Vibrating-string problem

9 Newton’s equation of motion,

muy =  applied forces to the segment  (z, z, +Ax),
9 Net force due to the tension of the string,
TSinfy — TSin0; ~ Tluyg(x + dx,t) — ux(x,t)],

External force, F'(x, t),
Frictional force against the string, —Guz,

Restoring force, —~vu,

O O VU O

For a small segment of string,

Azpurr = Tug(z + Az, t) —ug(z,t)] + AzF(x,t) — AzPur(z,t) — Axyu(x, t),

= wit = @2 ugy — Butr — yu + F(x,t),
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Maxwell’s equations with total charge and current

9 Gauss'’s law for the electric field:

VEzflﬁf%EdA:—,
€ S

9 Gauss’s law for magnetism:

(1831-1879)

V-B:0<:>]{B-dA:O,
S

9 Faraday’s law of induction:

0 0
VXE=—-k—B <= E-di=—-x—%p,
R@t ]{C Kat B

2 Ampére’s circuital law:

0 0
VXB:muo(J+eo—E)<:>]{ B-dl=—krkuo(l +eo—>g)
"ﬂ"“]ﬂ %i_ ot C ot
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Helmholtz wave equations

%‘-.“T'ﬁ" =
)
Mational T

9 For a source-free medium, p =J =0,

V X (V X E) —,LLOGO—tE,

= V(V-E)—V?E = —pupeg—=E.

2 When V - E = 0, one has wave equation,

’E = o° E
V = MOEOﬁ

> which has following expression of the solutions, in 1D,

E=2z[fy(z—vt) + f_(z + vt)],

with v2 = L1 = 2.
10 €0

2 plane wave solutions: £+ = Fg cos(kz — wt), where £ = c.

EEx '

ng Hua Un
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Wave equation

9 The wave equation contains a second-order time derivative, u:¢, it requires two
initial conditions
u(x,t =0) = f(x), and wu(x,t=0)=g(z),
9 For electric current along the wire, with the Kirchhoff’s laws,
i+ Cuvi+Gov = 0,
ve+ Lig+Ri = 0,
9 The transmission-line equations
tox = CL’itt—l—(CR—I-GL)?:t—I-GR’i,
Vex = CLvtt—l—(CR—I-GL)Ut—I—GR’U,
9 |fG=R=0,and a2 =1/CIL,
—Tms T 2 » Vi ?’tt — a2 Za:a:
ﬁvﬁlaijéi—j‘_\‘% Y Y
National Tsing Hua University Utt — 062 ,wa )
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The D’Alembert solution of the wave equation

9 For the diffusion problems (the parabolic case), we solve the bounded case
(0 < z < L) by separation of variables while solve the unbounded case
(—oo < x < o0) by the Fourier transform.

9 For the wave problems (the hyperbolic case), we will do the opposite .

PDE: utt:a2um, —co<r<oo, 0O0<t<x
0) =
ICs: u(z,0) = f(=) , —oo < T < 00
ut(z,0) = g(x)

2 Replace (z,t) by new canonical coordinates (£, n), i.e. the moving-coordinate,

9 the PDE becomes
Ugy = 0

with the solution of arbitrary functions of £ or n, i.e.

d;-..-r I’«‘ﬂ %i_j—ﬁl
ational Toma How U w(&,m) = ¢(n) + (&),
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The D’Alembert solution of the wave equation, cont.

92 Inthe original coordinates x and ¢, we have

u(z,t) = P(x —at) + V(x + at),

this is the general solution of the wave equation.

2 Physically it represents the sum of any two moving waves, each moving in opposite
direction with the velocity a. Eg.

u(xz,t) = Sin(zx — at), (one right-moving wave)
u(z,t) = (x+at)?,  (one left-moving wave)
u(z,t) = Sin(z—at)+ (x+at)?,  (two oppositely moving waves)

VEH L EER
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spherical waves

9 spherical wave:
A .
U(r) = ——exp(—ik|r — ro|),
lr — ro|
where k|r — ro| = constant, wavefronts resemble sphere surfaces,
9 intensity:
[AP”
I(r) = R
0E
o4
oz
a
0.2
-2 .
s 8
&0 = 4]
=] &0
2 = 30
A FEARYL i T

Mational Tsing Hua University
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9 substitute the general solution into the two ICs,

