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Quantum steering, also called Einstein-Podolsky-Rosen steering, is the intriguing phenomenon associated with
the ability of spatially separated observers to steer—by means of local measurements—the set of conditional
quantum states accessible by a distant party. In the light of quantum information, all steerable quantum states
are known to be resources for quantum information processing tasks. Here, via a quantity dubbed steering
fraction, we derive a simple, but general criterion that allows one to identify quantum states that can exhibit
quantum steering (without having to optimize over the measurements performed by each party), thus making
an important step towards the characterization of steerable quantum states. The criterion, in turn, also provides
upper bounds on the largest steering-inequality violation achievable by arbitrary finite-dimensional maximally
entangled states. For the quantification of steerability, we prove that a strengthened version of the steering
fraction is a convex steering monotone and demonstrate how it is related to two other steering monotones,
namely, steerable weight and steering robustness. Using these tools, we further demonstrate the superactivation
of steerability for a well-known family of entangled quantum states, i.e., we show how the steerability of certain
entangled, but unsteerable quantum states can be recovered by allowing joint measurements on multiple copies
of the same state. In particular, our approach allows one to explicitly construct a steering inequality to manifest
this phenomenon. Finally, we prove that there exist examples of quantum states (including some which are
unsteerable under projective measurements) whose steering-inequality violation can be arbitrarily amplified by
allowing joint measurements on as little as three copies of the same state. For completeness, we also demonstrate
how the largest steering-inequality violation can be used to bound the largest Bell-inequality violation and derive,

analogously, a simple sufficient condition for Bell nonlocality from the latter.
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I. INTRODUCTION

From the famous Einstein-Podolsky-Rosen (EPR) paradox
[1] to Bell’s seminal discovery [2], quantum theory has never
failed to surprise us with its plethora of intriguing phenomena
and mind-boggling applications [3,4]. Among those who made
the bizarre nature of quantum theory evident was Schrodinger,
who not only coined the term “entanglement,” but also pointed
out that quantum theory allows for steering [5]: through the
act of local measurements on one-half of an entangled state, a
party can remotely steer the set of (conditional) quantum states
accessible by the other party.

Taking a quantum information perspective, the demon-
stration of steering can be viewed as the verification of
entanglement involving an untrusted party [6]. Imagine that
two parties Alice and Bob share some quantum state and Alice
wants to convince Bob that the shared state is entangled,
but Bob does not trust her. If Alice can convince Bob
that the shared state indeed exhibits EPR steering, then
Bob would be convinced that they share entanglement, as
the latter is a prerequisite for steering. Note, however, that
shared entanglement is generally insufficient to guarantee
steerability. Interestingly, steerability is actually a necessary
but generally insufficient condition for the demonstration of
Bell nonlocality [6,7]. Hence, steering represents a form of
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quantum inseparability in between entanglement and Bell
nonlocality.

Apart from entanglement verification in a partially trusted
scenario, steering has also found applications in the distribu-
tion of secret keys in a partially trusted scenario [8]. From
a resource perspective, the steerability of a quantum state p,
i.e., whether p is steerable and the extent to which it can
exhibit steering, turns out to provide also an indication for the
usefulness of p in other quantum information processing tasks.
For instance, steerability as quantified by steering robustness
[9] is monotonically related to the probability of success in the
problem of subchannel discrimination when one is restricted
to local measurements aided by one-way communications.

The characterization of quantum states that are capable
of exhibiting steering and the quantification of steerability
are thus of relevance not just from a fundamental viewpoint,
but also in quantum information. Surprisingly, very little is
known in terms of which quantum state is (un)steerable (see,
however, [6,10-16]). Here, we derive some generic sufficient
conditions for steerability that can be applied to quantum
state of arbitrary Hilbert space dimensions. Importantly, in
contrast to the conventional approach of steering inequalities
[10] where an optimization over the many measurements that
can be performed by each party is needed, our criteria only
require the relatively straightforward computation of the fully
entangled fraction [17].

Given that some entangled quantum state p cannot exhibit
steering [6,7,13—16], a natural question that arises is whether
the steerability of such a state can be superactivated by
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allowing joint measurements on multiple copies of p. In other
words, is it possible that some p that is not steerable becomes
steerable if local measurements are performed instead on p®F
for some large enough k? Building on some recent results
established for Bell nonlocality [18,19], we provide here an
affirmative answer to the above question.

Note that even for a quantum state p that is steerable,
it is interesting to investigate how its steerability scales
with the number of copies. For instance, is it possible to
amplify the amount of steering-inequality violation by an
arbitrarily large amount if only a small number of copies
are available (see [18] for analogous works in the context of
Bell nonlocality)? Again, we provide a positive answer to this
question, showing that an unbounded amount of amplification
can be obtained by allowing joint measurements on as few as
three copies of a quantum state that is barely steerable, or even
unsteerable under projective measurements.

The rest of this paper is structured as follows. In Sec. II,
we give a brief overview of some of the basic notions
in Bell nonlocality and EPR steering that we will need
in subsequent discussions. There, inspired by the work of
Cavalcanti et al. [19], we also introduce the notion of
steering fraction and largest (steering-inequality) violation,
which are crucial quantities that lead to many of the findings
mentioned above. For instance, in Sec. III, we use these
quantities to derive (1) a general sufficient condition for
an arbitrary quantum state p to be steerable and (2) upper
bounds on the largest steering-inequality violation of an
arbitrary finite-dimensional maximally entangled state as a
function of its Hilbert space dimension d. Quantification of
steerability using a strengthened version of steering fraction
is discussed in Sec. IV—there, we also demonstrate how
this steering monotone [20] is related to the others, such
as the steerable weight [21] and steering robustness [9]. In
Sec. V, we show the superactivation of steerablity, provide a
procedure to construct a steering inequality for this purpose,
and demonstrate unbounded amplification of steerability. We
conclude in Sec. VI with a discussion and some open problems
for future research.

II. PRELIMINARY NOTIONS

Consider a Bell-type experiment between two parties Alice
and Bob. The correlation between measurement outcomes can
be succinctly summarized by a vector of joint conditional
distributions P := {P(a,b|x,y)}, where x and a (y and b)
are, respectively, the labels of Alice’s (Bob’s) measurement
settings and outcomes. The correlation admits a local hidden-
variable (LHV) model if P is Bell-local [4], i.e., can be
decomposed for all a,b,x,y as

P(a,b|x,y)=/PKP(alx,)»)P(b|y,)\)d)», (1)

for some fixed choice of Py >0 satisfying [ P, di =1
and single-partite  distributions  {P(a|x,A)}, . and
{Ply,M}b,ya-
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Any correlation that is not Bell-local (henceforth nonlocal)
can be witnessed by the violation of some (linear) Bell
inequality,’

LHV
D" By P(@,blx,y) < w(B), (2a)

a,b,x,y

specified by a vector of real numbers B := {Bupjcy}a.bx,y
(known as the Bell coefficients) and the local bound

®B):= sup Y Bupjxy P(a,blx,y). (2b)

PeLHV a,b,x,y

In the literature, the left-hand side of Eq. (2a) is also known
as a Bell polynomial [22] or a Bell functional [23], as it maps
any given correlation P into a real number.

To determine if a quantum state (and more generally if
a given correlation P) is nonlocal, one can, without loss of
generality consider Bell coefficients that are non-negative, i.e.,
Bapxy = 0 for all a,b,x,y. To see this, it suffices to note that
any Bell inequality, Eq. (2a), can be cast in a form that involves
only non-negative Bell coefficients, e.g., by using the identity
Za.b P(a,b|x,y) = 1, which holds for all x,y.

