Sine and Cosine transforms for finite range

9 Fourier sine transform

7T
S, = - t) Sin(—x)dx,
7 | @ Sin(a)de
>0 nm
f(e) n; (7o)
9 Fourier cosine transform
2 L n
Cn — _ t C T d 9
= | 1y cos("Layde
() Co i Cpn Cos(—Lz)
— - mn —X).
2 — L
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Sine and Cosine transforms of derivatives

9 Finite Sine and Cosine transforms:

Fs(f)

Fy(w) = % /0 T F() Sin(wt)dt,

Fe(f)

Fe(w) = % /0  F(t) Cos(wt)dt,

9 Sine Transforms of Derivatives

Fs(f') = —wFe(f),

F(") = Zwf) - <P,

> Cosine Transforms of Derivatives

Folf') = == J(0) +wFi(f),
Folf") = = f(0) - WPF().
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Diffusion problem ina semi-infinite medium

PDE: ut:a2u$x, O<r<oo, 0<t<
BCs: u(0,t) = A, 0<t<oo
IC: u(z,0) =0, 0<z< o0

9 Transform z-variable via the Fourier sine transform, i.e. F, [u(z,t)] = U(w,t),

d 2
= —U(w,t) = a*[Zwu(0,t) —w? Ulw, t)],
dt 0
2 For the ODE,
d 2Awa?
—U@t) = =% o202 U(4)
dt
we have the solution for the IC, U (0) = 0,
= 2A w202
ﬁa % i‘ U(t) [1 — € t]?
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Diffusion problem ina semi-infinite medium

2 By the inverse transform of F; ' [U(w, t)] = u(z, t), we have

w(z, t) = Aerfc(z/20Vi), ie. / T2 2™ sin(wr) dw = erfc(%),
o T w a

where erfc(z), 0 < z < oo, is called the complementary-error function and is given by

2 0 2 2 x 2
erfc(z) = —/ e~ dt, and erf(z) = —/ et
ﬁ T ﬁ 0

Tll

\ u(x,0)=T erfc(x/2c/f)
(a=1)
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Fourier transforms

9 A periodic function of time, f(t), of period T can be represented by a Fourier

transform,
T/2 ,
F) = o [ feimott
T/2
fit) = Z F(n)etimwot,

where F(n) is the corresponding Fourier series, where F(n) =
F(—n) = +(Cn +1Sn), and F(0) = 0.

9 For an aperiodic function,

Flw) = % /_ T fmeietar,

) = /OO F(w)e 7% du.

— 0
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Integral transforms

9 Fourier sine transform

Flw) = %

/ T F() Sin(wt)dt,
0

ft) = /O F(w) Sin(wt)dw.

9 Fourier cosine transform
2 O
Flw) = = / F(t) Cos(wt)dt,
™ Jo

f(t) = /OOO F(w) Cos(wt)dw.

9 Fourier transform

Flw) = %27 /_°° F(8) e~ tdt,

1 0 -
‘ o) = = / F(w) e,
& ik 2 ARG V271 J —oo
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Gaussian function

2 7'5&)2
eXp( 27_2) TpeXp(— )’
p

1 t 1 1]
-10 -5 5 10 -10 -5 al 10

where we use the identity [~ e~ dx = V7. And

At -Aw =1, - — =1
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Rectangle function

1, whenlt| <~ 2 sinw 2
f(t) = t= — \/—Tp P — \/—TpSmc(pr),
0, whenjt| > 7, T T WwTp T

TAZEERE
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Some common Fourier transforms

9 Fourier transform

Flw) =
f(t) = / F(w
(t) Nor: (w)
2 Common Fourier transforms
_x2
f(x)=e — Fw)=
—1<xz<1

1 ; for
flx) =
0 ; elsewhere

e , for >0
f(x) = -
0 . for <0

Flw) =

— / T @) et

zwtdw
)

L —w2?,

V2

o Fw) = \/g Sin(w)7

T w

1 1—w

V2or 1+ w?’

