality

9 ML-inequality:
| fdzl < ML
C

where L is the length of C and M is a constant such that | f(z)| < M everywhere
on C.

Example: estimation of an integral (find an upper bound),

/ 22 dz, C'the straight-line segment fromOto1 + ¢
C

9 Solution: L = v/2 and |f(2)| = |22| < 2 0n C,

|/ 22 dz| < 2v/2.
C

VEH L EER
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Simple closed path

9 Simple closed path: a closed path that does not intersect or touch itself.

9 Examples:

- '\-;, b | o —— e —
/’f '\]‘l ‘-"f:-::-'-_'-.. '-.-l-.-- / .--r-.- x\|l f \l
.-"J! r'l S | " o, -
e 1 i e
II _,.--'_"-I .u'.; - - S | l ""-_—r"'ll

Simple Simple Mot simole Mot simple

Closed path

TAZEERE
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Simply connected domain

Simply connected domain D: a domain such that every simple closed path in D
enclosed only points of D.

A domain that is not simply connected is called multiply connected.

2 Examples:

- = B
.‘_n'_. "-_"' .r_..-l"- e, - -_‘.1- _—_l l"l-\.'h
# - N # F * 7 5 .rr %

r ‘il 1 i A % F Y L b
i < / e | i i — L1 #oo i i
[] '|h - | r 1 ] " i"- i 1 r x 8

i w i i
T T 1 F L i i i | &
i i/ [ % - o
i 1] i L] - f I‘- i 1 1 | = o i“l L |
¥ i . i i % “__-‘ I i j i
L] 4 % i 5 = ] i ’ 7 i
'..‘ - '-_'. §_ " [ F.r 5 A i ...||
! - L
. e e 'l-___r_-"' -\--"—\._1-'.'- "‘".|__"'.‘
Simaly Simiply Doty Tiriply
& pdfise B £ enreEe ] e (T ]l L Sonneciag

Simply and multiply connected domains
A HERE
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Cauchy’s integral theorem

9 f(z) is analytic in a simply connected domain D, then for every simple closed
path C'in D,

]{ f(z)dz =0.
C
9 Proof:

ﬂf(z)dz:%c[udm—vdy]—i—i]{ [udy + vdx].

C

Since f(z) is analytic in D, its derivative f/(z) exists in D.

VEH L EER
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Cauchy’s integral theorem, Proof

> Green'’s theorem:

%ﬁ / V x F- kda:dy

Fy, OF
}[[Fldac—l—ngy // Rk —8 1]d:vdy

2 Replace F; and F3 in the Green’s theorem by v and —wv,

%[ud:c—’udy // —@——dmdy—o
r Oz Oy

by using the Cauchy-Riemann equations.

9 Replace F; and F5 in the Green’s theorem by v and u,

%[udy—l—vdx] / ———]da:dy—O

by using the Cauchy-Riemann equations again.

TAZEERE
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Cauchy’s integral theorem, Examples

9 Example 1. No singularities (entire functions),

%ezdz:o, %coszdz:o, %zndz:o, (n=20,1,...).
C C C

9 Example 2: Singularities outside the contour,

% sec(z)dz = 0, C'is the unit circle.
C

1
% 2_i_4,dz:O.
C z

9 Example 3: nonanalytic function, C'is the unit circle,

27

% Re(z)dz = / e et dt = 2mi.
C 0

9 Example 4. Simple connectedness essential,

ARz HEERG f{ 1 _
National Tsing Hua University — d z = 27-(-7/.
o4
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Cauchy’s integral theorem, 2

9 Independence of Path,
If f(z) is analytic in a simply connected domain D, then the integral of f(z) is
independent of path in D.

9 Proof:

fdz+ fdz=0
Cq Cz

thus, fdz=— fdz = fdz
Cq C; Co

VEH L EER
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Principle of deformation of path

9 As long as our deforming path always contains only points at which f(z) is
analytic, the integral retains the same value.

27, ;3 m= —1
%(z —z0)"dz =
0 :  m # —1and integer

ST f(z) is analytic in a simply connected domain D, then there exists an indefinite
integral F'(z) of f(z) in D, thus, F’(z) = f(z), which is analytic in D.

9 Forall paths in D joining any two points zg and z; in D, the integral of f(z) from zg
to z; can be evaluated by

/ T f)dz=Fa) - F(z),  F'(2) = £(2)

9 Proof: see p.p. 650-651 in the textbook.

VEH L EER
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Cauchy’s integral theorem for multiply connected domains

9 Cauchy’s theorem applies to multiply connected domains.

9 f(z) is analytic in a multiply connected domain D defined by an outer contour C1
and multiple inner contours C;,i = 2, 3, ..., n (all are in counterclockwise sense),

ledz:;%Cifdz

9 Proof: Introducing three inner cuts C1, Cs, C to divide the domain D into two
simply connected domains. Apply Theorem 1 to them, integral over cuts will be
canceled.