Speciﬁcally, in terms of the nonlocality fraction T [19],

1
re.B) = —— Bupixy P(a,b|x,y), 3
P,B) o(B) bixy P(a,blx,y) 3)
a,b,x,y
P violates the Bell inequality corresponding to B (and hence
being nonlocal) if and only if ['(P,B) > 1.
Importantly, nonlocal quantum correlation

P(a1b|-x7y) = tr[p (Ea\x ® Eb|y)] (4)

can be obtained [2] by performing appropriate local mea-
surements on a certain entangled quantum state p, where
Ea :={Esx}ax (Ep:={Ep,}s,,) are the sets of positive-
operator-valued measures (POVMs) [3] acting on Alice’s
(Bob’s) Hilbert space. From now onward, we will use Ex
(Eg) to denote a set of POVMs on Alice’s (Bob’s) Hilbert
space, and [ to denote their union, i.e., E :=E, UEg.

Whenever the measurement outcome corresponding to E, |,
is observed on Alice’s side, quantum theory dictates that the
(unnormalized) quantum state

Oa|x = trA[IO (Ea\x ® HB)] (5)

is prepared on Bob’s side, where tra denotes the partial trace
over Alice’s subsystem and Iy is the identity operator acting
on Bob’s Hilbert space. An assemblage [24] of conditional
quantum states ¢ := {0y }4,x 1S said to admit a local-hidden-
state (LHS) model [6] if it is unsteerable, i.e., if it can be
decomposed for all a,x as

Oylx :/PAP(a|x,)\)o*,\d)» (6)

for some fixed choice of P, > Osatisfying [ P, dX = 1,single-
partite density matrices {0, },, and single-partite distribution

!Bell inequalities that are not linear in P, or which involve complex
combinations of P(a,b|x,y), have also been considered in the
literature, but we will not consider them in this paper.
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{P(alx,A)}q.x.2- Equivalently, a correlation P admits a LHS
model if it can be decomposed as

P(a,blx,y):fP,\P(a|x,k)tr(Eb|y o;)dA. @)

Conversely, an assemblage o that is steerable can be
witnessed by the violation of a steering inequality [10],

LHS
Y tr(Fuou) < wy(F), (8a)

specified by a set of Hermitian matrices F := {F,|,},, » and the
steering bound

wy(F) := sup > tr(Fux0ap)- (8b)

ocLHS ax

In the literature, the left-hand side of Eq. (8a) is also known
as a steering functional [25], as it maps any given assemblage
0 = {04|x }a,x to areal number.

As with Bell nonlocality, in order to determine if a given
assemblage is steerable, one can consider, without loss of
generality, steering functionals defined only by non-negative,
or equivalently positive semidefinite Fy,, i.e., Fy > 0 for
all a,x.> To see this, it is sufficient to note that any
steering inequality, Eq. (8a), can be rewritten in a form that
involves only non-negative Fy,, e.g., by using the identity
Za tr (o4x) = 1, which holds for all x. Hereafter, we thus
restrict our attention to F (B) having only non-negative F,
(Bablxy)-

In analogy with the nonlocality fraction, we now introduce
the steering fraction

1
(F) Ztr(Fa\xaalx)v (9)

I's(o,F) =

Wy

to capture the steerability of an assemblage; an assemblage
o violates the steering inequality corresponding to F if
and only if [';(o,F) > 1. Whenever we want to emphasize
the steerability of the underlying state p giving rise to the
assemblage p, we will write I';({0,E5},F) instead of T'y(c,F)
where Eq = {Eqjx}a,x> 0 = {04)x }a,x, and p are understood to
satisfy Eq. (5). In particular, p is steerable with F if and only
if the largest violation of the steering inequality corresponding
to F [25],

Ly max (0. F) := sup Is({p.Ea}.F), (10)

is greater than 1.

As mentioned in Sec. I, Bell nonlocality is a stronger
form of quantum nonlocality than quantum steering. Let us
now illustrate this fact by using the quantities that we have
introduced in this section. For any given B = {Bup|xy}a.b.x,y
and Bob’s measurements specified by the POVMs Eg =
{Epjy}p,y, one obtains an induced steering inequality

2Here and after, the symbol A > 0 means that the matrix A is
positive semidefinite, i.e., having only non-negative eigenvalues.
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FIG. 1. Schematic representation of the relationship between Bell
inequalities, the induced steering inequalities, and the different sets of
correlations in the space of correlations {P}. From the outermost to the
innermost, we have, respectively, the set of quantum distributions [the
grey ellipse, cf. Eq. (4)], the set of correlations admitting a LHV model
[the blue polygon, cf. Eq. (1)], and the set of correlations admitting
a LHS model for arbitrary Eg [the purple ellipse, see Eq. (7)]. In this
space, the collection of Bell coefficients { Bupjxy }a,5.x,y defines a vector
B while the Bell functional corresponds to the inner product between
B and a generic vector P in this space. Hence, w(B) is the largest
inner product attainable by all P € LHV (blue polygon) achieved,
e.g., by the green point, while supg, @;[F® k] is the highest inner
product attainable by all P € LHS (purple ellipse) achieved, e.g., by
the red point. For any particular choice of Bob’s POVMs the set of
correlations defined by Eq. (7) form a convex subset (not shown) of
the full set of LHS correlations and thus o, [F ;)] may be achieved
by some nonextremal point of the LHS set. For example, in the figure,
o;[F g 1] is achieved by the interior orange point for a given Eg.

specified by

FoEy =1 B Eoy [ - (11)

b,y ax

Using this equation, the definition of the steering bound
w;[F®.Ey ], the local bound w(B), and the fact that tr(c) Ep)y)
is only a particular kind of response function of the form
P(bly,)), one sees that

ws[FBEy] < o(B). 12)

A geometrical representation of this fact can be found in Fig. 1.

Hence, for any correlation P derived by performing local
measurements Eg on Bob’s side, and the local measurements
[E 4 on Alice’s side when they share a bipartite state p, it follows
from Egs. (3), (4), (9), and (12) that

I'(P.B) < I's[{p.Ea}FBEp - 13)

From here, it is clear that whenever p violates the Bell
inequality specified by B, i.e., I'(P,B) > 1, it must also be
the case that p violates the steering inequality induced by B
and Eg, cf. Eq. (11).
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III. SUFFICIENT CONDITION FOR STEERABILITY AND
THE LARGEST STEERING-INEQUALITY VIOLATION

Equipped with the tools presented above, our immediate
goal now is to derive a sufficient condition for any quantum
state p acting on C¢ ® C? to be steerable in terms of its fully
entangled fraction (FEF) [17,26]

F(p) :=max(¥|p|¥)
=mUax<\V;;|<U @Ip)p (U)W,  (14)

which is a quantity closely related to the teleportation [27]
power of a quantum state. In the above definition, |¥) :=
f Z -0 |z |i) is the generalized singlet, and the maximiza-
tion is taken over all maximally entangled states |¥) in
C? ® C?, or equivalently over all d x d unitary operators
U. Note that in arriving at the second line of Eq. (14), we
make use of the fact that |\Ilj) is invariant under local unitary
transformation of the form U ® U*, where * denotes complex
conjugation. Thus, any maximally entangled state in C¢ @ C¢
can be obtained from |¥) by a local unitary transformation
acting on Alice’s Hilbert space alone. Alternatively, one may
also make use of the identity (A @ Ip)|¥;) = (I, ® AD)|¥))
which holds for all normal operators A [28], where AT is the
transpose of A (defined in the Schmidt basis of |\Il;)).