ICs: u(z,0) = /(@) , —oo< T <00
ut(z,0) = g(z)

9 for arbitrary functions ¢ and v, we have

o(x) +y(x) = f(=),
—a¢' () +ap’(z) = g(x),

9 then by integrating from xq to z,
—ag@)+av(e) = [ g€dE+ K

0o

where K is an integration constant.
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D’Alembert solution

9 The solutions for ¢ and v are
¢(x)

P (x)

9 The D’Alembert solution,

u(x,t) = %[f(a;—a,t)—i—f(m—i—ozt)]—i— %/

1

2
1

2

f@»—i;/xm@da

1 €T
f@+£L£@%

xt+oat

rx—oat

g(§)d¢.
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Examples of the D’Alembert solution

1. Motion of an initial Sine wave,

PDE: utt:a2ua;a;, —o<r<oo, O0<t<x
u(x,0) = Sin(x

ICs: (z,0) () , —oo < x <00
ut(z,0) =0

2 The solution
1 .
u(x,t) = §[Sin(x —at) 4+ Sin(z + at)].

2. Initial velocity given

u(x,0) =0
ICs: _ , —oo<x <00
ut(xz,0) = Sin(x)

9 The solution

B 1 xt+oat _ d B 1 c
A E LA u(x,t) = gfx Sin(¢)d¢ = g[COS(:U—I—at)— os(z — at)].

—at
Mational Tsing Hua University
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The finite vibrating string (standing waves)

PDE: Ut = 0 Ugy, O<xz<L, 0<t<oo
u(0,t) =0
BCs: { , O0<t< oo
u(L,t) =0
u(x,0) = f(x
ICs: < (2,0) = f(w) , 0<z< L
ut(z,0) = g(x)

9 Applying separation of variables

u(w, t) = X(2) T(1),

9 Substituting this expression into the wave equation, we have two ODEs

T — a?XT =0
X" - AX =0

VEH L EER

Mational Tsing Hua University
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The finite vibrating string (standing waves), cont.

9 Only negative values of \ give feasible (nonzero and bounded) solutions, i.e.,
A= —32.

u(x,t) = [C'SIn(Bx) + DCos(Bx)][ASin(aft) + BCos(aFt)],

9 With the BCs,

w(0,t) = X(0)T(t) =0, = D =0,
u(L,t) = X(L)T(t) =0, = 0On=—, n=12 ...

9 The fundamental solution

un(z,t) = Xn(x)Th(t) = Sin(?)[ansm(n nmat

by 4 by Cos

)]

— RnSin(—nzm )Cos[mm(t — %n)

VEH L EER
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The finite vibrating string (standing waves), cont.

9 The solution for wave equation

2 With ICs,

nmtTx

u(w,0) = WSin("T) = f(a),

nmo nmx

ut(z,0) = n(——)SIn(——) = g(x),

oL
i

2 Using the orthogonality conditions, fOL Sin(mg"”)Sin(%)d T = %&nn, we have

9 L
an = — (x)Sm(@)d z,

nTo

VA SEEA b = /f(mSm(@)

Mational Tsing Hua University
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The finite Fourier transforms

9 Finite Sine transform

2 [k . nT
S[f] = Sn:Z/o f(a:)Sln(fa:)dac,
f@) = Y SaSin(—a).
n=1

9 Finite Cosine transform

2 L n
Clfl = Cu=- /0 f(2) Cos(“w)de,
Co > nm
f@) = 2243 cncos(a).
; Z 3

9 Transform of derivatives

Slfer] = ~["CPRSU+ g 0.0 + (=)™ (L, 1),

VEZAEAL Olpa) = TIPS - 2100 + (<) L)
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A nonhomogeneous BVP via the Finite Sine Transform

PDE: utt = Ugz + SiN(mx), 0<z<l1l, 0<t<oo
(
u(0,t) =0
BCs: { , 0<t<oo
u(l,t) =0
\
(
u(x,0) =1
ICs: { , 0<z<1
ut(x,0) =0
\

9 Transform the PDE by using the finite Sine transform for the variable z,

Sn(t) = S [u],
o(lj_QS (t) = —(nm)2Sn (t) + 2nm[u(0,t) + (—1)" 1 u(1, )] + Dn(2),
where
Dn(t)S[sin(m)]{ 1 5 n=1
TR EA NI

Mational Tsing Hua University
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A nonhomogeneous BVP via the Finite Sine Transform, Cont.