Gaussian

rectangle
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Properties of Fourier transform

9t f(t) isreal, then F(—w) = F*(w).
9t f(t) is even, then F(—w) = F(w), i.e., F(w) is even.
D if £(¢) is odd, then F(—w) = —F(w), i.e., F(w) is odd.
2 Time scaling, f(at) < IlelF(%)'
9 Frequency scaling, ﬁf(%) — F(bw).
9 Time shifting, f(t — to) < F(w)e—i«to,
9 Frequency shifting, f(t)e“ot < F(w — wp).
2 Convolution theorem: A convolution of two time functions, f(t) and g(t), is defined,
1 > / / /
9@ f=—= [ g—1)f()ar,

the Fourier transform of the convolution is

1 >° —jw
VAZHERY VT—W/_oog@@fe Whdt = G(w)F(w) = FlglF[f]
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Transformation of Partial Derivatives

9 Fourier transform

FU=F@) = —= [ rwera,

F-lrp = f(t) = —/oo Flw) e*“tdw,
FIM =10 = =] Fw
9 Transformation of partial derivatives
Flug] = iwFlul,
Fluze] = —w?Flul,

> Useful identities

VEH L EER
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Diffusion problem in a infinite medium

PDE: ut:a2uxx, —o<r<oo, 0<t<x
BCs: no boundary condition
IC: u(z,0) = ¢p(x), —oo <z <00

9 Transform z-variable via the Fourier sine transform, i.e. Flu(z,t)] = U(w, t),

Flue] = oz2.7-"[um],
d

= EU(W, t) = —a’w? U(w, t),

9 With the IC, we can solve the ODE to have,

2 2

U(t) = Up(w)e™* ",

where Up (w) = Flo(x)]
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Diffusion problem in a infinite medium

9 By the inverse Fourier transformation,

w(z,t) = FUU®)] = F L [Up(w) e~ @Y

2 With the convolution theorem,

u(a,t) = FHUp(w)]® F e * @’
1 _%
- ¢<x>®[afe 3077
_ o (2—8)% /40t
- — \r / $(6) de

9 The integrand is made up of two terms:

1. The initial temperature ¢(x).

22

2. The Green function Or impulse-response function G(x,t) = [204;[/5 e 4a?t]

92 The initial temperature u(x, 0) = ¢(x) iS decomposed into a continuum of impulses.
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Integral transforms, cont.

9 Laplace transform

F(s) = /OOO f(t)e stdt,

1 c+100
fit) = — F(s)e®tds,

21 c—100
9 Hankel transform (Fourier-Bessel)

Fn(&) = /OOO r JIn(&r) f(r)dr,

fir) = /0 " Tn(€r) Fa(€)de,

9 Mellin transform

F(s) = / f(t) t5~1dt,

c+100

E 54 A A fo = 2—71'2 ) ds,
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Some common Laplace transforms

9 Laplace transform

F(s) = /Oof(t)e_Stdt,
0
1 c+100
fit) = — F(s)e®tds,

21 c—100

2 Common Laplace transforms, for 0 < ¢t < oo,

f)=1 o Fs)=-,
fO) =2t o F(s)=3i2 s> 2
f(t) = Sin(wt) < F(s) = S2+Lw2

f() =€t < F(s) dontexist.
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Transformation of Partial Derivatives

2 Laplace Transformation of partial derivatives, i.e. L{u(x,t)] = U(x, s)

Lluy] = sU(z,s) — u(z,0),
Llug] = s°U(x,s) —su(x,0) —ug(z,0),

9 Definition of finite convolution

970 = | Cg()f(t— )t = / gt — ) f() dt,

9 Convolution theorem for Laplace transform

Llg®f] = LlglL[f],
LTHLILIMY = 99©fF
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Heat conduction ina semi-infinite medium

PDE: Ut = Ugpy, O<zrz<oo, 0O0<t<o
BC: uz(0,t) —u(0,t) =0, 0<t<oo
IC: u(z,0) =up, 0<zx< o0

9 Transform t-variable via the Laplace transform, i.e. L{u(x,t)] = U(x),

Llut] = sU(x,s) — u(x,0),

9 For the ODE,

d2

sU(x) —ug = o

—Ul(z),

we have the general solution (homogeneous + a particular solution),

U(z) = c1eV5® + coe™ V5T 4 u—,
= S
E % ER
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Heat conduction in a semi-infinite medium, cont.

9 For the BC,
d
—U(0) = U(0) =0,
dz
we have the coefficients,
U(z) = —up— =0

D
9 By the inverse Laplace transform,

u(x,t) = L1 [U(z, s)],

= wug — uglerfe(z/2Vt) — erfc(Vt + z/2vt)e* T,

where the complementary-error function is

erfc(z) = % /oo e=€ de.
™ Jx
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