Clearly, the FEF of a state p is invariant under local unitary
transformation but may decrease when subjected to the (U ®
U*)-twirling operation [29,30]

T(p) = / (U®U"p(U @ U dU, (15)
U(d)

where dU is the Haar measure over the group of d x d unitary
matrices U(d). Using a somewhat similar reasoning, one can
establish the following lemma (whose proof can be found in
Appendix A).

Lemma I11.1. For any given state p, local POVMs E =
{Egix}ax, and F = {F,, > 0}, , acting on C? ® CY, there
exists another state p” and unitary operators U and U’ in U (d)
such that

FIT(pH] = (V] 10/ |1V]))
Is({p,Ea},F) > TS[{T(0),Ea},F]l,

where Bp := {UT Eq, U}, , and F := {U"T F,, U'}, ..

While we shall be concerned generally, only with non-
negative F [we will say F (B) is non-negative if it is formed by
non-negative Fy|, (Byp|xy) from now on], it is worth noting that
Lemma III.1 also holds for F formed by arbitrary Hermitian
(but not necessarily non-negative) F, if the steering fraction
and the corresponding steering bound are defined with an
absolute sign, i.e., [ (o,F) = |m Za’x tr(Fyx04)x)| and
oy (F) == SUP, cLHS | Za,x tr(Fa\chzlx)|'

Recall from [29] that the (U ® U*)-twirling operation T'(p)
always gives rise to an isotropic state

= F(o') = F(p), (16)

(16b)

+y I
Piso(p) = pIV (Y 1+ = P)—z, a7

where p € [ — - 1,1] and [ is the identity operator acting on
the composite Hilbert space. In this case, it thus follows from
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Eq. (16) that
FJ({paEA}vF) 2

where Z > 0 is the contribution of I — |\11;r )(\Ilj| towards the
steering fraction. Maximizing both sides over [£ and drop-
ping contribution from the second term gives I'y yax(0,F) >
F(p)T S,max(|\ll;),F). Recall from the definition of I' yax that
a steering inequality is violated if 'y .« > 1, thus rearranging
the term gives the following sufficient condition for p to be
steerable.

Theorem 111.2. Given a state p and F = {F,, > 0}, act-
ing on C? ® C?, a sufficient condition for p to be steerable
from Alice to Bob?® is

F)Ts(1¥7),Ea}.F) + Z, (18)

F(p) > 19)

Ly max (W7 ), )

Since  F(p®*) > [F(p)]¥, a direct corollary of
Theorem III.2 is that, when joint local measurements
are allowed, ,o®k becomes steerable if for some k > 1:

1

1 I3
Her= [F‘Y,m(w;),F)] | 20

It is worth noting that Theorem III.2 holds for general
POVMs. If one restricts to projective measurements, it is
clear that that the corresponding largest violation, which
we denote by I'7,_ (|¥;),F) may be suboptimal, likewise
for the threshold for F derived from Eq. (19), ie., F >
1/T7 (W), F) > 1/ Ty max (1% ), F). Using the fact men-
tioned between Eqs. (14) and (15), it is easy to see that |lllj) in
inequality (19) can be replaced by any other state that is local-
unitarily equivalent to | ¥ ). Note also that an exactly analo-
gous treatment can be applied to Bell nonlocality, thereby giv-
ing a sufficient condition for bipartite Bell nonlocality in terms
of the fully entangled fraction of a state p (see Appendix B
for details).

Letus also briefly comment on the tightness of the sufficient
conditions derived from Theorem III.2. Evidently, in order
for the sufficient condition derived therefrom to be tight, the
inequality in Eq. (16b) must be saturated and the non-negative
term Z that appears in Eq. (18) must vanish. While the first of
these conditions can be met, e.g., by choosing a state p that
is invariant under the (U ® U*) twirling (and hence being an
isotropic state), the second of these conditions generally cannot
be met at the same time. The relevance of Theorem II1.2 thus
lies in its simplicity and generality, as we now demonstrate
with the following explicit examples.

A. Explicit examples of sufficient condition

As an application of our sufficient condition, consider
the Fyus := {|¢axXPu|x |}a,x induced by a set of n mutu-
ally unbiased (orthonormal) bases (MUB) {|¢,x)}sx In a
d-dimensional Hilbert space [32]. Fyup is non-negative since
it involves only rank-one projectors [32]. It was shown in [32]

3Note that there exist quantum states that are steerable from Alice
to Bob but not the other way around; see, e.g., [7,31].
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that

nvd dv/n 1)
n+1+yd yn+d—1]

Using this in Theorem II1.2, one finds that a sufficient condition
for any bipartite state p in C? ® C? to be steerable is

n+14d \/ﬁ+d—1}. 22

T max(1V;),F) > max {

n/d dyn

When 4 is a power of a prime number [32,33], one can find
n =d + 1 MUB and the second of the two arguments in the
right-hand side of Eq. (22) is smaller, thus simplifying the
sufficient condition to

F(p) > min{

d—14+Jd+1
dJd+1

This implies, for instance, (two-way) steerability of an

arbitrary two-qubit state p if F(p) > %g ~ (.7887 and an

arbitrary two-qutrit state p if F(p) > %, etc. Asymptotically,
when d — oo the sufficient condition of Eq. (23) simplifies
to F(p) 2 f’ making it evident that this simple criterion

becomes especially effective in detecting steerable states for
large d. Nonetheless, it is worth noting that when d = 2™ and
with m > 24, the sufficient condition of Bell nonlocality given
in Eq. (B9) (which is also a sufficient condition for steerability
by the fact that any quantum state that is Bell nonlocal is also
steerable) already outperforms the sufficient condition given
in Eq. (23).

Fp) > (23)

B. Upper bounds on the largest steering-inequality
violation of |¥})

Instead of sufficient conditions for steerability,
Theorem III.2 can also be used to derive upper bounds
on the largest steering-inequality violation by |W]) for
arbitrary non-negative F, as we now demonstrate.

Consider again the isotropic state given in Eq. (17),
which is known to be entangled if and only if p > pey 1=
1/(d + 1) [4,29]. Moreover, piso(p) is nonsteerable under

general POVMsif[16] p < p? := 34=1(1 — [17)d,but steerable

with projective measurements if and only if [6] p > pgeer 1=
(Hy — 1)/(d — 1) where Hy := ij:, % is the dth Harmonic
number. For p € [0,1], it is easy to see that

p
dr ’

thus the critical value of FEF beyond which pjs(p) be-

comes steerable with projective measurements is F [ piso(p)] >
steer .__ HytHyd—d
iso’d T dz .. oy . . . .
In order for this steerability criterion for isotropic state
to be compatible with Theorem III.2, we must have

(|1x1/+> 5> H”ggd_d Otherwise, one would find pis(p)

w1th Flpiso(p)] < F3€e that is steerable according to Theo-
Pisol P iso,d g

rem III.2, which is a contradiction. Thus, the above necessary

and sufficient condition for steerability of p;s0(p) with projec-

tive measurements implies the following upper bound on the

largest steering-inequality violation of |\I’j).