2 Solve the new initial-value problems for ODE,

d? 1 n =
ODE: —— S, (t 28, = ’
d¢2 () + (nm) { 0 ; = 2,3,
( i .
S O . nT I - Y Y
ICs: ©) { : = 2,4,
9 The solutions are
( 2 - W—12]Cos(7rt) +(1)2 5 n=1,...
Sn(t)=4¢ 0 - n=2,4,...
\ f—WCOS(nﬂt) . n=23,517,...
9 the solution u(x, t) of the problem is
A HEERE 4 1 -
National Taing Hua ygifepitnf ) — {[———Q]Cos(mﬁ)Jr( 21Sin[rz]+ Z Cos [(2n41)7t]Sin[(2n+1)7x
T T

n=—1 I
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Wave equation in polar coordinates

1 1
PDE: wie = lurr + —ur + —<ugel, 0<r<1l, 0<t<oo
T T
BCs: u(r=1)=0, 0<t<oo
t=0)=f(r,0
ICs: ult =0)=7Jr0) o
ut(t =0) = g(r,0)

2 By separation of variables, u(r,0,t) = U(r,0) T(t), i.e.

V2U 4+ A2U =0,  Helmholtz equation

T + N\2c*T =0, Simple harmonic motion,

where
o 1 1
VU = [U'r’r + _Ur + _2U99]
T T

VEH L EER
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Helmholtz eigenvalue problem

PDE: V32U + \2U =0,
BCs: U(r=1,0) =0,

2 By separation of variables again, U(r,0) = R(r) ©(0), i.e.

r R’ +rR + (\?r? —n?)R =0, Bessel’s equation
0” +n?0 =0

9 The solutions for the Bessel's equation, J, (Ar) and Y, (Ar), n-th-order Bessel
function of the first and second kinds.

0.5
Bessel functions of the Ist type

TR

Bessel functions of the 2Znd type

TRz

Mational Tsing Hua University
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Helmholtz eigenvalue problem, Cont.

For R(r = 0) < oo, we have R(r) = A Jp(Ar).

The BC, R(1) = 0, we have J,(\) =0 = X = ky,, where k,,,, is the m-th root of
In ().

9 The corresponding eigenfunctions U, (, 6)

Unm = Jn(knm7)[ASin(nf) + BCos(nb)],

VA EEARD

National Tsing Hua University =1 n=2 n=3
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Hermite/Laguerre/Ince-Gaussian beams

M. A. Bandres, J. Opt. Soc. Am. A, 21, 873880, (2004)

AR R = - L o
Y 'N@')TT%% Ui‘_‘% http://www.uwgb.edu/dutchs/petrolgy/intfigl.htm
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Helmholtz eigenvalue problem, Cont.

9 For the time equation, we have

T + k2 c*T =0,  Simple harmonic motion,
= Tnm (t) = ASIin(kpmct) + BCoS(kpmct).

9 The total solution of our problem is

u(r, 0,t) Z Z Jn (knmr)C0S(n0)[Anm Sin(knmct) + BrmCos(knmct)]

n=0m=1

VEH L EER
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Wave equation in polar coordinates, 6#-independent

9 Forthe special case independentof 0, i.e. n =0

u(r,t) = i Jo(kom7)[AmSin(komct) + B Cos(komct)]

m=1

2 In particular, we consider the ICs,

o<r<i1

Y — —

ICs: { u(t =0) = f(r) = 2 m=1 AmJo(komr)
ut(t =0) =0 = B,

9 Using the orthogonality condition of the Bessel functions, i.e.

1
1
/ r Jo(komT) Jo(konr)dr = 5nm§J12(k0m),
0

we have

2 1
%ﬁlaﬂ %i— Am: W/O ’)”'f('r‘) Jo(ki()m’r')d’)", m:1,2,...,

Mational Tsing Hua University
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Laplace’s equation