VEH L EER
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Cauchy’s integral formula

9 Let f(z) be analytic in a simply connected domain D. Then for any points zg in D
and any simple closed path C' in D that enclose zg,

f(z)

C Z— 20

dz =2mi f(20).

where the integration being taken counterclockwise.

2 Alternatively for f(zo),
LS

o C 2 — 20

f(z0) =

2 Proof: by replacing f(2) = f(z0) + [f(2) — f(20)],

10 g, =y f, e f 1T,

C 2 — %0 Z — 20 20

—  2mi f(z0) + —27p,
P

= 27 f(20)

VEH L EER
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Cauchy’s integral formula, examples

9 Example 1:
7{ C  dz=2mie®|,mn = 2miel.
Cc zZ— 2
2 Example 2:
— 6
7{ Gl dz—27rz[ z3—3]|z Z/Q—E_67TZ
Cc 2z —1 8

9 Example 3: integrate jic = “ 1 d z counterclockwise around each of the four circles,

VEH L EER
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Cauchy’s integral formula, Example 3

9 (a) The circle |z — 1| = 1, enclosing the point zg = —1
2+1 2+1. 1 2+1
j[ s dz:j[[z o gds — o (2, = 2ni
c z¢—1 c z+1 z—-1 z+1
2 (b), enclosing the point zg = —1, gives the same as (a) by the principle of

deformation of path.

9 (c) the path encloses the point zg = —1,
241 241, 1 241
jq{ s dz:]{[z Tt gdz = omi (2l = —2r
c 22 -1 c z—1 z+1 z—1

9 (d) don’t enclose any singular point,

2
1
7{ G dz =0.
c 22 -1

VEH L EER
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Cauchy’s integral formula, multiply connected domains

9 f(z) is analytic in a doubly connected domain D bounded by two counterclockwise
contours C1, Ca,

O 1 N ()

21 Jo, 2 — 20 Cy Z — 20

A EEAR
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Derivatives of an analytic function

D f f(z) is analytic in a domain D, then it has derivatives of all orders in D, which

are then also analytic functions in D.

9 The values of these derivatives at a point zg in D are given by

9 andin general

£ (z0)

&),
27 4 C(z—zo)Qd 7

o).
c (z — 20) dz,

3

O

c (z — 20)

n+1 )

where C'is any simple closed path in D that encloses zg and whose full interior

belongs to D;

9 we integrate counterclockwise around C'.

TAZEERE
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Derivatives of an analytic function, Proof

9 The definition of the Derivative,

2 By Cauchy’s integral formula,

Az 21 Az zo + Az) B C Z— 20 ’

f(z0 + Az) — f(20) 1 f(2) s f(2)
[%CZ—( d d

_ 1 f(2) s
 2miAz ]{C (z — 20 — Az)(z — Zo)d

as Az — 0,

VEH L EER
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Evaluation of line integrals

9 Example 1: for any contour enclosing the point i (counterclockwise)

% ﬂdz = 271 (COSZ)/‘z:wz’ = 27 sinh 7.
c (z —mi)2

9 Example 2: for any contour enclosing the point —: (counterclockwise)

4 2
~3:216
% O O (2t — 322 4 6)7 oy = — 18
@)

(2 +14)°
9 Example 3: for any contour for which 1 lies inside and +2z lie outside

(counterclockwise)

e’ e” 6me
dz=2mi ooy = €5
]{;(2—1)2(224—4) eEmil ) = = o
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Cauchy’s inequality

2 For|f(2)] < MonC,

|f(n)(zo)|:i|% z /() dz| < n!.M 1 27r

2 Cauchy’s inequality

VEH L EER
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Liouville’s and Morera’s theorems

9 Liouville’s theorem:
If an entire function is bounded in absolute value in the whole complex plane, then
this function must be a constant.

2 Proof: By assumption, | f(z)| is bounded, say, |f(z)| < K for all z. Using Cauchy’s
inequality, wee see that | f/(z9) < K/r.

9 Since f(z) is entire, this holds for every r, so that we can take r as large as we
please and conclude that f'(zp) = 0. Since zg is arbitrary, f/(z) = 0 for all z, then
f(z) is a constant.

9 Morera’s theorem:
If f(z) is continuous in a simply connected domain D and if

fcﬂz)dz:

for every closed path in D, then f(z) is analytic in D.

VEH L EER
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