1-—
Flpiso(p)] = p + (24)

PHYSICAL REVIEW A 94, 062120 (2016)

Theorem II1.3. The largest steering-inequality violation of

|W ) for all F = {F,|, > 0}, is upper bounded as
+ d’
v )< ——F—— 25
e (9 ) < (25)

for projective measurements.

To understand the asymptotic behavior of this upper bound,
note that when d > 1 we have

d 1 1
—_— A < —,
Hd + Hdd —d Hd Ind
This means that Ffmax(|\lf+) F) scales as

large d. In particular, it can be shown4 that Trmad S

1.0900+~ d . Thus our upper bound on I'7 . (|W),F) has an
asymptotlc scaling that improves over the result of Yin et al.
[25] by a factor of d

In addition, by using the sufficient condition of non-
steerability of isotropic states under general POVMs [i.e.,
Piso(p) is unsteerable under general POVMs if p < p?], one
can use Eq. (24) and the same arguments to arrive at the
following upper bound under general POVMs:

+ d’
Cymax (W), F) < @D+ 1 27

Whgn d > 1[16], it can be shown that this upper bound scales
as &
ﬁet us also remark that since the upper bound of Eq. (25)
[Eq. (27)] holds for all linear steering inequalities specified
by non-negative F, it also serves as a legitimate upper bound
on the largest Bell-inequality violation of | W) with projective
measurements (general POVMs) for all linear Bell inequalities
with non-negative Bell coefficients. A proof of this can be
found in Appendix B. For linear Bell inequalities specified by
non-negative B, our upper bound on the largest Bell-inequality
violation of |\IJ;) with projective measurements thus has the
same scaling as the upper bound due to Palazuelos (see the
last equation on page 1971 of [34]), but strengthens his by
more than a factor of 2. For d = 2, such an upper bound on
the largest Bell-inequality violation of |W) can be improved
further using results from [35,36]; see Appendix B for details.

(26)

— for sufficiently
d2

IV. QUANTIFYING STEERABILITY

Evidently, as we demonstrate in Sec. III, steering fraction
is a very powerful tool for characterizing the steerability of
quantum states. A natural question that arises is whether a
maximization of steering fraction over all (non-negative) F
leads to a proper steering quantifier, i.e., a convex steering
monotone [20].

To this end, let us define, for any given assemblage o =
{0aix}a,x, the optimal steering fraction as

So(0) = max{O, supT'(0F) 1}, (28)

4As d increases from 1, the function 7 Ind increases monotoni-
a+Hyd—d

cally until a maximum value at d = 48 and decreases monotonically
after that.
5Their Proposition 2.17 implies an upper bound that scales as < d.
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where the supremum supg, , is taken over all non-negative F.
From here, one can further define the optimal steering fraction
of a quantum state p by optimizing over all assemblages
that arise from local measurements on one of the parties.
Superficially, such a quantifier for steerability bears some
similarity to that defined in [37], but, in the steering measure
defined therein, there is a further optimization over all possible
steering-inequality violations by all possible quantum states,
which is not present in our definition.

In Appendix C1, we prove that Sp is indeed a convex
steering monotone, i.e., it satisfies the following conditions:

(1) So(a) = 0 for all unsteerable assemblages o .

(2) Sp does not increase, on average, under deterministic
one-way local operations and classical communications (1W-
LOCCs).

(3) For all convex decompositions of o=uo’'+(1 — u)o”

in terms of other assemblages ¢’ and o” with 0 < u < 1,
So(0) < uSo(a’) + (1 — w)So(a”).
Moreover, quantitative relations between Sp and two other
convex steering monotones, namely, steerable weight (Sw)
[21] and steering robustness (Sg) [9], can be established, as
we now demonstrate.

A. Quantitative relation between optimal steering
fraction Sy and steerable weight Sy

To begin with, we recall from [21] that for any assemblage
0 = {04x}a,x» Sw(0) is defined as the minimum non-negative
real value v satisfying o, = (1 — U)G‘Hf + vaaslx for all a
and x, where ¢US := {03}, € LHS and 05 := {0} }a.
is a steerable assemblage. In other words, Sw(o) is the
minimum weight assigned to a steerable assemblage when
optimized over all possible convex decompositions of o into
a steerable assemblage o5 and an unsteerable assemblage
oYS. In Appendix C 2, we establish the following quantitative
relations between Sp and Sy .

Proposition IV.1. Given an assemblage o with the decom-
position oy, = [1 — Sw(0)loyl; + Sw(o)o,,. where ¢S €

LHS and ¢ is steerable, we have
So(0) < Sw(0)S0(0°) < So(0) +2[1 — Sw(e)],  (29)

Note that if a given assemblage o is steerable, and hence
So(a3) # 0, Eq. (29) can be rearranged to give
So(o)
So(0%) ~

(30)

This means that if ¢ and o5 are both largely steerable so
that Sp(0),So(65) > 1, Eq. (30) leads to the following
approximation:

So(o)
So(aS)’
which provides an estimate of Sy(o) in terms of Sp(o) and
So(a3) when the two latter quantities are large.

Sw(o) ~ €2y

®This happens if there exist F; and F, such that I';(¢,F;) > 1 and
[y(05,Fy) > 1.
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B. Quantitative relation between optimal steering
fraction Sy and steering robustness Sg

For any given assemblage o, its steering robustness Sg(o)
is defined as the minimal value v € [0,00) such that the convex
mixture plr_va + 11—‘)& is unsteerable for some assemblage & .
In Appendix C 3, we derive the following quantitative relations
between Sp and Sg.

Proposition IV.2. For an assemblage o giving the unsteer-
able decomposition VS := T SIR(G)U + lfgj(t)r)& where ¢ is a

legitimate assemblage, we have

Sr(0)S0(6) —2 < So(0) < Sr(0)[So(6) +2].  (32)
Note that if & is steerable, then Sp(6) > 0, thus Eq. (32)

can be rearranged to give
So(0)
So(6) +2

As with the case of Sw, if So(67),50(6) > 1, Eq. (33) implies
the following approximation:

< Sr(o) < —~2 (33)
G

So(o)
So(G)’
which provides an estimate of Sg(g') in terms of the optimal
steering fraction Sop.

Sr(0) ~ (34)

V. SUPERACTIVATION AND UNBOUNDED
AMPLIFICATION OF STEERABILITY

Let us now turn our attention to the superactivation and
amplification of steerability.

A. Superactivation of steerability

Following the terminology introduced by Palazuelos [18]
in the context of Bell nonlocality, we say that the steerability
of a quantum state p can be superactivated if it satisfies

Ty ma(0,F) <1 VF,
T, ({p® Ea)LF) > 1

(35a)

for some k, Eo, and F'.  (35b)

The possibility to superactivate Bell nonlocality—a ques-
tion originally posed in [38]—was first demonstrated by
Palazuelos [18] using a certain entangled isotropic state.
Their result was soon generalized by Cavalcanti et al. [19]
to show that the Bell nonlocality of all entangled states with
FEF > 5 can be superactivated. Since all Bell-nonlocal states
are also steerable [6,7], while entangled pis(p) are exactly
those having FEF > 5, the steerability of all entangled but
unsteerable pjo(p) can be superactivated (e.g., those with
Pent < p < p?; see Sec. 111 B on page 5).