Vu = 0,

2 in Cartesian coordinates: x,Y, 2

VQU(:C) Y, Z) = Ugzx + Uyy + Uz

2 in Cylindrical coordinates: x = r cos 6,y = r sin0, z

1 1
V2u(r,9, z2) = [Urr + —Ur + —Sugy + Uzz]
r r2

2 in Spherical coordinates: © = r cos0sin¢,y = r sinfsin ¢,z = r cos ¢

2 1 cot ¢ 1
2 —
Viu(r,0,0) = [urr+ Jurt Gugs + = grue + o

1.0, 5,0u 1 0 ou 1 0%u

B T_Q[E(T or Sin¢8_¢(8in¢8_¢)+ sin® ¢ 062

u
i 06]

]

TAZEERE
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Laplace equation in spherical coordinates

1.0 ou 1 0
PDE: Viu= — 2 0,
v [87“ (r or + sin ¢ O¢ (Sln¢8¢ )=
= R =
. u(r = R, ) = f(9)
limy 00 u(r,) =0
2 By separation of variables, u(r, ¢) = R(r) ®(¢), i.e.
2
2 A" R + 2rd—R =kR=n(n+1)R, Euler-Cauchy equation
d r2 dr
1 do
L (singS7) = -
sin ¢ d ¢ do¢

2 Assume R(r)=7r%thena(a—1)+2a—n(n+1)=0=(a—n)(a+n+1), with
rootsa =nanda = —n — 1.

9 The solutions for the Euler-Cauchy equation are

A EEA Rn(r) = Anr™ + By,

Mational Tsing Hua University
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Legendre polynomials

2 We have the Legendre’s equation for ®(¢),

d do
—[(1 —w?)——] +n(n+1)@,
dw dw
d? @ dd
= (1 —w?) —2w— +n(n+1)® =0.
d w? dw
9 For integern = 0,1, 2,..., the solutions are the Legendre polynomials

® = P, (w) = Pp(cos ¢),

EE-2020. Sprina 2009 — p. 26/30



Laplace equation in spherical coordinates, Cont.

9 The fundamental solutions for the Laplace equation is

un(r, @) = [Anr™ + By, n1+1 | Prn(cos ¢),
r

9 Interior problem: potential within the sphere,

u(r, @) = Z Apr™ Pp(cos @),

n=0

9 BC:u(R,¢) = > e AnR™ Pn(cos @) = f(¢),

9 The orthogonality condition for the Legendre polynomials

57’7’1/)’1,

1
/_1 Pp(w) Py (w)dw =

n+1

then the coefficients are

kA _2"“/ 7($) Pu(cos ¢) sin ¢d 6.

National Tsing Hua University 2R’)’L
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Dimensionless problem, heat equation

PDE: ut:a2umc, O<zx< L, 0<t<o
u(0,t) =T
BCs: , 0<t< oo
U(L,t) =15
IC: u(zx,0) =sin(rz/L), 0<zxz <L

2 Define U(z,t) = Lz)-T1

To—T4
PDE: U = a?Ups, O<z<L, 0<t<oo
U(0,t) =0
BCs: , O0<t< o
U(L,t) =1
i L)-T
IC: Uw,0) < S0e/L) =T g

T2 _Tl ) = -~

TAZEERE
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Dimensionless problem, heat equation, Cont.

D ™Penne amension ess-space variable & = x/L,
PDE: Uy = (a/L)*Uge, 0<€E<1, 0<t<co
U(,t) =0
BCs: , 0<t< oo
U(l,t) =1
Sin(ﬂf) — 11
IC: U(g,0) = L 0<e<
(6,0) = =~ 0<€<
9 Define dimensionless-time variable 7 = ct = la/ L]?t,
PDE: UT:UE& 0<E<K], 0<T<
U,7)=0
BCs: , 0<1T<@
U(l,7)=1
' — T
C: U, 0)= ) Ty o<e<a

T — T4

And the solution to the original problem is

A A ERG 2o
National Tsing Hua University U(CC, t) — Tl —|— (T2 —_ Tl)U(m/l, (64 t/L )
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Normalization of coefficients

Nonlinear Schrédinger equation:

oU 02U
—— + Dy —— Ul*U =0
Zaz—i— 2 52 + x3|U|

setn = az and 7 = bt, then NLSE becomes

ou 02U

ja— —+ Dob? Ul2U =0
za&? + D2 5.2 + x3|U]
then by choosing
a — X3,
p o= 28
2Do
NLSE is reduced to scaleless form,
oU 1090%U
— 4+ ——— +|U*PU =0
’ on + 2 072 +1U1

TAZEERE
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