For the benefit of subsequent discussion on the amplifica-
tion of steerability, it is worth going through the key steps
involved in the proof of this superactivation. To this end, let
us first recall from [23,39] the Khot-Vishnoi (KV) nonlocal
game, which is parametrized by n € [0, %]. Let us denote by
G = {0,1}" the group of n bit strings with @, bitwise addition
modulo 2 being the group operation. Consider the (normal)
Hadamard subgroup H of G which contains n elements. The
cosets of H in G give rise to the quotient group % with zn_”
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elements. The KV game can then be written in the form of a
Bell inequality, cf. Eq. (2), with 27 settings and n outcomes:’

> > BEY, Pablx, y) < wBY),
aex,bey G
X, yeq
n
geG

where w, is the Hamming weight of ¢ € G and §; ; is the
Kronecker delta between i and j,® and BXV is the set of Bell
coefficients defining the KV game.

An important feature of BXY given in Eq. (36) is that
wBXY) < n~ T3 [18,23]. For the specific choice [18] of
n= % — ﬁ, which makes sense only for n > 8, this gives
w(BXY) < n 1t < % with C, = ¢*. In this case, per-
forming judiciously chosen rank-1 projective measurements
specified by EXV = EXY JEEY, where EXY := (EXY}a.
and ]EKV {Ebh }b,y> ON |‘~IJ+) (with D = n) gives rise to
a correlation PXY with the following lower bound on the
nonlocality fraction:

ey By > ¢

37
(In D)? 37)
where C = de™,

Consider now the collection of non-negative matrices
FV = (FRY =3, | Biylo Eby Ja.x induced by the KV game
and Bob’s optimal POVMs EXY leading to the lower bound
given in Eq. (37). An application of inequality (13) to Eq. (37)
immediately leads to

I ({lwh) EXYLEY) > T@*Y BYY) > € (38)

(n D)y
For any given state p, Lemma III.1, Eq. (18), and Eq. (38)
together imply the existence of Ey© := {£XY}, , such that

alx

=KV &=Kv -7:(/0)D
rs({p.Ex .F > C——, 39
({,0 A } ) (ln D)2 ( )
where
Vo= JEEY =N urtBKY BV U (40)

by a,x

again is non-negative.

Note that if p = pio(p)®*, we have both D = d* and
F(p)=[F (piso(p))]k scaling exponentially with k, while
(In D)? = k*(Ind)? only increases quadratically with k. Thus,

"Evidently, the KV game defined here only makes sense when
the number of outputs is a power of 2. Generalization of this to
the situation where n can be an arbitrary positive integer has been
considered, for example, in [34].

8Note that for x,y € % and g € G, 8,g4,, = 1 if and only if y and
x @ g:=1{h @ glh € x} are associated with the same coset in the
quotient group %
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Eq. (39) implies that F(p) > 5 is a sufficient condition for
Piso(P)®F to be steerable. In other words, for all entangled
Piso(P)s piso(p)®" is steerable for sufficiently large k. In
particular, since piso(p) for pene < p < p? is not single-copy
steerable (see Sec. III B on page 5), the steerability of pis(p)
with p in this interval can be superactivated.

B. Unbounded amplification of steerability

Given that joint measurements on an appropriately chosen
quantum state p can lead to the superactivation of steerability,
one may ask, as with Bell nonlocality (see [18]), if it is possible
to obtain unbounded amplification of steerability of a quantum
state with joint measurements. In particular, since it is easier
to exhibit EPR steering than Bell nonlocality, can one achieve
unbounded violation of steerability (as quantified using steer-
ing fraction) using fewer copies of the quantum state? Here, we
show that unbounded amplification of steerability can indeed
be achieved using as little as three copies of a quantum state,
which improves over the result of unbounded amplification
for Bell nonlocality due to Palazuelos [18] with five copies.
More precisely, our results are summarized in the following
Theorem.

Theorem V.1. For every € > 0 and § > 0, there exists an
isotropic state pjso With local dimension d such that

M (Oiso ) S €+1 and  Tomax(pfls F©Y) > 8 (4D)
for all non-negative F = {F,|, > 0},.., where F¥V is defined
in Eq. (40) with local dimension d>. Moreover, this pjs can
be chosen to be unsteerable under projective measurements
whenever € < 1, and steerable whenever 1 < €.

Proof. The proof of this is similar to that given by
Palazuelos [18] for proving the unbounded amplification of
Bell nonlocality using five copies of pjso(p). First of all, note
from Egs. (17) and (10) that

I
T ax (0iso F) < pIT 0 (19),F) + (1 = p)IY mdx( F)

d*’
<14 p[IT (197, F) — 1]. (42)

Recall from Eq. (25) that 'Y, (W), F) is upper bounded,
thus '] . (0iso. F) is upper bounded by 1 + € for any given
€ > 0 if we set

€
p=—F—" (43)
Hy+Hyd—d ~— 1

Evidently, for any given €, we still need to ensure that Eq. (43)
indeed gives a legitimate parameter for isotropic states such
that 0 < p < 1. Since the denominator in Eq. (43) is always
non-negative and generally increases with d (it approaches
oo as d — 00), we see that the p defined above is always
non-negative and can always be chosen to be upper bounded
by 1 for all € > 0. Using this, as well as Eq. (24) in Eq. (39)
with p = piso(p)®F and F(p) = [F(piso(p))]¥, we obtain

Cd* [_ 1+e€ (d—l)e]k
(kInd)>? d? d—H, |-
(44)

No({p BX)FY) >
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Ford > 1,
k
~KV) =gv Cdkék Hd—l
Lo B M) > Gonai\a— h,
C ek
~ k—z(ln d)*2. (45)

Thus, for k > 3, we see that I'y({pi0(p)® Ex " }.FKY) with p
defined in Eq. (43) can become arbitrarily large if we make d
arbitrarily large. In particular, for any given €, d must be large
enough so that the p defined in Eq. (43) is larger than d%l, the
critical value of p below which pis,(p) becomes separable.

Now, a direct comparison between Eq. (43) and the
threshold value of p = pgeer = (Hy — 1)/(d — 1) [where the
isotropic state becomes (un)steerable with projective measure-
ments]| shows that

0<e<xk :(d—Hd)(d+1)(Hd—1)
ST Hy+dHy —d)d— 1)

if and only if the isotropic state with p given in Eq. (43) is
unsteerable under projective measurements. It is easy to verify
that (1) the quantity «, satisfies k; < 1 for all d > 2, and
(2) k4 rapidly approaches 1 when d — oo. Hence, for every
0 < € < 1, there exists an isotropic state pjs, (With sufficiently
large d) that is entangled but unsteerable with projective
measurements, but which nevertheless attains arbitrarily large
steering-inequality violation with p>. |
Remarks on the implication of Theorem V.1 are now
in order. Firstly, a direct observation shows that pj, with
p given in Eq. (43) is always unsteerable under projective
measurements if 0 < € < k, = 0.3, where one can verify that
k4 achieves its minimal value 0.3 at d = 2. This, however, is
still not enough to guarantee that the given isotropic state pjso
is unsteerable under general POVMs due to the lack of exact
characterization of steerability under general POVMs.
Second, it is worth noting that the above results also hold
if we replace steerability by Bell nonlocality. To see this, let
us first remind that the largest Bell-inequality violation under
projective measurements is upper bounded by the upper bound
given in Eq. (25) [see Eq. (B13)]. Next, note that the lower
bound on steering fraction that we have presented in Eq. (44)
actually inherits from a lower bound on the corresponding
nonlocality fraction using the KV Bell inequality. Therefore,

(46)

exactly the same calculation goes through if I';({p ,Eiv},FKv)
is replaced by I'(P,BXY) with P derived from Eq. (4) assuming
local POVMs that lead to Eq. (37). In other words, for
sufficiently large d, one can always find entangled isotropic
states pjs, that do not violate any Bell inequality with projective
measurements, but which nevertheless attain arbitrarily large
Bell-inequality violation with p23. This improves over the
result of Palazuelos [18] which requires five copies for
unbounded amplification.

VI. DISCUSSION

In this paper, we have introduced the tool of steering fraction
I’y and used it to establish results spanning across various
dimensions of the phenomenon of quantum steering. Below,
we briefly summarize these results and comment on some
possibilities for future research.

PHYSICAL REVIEW A 94, 062120 (2016)

First, we have derived a general sufficient condition for
any bipartite quantum state p to be steerable (Bell nonlocal)
in terms of its fully entangled fraction, a quantity closely
related to the usefulness of p for teleportation [27]. As we
briefly discussed in Sec. III, we do not expect these sufficient
conditions to detect all steerable (Bell-nonlocal) states.
Nonetheless, let us stress that to determine if a quantum state
is steerable (as with determining if a quantum state can exhibit
Bell nonlocality; see, e.g., [40,41]) is a notoriously difficult
problem, which often requires the optimization over the many
parameters used to describe the measurements involved in a
steering experiment (and/or the consideration of potentially
infinitely many different steering inequalities).

In contrast, the general criterion that we have presented in
Theorem III.2 for steerability (and Theorem B.1 for Bell non-
locality) only requires a relatively straightforward computation
of the fully entangled fraction of the state of interest. Given that
these sufficient conditions are likely to be suboptimal, an ob-
vious question that follows is whether one can find an explicit
threshold Fy,, that is smaller than that given by Theorem III.2
(Theorem B.1) such that F > Fy,, still guarantees steerability
(Bell nonlocality). While this may seem like a difficult
problem, recent advances [42] in the algorithmic construction
of local hidden-variable (-state) models may shed some light
on this. More generally, it will be interesting to know if our
sufficient condition can be strengthened while preserving its
computability. In particular, it will be very useful to find
analogous steerability (Bell-nonlocality) criteria that are tight.

On the other hand, the aforementioned sufficient condition
has also enabled us to derive upper bounds—as functions of
d—on the largest steering-inequality violation Iy max (I'] j40)
achievable by the maximally entangled state |W;) under
general POVMs (projective measurements). In particular,
using the general connection between I's i, and the largest
Bell-inequality violation, I',x, established in Appendix B, our
upper bounds on I'y 1.« and Ff,max imply upper bounds on I'ax
and I'7_ by |¥7) (for non-negative B), respectively. Notably,
our upper bound on I'} . is somewhat tighter than that due to
Palazuelos [34]. If any strengthened sufficient conditions for
steerability, as discussed above, are found, it would also be
interesting to see if they could lead to tighter (nonasymptotic)
upper bound(s) on the largest steering-inequality (and/or
Bell-inequality) violation attainable by | ).

The tool of steering fraction I'y, in addition, can be used
to quantify steerability. In particular, we showed that if Ty is
optimized over all (non-negative) F, the resulting quantity can
be cast as a convex steering monotone [20], which we referred
to as the optimal steering fraction Sp. We further demonstrated
how this monotone is quantitatively related to two other
convex steering monotones: steerable weight [21] and steering
robustness [9]. In the light of quantum information, it would
be desirable to determine an operational meaning of Sp,
e.g., in the context of some quantum information tasks
(cf. steering robustness [9]). Establishment of quantitative
relations between Sp and other convex steering monotones,
such as the relative entropy of steering [20], would certainly
be very welcome. In particular, it would be highly desirable to
establish quantitative relations that allow one to estimate Sp
from other easily computable steering monotones, such as the
steerable weight or the steering robustness.
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Using the established sufficient condition for steerability,
we have also demonstrated the superactivation of steerability,
i.e., the phenomenon that certain unsteerable quantum state p
becomes, for sufficiently large k, steerable when joint local
measurements on p® are allowed. A drawback of the exam-
ples that we have presented here is that they inherit directly
from the superactivation of Bell nonlocality due to Palazuelos
[18] and Cavalcanti et al. [19]. An obvious question that
follows is whether one can construct explicit examples for the
superactivation of steerability using quantum states whose Bell
nonlocality cannot be superactivated via joint measurements.

One the other hand, with joint local measurements, we
showed that the steering-inequality (Bell-inequality) violation
of certain barely steerable (Bell-nonlocal) p [or even un-
steerable (Bell-local) p with projective measurements] can
be arbitrarily amplified, in particular, giving an arbitrarily
large steering-inequality (Bell-inequality) violation with p®3.
Could such unbounded amplification be achieved using joint
measurements on two copies of the same state? Our proof
technique, see Eq. (45), clearly requires a minimum of three
copies for unbounded amplification to take place but it is
conceivable that a smaller number of copies suffices if some
other steering (Bell) inequality is invoked, a problem that we
shall leave for future research.

Note added. Recently, we became aware of the work of
[43] who independently (1) derived a sufficient condition of

J

Cs({T(0"),EpLF) :=

D ax M(Eape ® Fou)T ()] _

wy(F)

_ / Iy({p/Ev ), Fo)dU <
U(d)

where Ey := {UTE,,‘XU} and Fy = {U*TF,”XU*}.
Denoting by Ur the unitary operator achieving the maxi-
mum in Eq. (A1), the above inequality implies that

Is({p" . Eup}.Fup) 2 Ts({T (o). Ea} F).

For any given state p, let us further denote by U the unitary
operator that maximizes the FEF of p in Eq. (14), i.e.,

F(p) = (V] |(Ur @ 1) p (Ur @ 1) [¥]).

(A2)

(A3)

Defining p":=(Ur ® I3) p (Ur ® I)! and B ,=Ur &, UL,
we then have

Ly({pEa)F) = Ts({p' . E ). F) (Ada)
with
Fp) = F(p') = (Y] 1p'|¥;) = FIT (0], (A4b)

where the last equality follows from the fact [17,29] that if
F(p') is attained with |\11;'), then F[T (p)] is attained with
9, )

Compining Eqgs. (A2) and (A4) by setting Ey. = IE; and
Fy. = F then gives the desired inequality:

FS({IOJEA}?F) = FS({p/vEUr}9FUr)

= T({T(p"),Ea}.F), (A5)
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steerability in terms of the fully entangled fraction and (2)
demonstrated the superactivation of steering of the isotropic
states. Moreover, after submission of this work, an anonymous
referee of QIP2017 brought to our attention that for any given
assemblage, its optimal steering fraction is actually identical
to its steering robustness Sg, as can be seen from the dual
semidefinite programming formulation of steering robustness
given in Eq. (41) of [44] (see also [9]).
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APPENDIX A: PROOF OF LEMMA III.1

Here, we provide a proof of Lemma III.1.
Proof. For any given state p’, local POVMs E, and non-
negative F, let us note that

tr[(UY E,, U @ U F, 1, U)p!
D a trl( | | )p]dU

U(d) wy(F)
max Fs({p/v]EU}vFU)» (Al)
UeU(d)
[
with
Bp=ULE, Ur = ULU/EL Ur Ug,
F=UlFUL, (A6)
which completes the proof. ]

As a remark, analogous steps but with max in Eq. (Al)
replaced by min leads to the fact that for any given p, E4, and
non-negative F, there exist [ and F such that Fs(p,E AF) <
Ls({T(p),Ea}F).

APPENDIX B: SUFFICIENT CONDITION OF BELL
NONLOCALITY AND UPPER BOUNDS ON THE
LARGEST BELL-INEQUALITY VIOLATION OF |¥})

1. Sufficient condition of Bell nonlocality

For any given quantum state p, local POVMs E, and (linear)
Bell inequality Eq. (2), the largest Bell-inequality violation is
defined as [18]

Fmax(p,B) := sup I'({p,E}, B). (B1)
E

Using arguments exactly analogous to the proof of Theorem

II1.2, one can establish the following sufficient condition for a

bipartite quantum state p to be Bell nonlocal.
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Theorem B.1. Given a state p actingon C¢ ® C? and B :=
{Bab|xy = O}a,b.x,y» a sufficient condition for p to violate the
Bell inequality specified by B and hence be Bell nonlocal is

F(p) > (B2)

Toax (W), B)

Note that unlike Theorem II1.2, there is no local unitary
degree of freedom in the right-hand side of Eq. (B2). Using
again the fact that F (0®) > [F (p)]k, a direct corollary of
Theorem II1.2 is the following sufficient condition for p®* to
be Bell nonlocal:

F(p) > |: . (B3)

Fmax(lql;)vB)iI

a. A sufficient condition based on the
Collins-Gisin-Linden-Massar-Popescu-Bell inequality

As an explicit example, let us consider the family of
a two-setting, d-outcome inequality due to Collins-Gisin-
Linden-Massar-Popescu [45]. This inequality can be re-written
in a form that involves only the following non-negative
coefficients:

2(a — b)
24—, b>aandx +y=0,
d—1
20a—-b-—1
%, b<aandx+y=0,
2b—a—1
u, b>aandx+y=1,
pCGLMP _ d—1
ablxy 2b — a)
24—, b<aandx+y=1,
d—1
2(b—a—1
2_(—a)7 b>aandx+y=2,
d—1
2a = b) b<aandx+y=2
—_— < aan =2,
-1 a x4y
(B4)
such that
d-1
LHV
> BGIMPP(a,blx,y) < 6. (B5)
a,b=0 x,y=0,1

A (tight) lower bound on the largest Bell-inequality violation
of this inequality can be inferred from the result presented
in [45] as

Cpnax (), BEOLMP)

2 2k
=3 1+d Z (1 - dTl)[qk —q-@+n] [+ (BO)

m Putting Eq. (B6) into Eq. (B2),

we thus see that

where g; =

3

Lg1-1
2+2d% 2 (1= 25) gk — g-wan)]

F(p) > (B7)
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is a sufficient condition for Bell nonlocality. For d = 2, this
can be evaluated explicitly to give

F(p) > . ~ 0.8787, (BS)

3
+2
whereas, in the asymptotic limit of d — oo, the sufficient
condition becomes F(p) > 0.8611.

b. A sufficient condition based on the Khot-Vishnoi nonlocal game

Although the sufficient condition of Eq. (B7) can be
applied to an arbitrary Hilbert space dimension d, there is no
reason to expect that it is optimal for all d > 2. Indeed, when
d is a power of 2 and when d > 2'°, a considerably stronger
sufficient condition for Bell nonlocality can be established
based on the known lower bound of [y (|W),BXY) given
in Eq. (37). Explicitly, applying Eq. (37) to Eq. (B2) gives the
following sufficient condition of Bell nonlocality:

e* (Ind)?
4 d
where N is the set of positive integers. This sufficient condition
is nontrivial (i.e., the lower bound given above is less than 1)
only when d > 2'°. At this critical value of d, the sufficient
condition of Eq. (B9) becomes F(p) = 0.6404, which is con-
siderably better than that given by Eq. (B7). Notice also that,
for m > 3, the right-hand side of Eq. (B9) decreases monoton-
ically with increasing m. Thus, when measured in terms of the
fully entangled fraction, Eq. (14), we see that the fraction of
the set of Bell-nonlocal states that can be detected by Eq. (B9)
whenever d is a power of 2 increases monotonically with d.

Fp) > d=2"meN, (B9)

2. Upper bounds on the largest Bell-inequality violation

In this section, we demonstrate how the largest steering-
inequality violation I'y . is related to the largest Bell-
inequality violation I'y,x for the case when F is induced from
the given B.

Theorem B.2. Given B := {Bgpjxy = 0}4p,x,y and a state p
acting on C? @ C¢, we have

Inax(p,B) < sup Fs,max[psF(B;EB)]s (B10)

Eg

where the supremum is taken over all possible sets of Bob’s
POVMs Eg := {Ep|y}p,y, and Fp.g,) is given by Eq. (11).
Proof. Let Ep := {E,}a,x be a generic set of Alice’s
POVMs and E be the union of E4 and Eg. Suppose that the
local POVMs E , and E acting on the joint state p of Alice and
Bob gives rise to the correlation P; then Eq. (13) implies that

F'({p.E}.B) < I[{p.Ea}.Fi:Ey], (B11)

where we write I'(P,B) :=T'({p,E},B) to make the
dependence of P on p and E explicit. Thus,

Fmax(p’B) = SEPF({va}’B)

< sup I[{p,Eal.FBE,)]

EaEg
< sup Uy max [0, FB:Ep) ] (B12)
Eg
which completes the proof. ]
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Theorem B.2 implies that I'y,.x(0,B) is upper bounded by
the highest value of the largest steering-inequality violation of
steering inequalities that can be induced by B. In this sense,
we can interpret supg . I's max [0, FB;E;)] as the largest steering-
inequality violation arising from a given B. In particular, the
largest Bell-inequality violation achievable by a maximally
entangled state for any non-negative B under projective
measurements must also be upper bounded by Eq. (25):

2
(Wi)B) < — 4

_ B13
max H;+ H;d —d ( )

Note that Eq. (B13) implies—with the fact given in footnote
4—Palazuelos’ upper bound [34] of the largest Bell-inequality
violation of maximally entangled states under projective
measurements (for non-negative B). Also, Eq. (27) implies
the following upper bound:

d2
@—Dp*+1

which scales as d when d >> 1. It is worth noting that, in the
case of general POVMs, Palazuelos’ upper bound (Theorem
0.3 in [34]) is better than ours by a scaling factor , but we

have used a much simpler approach in our denvatlon (than the
operator space theory approach of [34]).

A nice feature of the upper bounds on I'7, (|W;),B)
and Fmdx(|\IJ+) B) presented above is that they apply to all
dimensions d and all non-negative B. The drawback, however,
is that they are generally not tight. For instance, for the
two-qubit maximally entangled state, the inequality above
gives FI’T’MX(W »),B) < 1.6, but if we make explicit use of
the nonlocal properties of piso(p), then this bound can be
tightened. Firstly, let us recall from [35] that the threshold
value of p above which pjs(p) violates some Bell inequality
by projective measurements is given by p, = ﬁ, where
K (3) is Grothendieck’s constant of order 3 [46]. Although
the exact value of the constant is not known, it is known to
satisfy the following bounds:

Foax 1V ), F) < (B14)

1.4172 < Kg(3) < 1.5163, (B15)
where the lower bound is due to Vértesi [36] and the upper
bound is due to Krivine [47].

Note that for d = 2, p = p, corresponds to a FEF of F,. =

i(3 pe + 1). Then, in order for Eq. (B2) to be consistent with
this observation, we must have
1 4K;(3
(9B < — = _ KO < 1.2552,  (BI16)
-7:c 3 + KG(3)

where both bounds in Eq. (B15) have been used to arrive at
the last inequality.

APPENDIX C: PROOFS RELATED TO THE PROPERTIES
OF THE OPTIMAL STEERING FRACTION

1. Proof that S, is a convex steering monotone

The proof proceeds in two parts. We first show that Sp is
a convex function that vanishes for unsteerable assemblages.
We then show that it is a steering monotone [20], that is,
nonincreasing, on average, under one-way local operations
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and classical communications (1W-LOCCs). The first part of
the proof follows from the following lemma.

Lemma C.1. Sp(o) is convex in o and satisfies Sp(a) =
0V o € LHS.

Proof. From the definition of I'y(¢,F) and Sp(o), it
follows immediately that Sp(0) = 0 if 6 € LHS. Note that for
any convex decomposition of the assemblage o, = uoglx +
1- M)a ax With € [0,1] and o', 0" being two legitimate
assemblages, we have

sup (0, F) < usupTi(o’,F) + (1 — w)sup Iy (a”,F).

F>0 F>0 F>0
When Sp(0) = 0, the convexity of Sp(a) holds trivially. In
the nontrivial case when Sp(0') = supg, o I's(0,F) — 1 > 0, it
follows from the above inequality for the steering fractions
that Sp(0) < uSo(e’) + (1 — u)So(e”), which completes the
proof of the convexity of Sp. |

Next, we shall demonstrate the monotonicity of Sg by
showing the following theorem.

Theorem C.2. So does not increase, on average, under
deterministic 1W-LOCC:s, i.e. [20],

M,
) P(w)so( 2 (Cf)‘;)) < Sol@) )

for all assemblages 0 = {04|x}q,x, Where P(w) = tr [M,,(0)]
and M,, is the subchannel of the completely positive map M
labeled by w, i.e.,

M) i= Ky Wo() K], (C2)

and Ww is a deterministic wiring map that transforms a given
assemblage o = {0yc}q,x to another assemblage {Gux}, ./
with setting x” and outcome a’:

Wol0)]y = Gure = Y P(x|x',0)P(a'x',a,x,0)04.

a,x

To appreciate the motivation of formulating 1W-LOCCs
in the above manner and the definition of the trace of the
assemblage M, (o), we refer the readers to [20]. Moreover, to
ease notation, henceforth, we denote P(x|x",w)P(d’|x,a,x,w)
by Q(a’,x’,a,x,w) and define

K Wo(0)K]
Do) = KeWol@)K, (C3)
tr[M(0)]
To prove Theorem C.2, we shall make use of the following
lemma.
Lemma C.3. For all w and assemblages o,

sup I's[Dy(0),F] < sup I's(a, F). (C4)
F>0 F>0

Proof. From the definitions given in Egs. (9) and (C3), we
get

sup I';[D,,(0), F]
F>0

_ Sup tr[Fa’\x’Kw Za,x Q(a’,x’,a,x,a))oa‘xKL]

F=0 5~ oy (F) tr [M,(0)]
=sup = (F) Z tr(FapxOal), (C5)
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where F := {I:},‘x > 0},.x is defined by

F o Z Q(a,ax,7a’xaw)KZ,Fa’\x’Ka)
e r[M(0)]

a',x’

(Co)

Now we have

wr(F) = Ssup Ztr(ﬁalxo'a\x)

o€LHS ax

= sup Y t(Fuw[Du(0)]ar)

o cLHS a'x

< sup Y tr(Fuwoue) = o), (CT)
aeLHSa,’x,

where the last inequality follows from the fact that 0 € LHS
implies D, (o) € LHS [20], and thus {D,(o) | o € LHS}
is a subset of LHS. Combining the above results,
we have supg,( [s[D,(0),F] < supg, FS(G,F). Since we
have {F | F > 0} C {F > 0}, this means supg, , ';(o,F) <
Supg, o ['s(0,F), and hence the lemma. N [ ]

To complete the proof of Theorem C.2, it suffices to note,
first, that when Sp[D,(a)] = 0, the inequality So[D,,(0)] <

So(o) holds trivially, whereas when Spl[D,(0)] =
Suppsg ['s[Dy(0),F] — 1 > 0, Lemma C.3 implies
Sol[Dw(0)] < sup (o ,F) — 1 < So(0). (C8)
F>0

This means that So[D,(0)] < So(o) in general. Since
tr[My,(6)] >0 for all @ and ) tr[M,(e)] <1 for
(deterministic) 1W-LOCCs, we must have

D tr[My(0)1S0[Du(0)] < So(0). (C9)

which completes the proof of Theorem C.2 by noting that
P(w) = tr [M,(0)] holds by definition.

2. Proof of quantitative relations between optimal steering
fraction Sp and steerable weight Sy

Here, we give a proof of Proposition IV.1.

Proof. First, note that the chain of inequalities holds trivially
if o is unsteerable, since Sw(o) = 0 in this case. To prove
that So(0) < Sw(0)So(a®) holds in general, we thus assume
that Sp(0) = supg, o I's(6,F) —1 > 0 and recall from the
condition of Proposition IV.1 that o, =[1 — Sw((i)]dﬁf +
Sw(o)oS ; then

alx>

1
So(o) = su tr(Fojx0ax) — 1
O T 1 o (F) Z e
1 — Sw(o) Us
<sup ———= Y tr(Fypo s
b0 u(F) Z (Facoas)
Sw(o) s
+ su tr(Fy oy, ) — 1
Fiﬁwsug (Faceul)
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=[1 — Sw(0)] |:sup (oS F) — 1}
F>0

+3W(o)[sup [0S, F) — 1]
F>0

< Sw(0)So(@®), (C10)
where the last inequality follows from the fact that VS € LHS.
This proves the first inequality.

To prove the second inequality, Sw(0)So(05) < So(o) +
2[1 — Sw(o)], we note that the triangle inequality implies

Sw(0)5(05,F) < Ty(a,F) + [1 — Sw(o)]T(a"S,F)

Maximizing both sides over all possible F > 0 and using
the definition of optimal steering fraction gives

Sw(@)So(0°) + Sw(0)

< So(0) +[1 = Sw(0)1So(6™) +2 — Sw(o)
Since So(aV) = 0 by definition, simplifying the above in-
equality therefore leads to the desired inequality and completes
the proof. |

3. Proof of quantitative relations between optimal steering
fraction Sy and steerable robustness Sg

Here, we give a proof of Proposition IV.2, which proceeds
analogously with the proof of Proposition I'V.1.

Proof. Again, we focus on the nontrivial scenario
where Sp(0) = supg, I's(6,F) — 1 > 0. To prove Sp(0) <
Sr(0)[So(6) + 2], we note from the condition of the theorem
oS = 1+81R(a)6 + lf“s(;(;)&, the definitions of Sg, Iy, and the
triangle inequality that

So(0) <[1 + Sr(0)]sup Ts(a ", F)

F>0
+ Sr(0)sup Ty(6,F) — 1
F>0
<1 + Sr(0)1S0(0%) + Sr(0)S0(6) + 2Sr(0)
=Sr(0)[So(6) + 2],

where the last equality follows from ¢S € LHS.
To show the other inequality, we note that

Ts(@.F) + [1 + Sp(@)Is(0.F) = Sp(@)Ts(6 . F)
Rearranging the term, taking the supremum over F > 0 on

both sides, and noting that So(aY%) = 0, we thus obtain the
desired inequality Sr(0)Sp(6) — 2 < Sp(0). [ |
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