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Optical-density-enhanced squeezed-light generation without optical cavities
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To achieve a high degree of quantum noise squeezing, an optical cavity is often employed to enhance the
interaction time between light and matter. Here, we propose to utilize the effect of coherent population trapping
(CPT) to directly generate squeezed light without any optical cavity. Combined with the slow propagation speed
of light in a CPT medium, a coherent state passing through an atomic ensemble with a high optical density (OD)
can evolve into a highly squeezed state even in a single passage. Our study reveals that noise squeezing of more
than 10 dB can be achieved with an OD of 1000, which is currently available in experiments. A larger OD can
further increase the degree of squeezing. As the light intensity and two-photon detuning are key factors in the
CPT interaction, we also demonstrate that the minimum variance at a given OD can be reached for a wide range of
these two factors, showing the proposed scheme is flexible and robust. Furthermore, there is no need to consider
the phase-matching condition in the CPT scheme. Our introduction of high OD in atomic media not only brings
a long light-matter interaction time comparable to optical cavities, but also opens an alternative avenue in the
generation of squeezed light for quantum interface.
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I. INTRODUCTION

Even though the Heisenberg uncertainty relation sets a fun-
damental limit on the quantum fluctuations, the noise of light at
certain phases can be squeezed to fall below that of the vacuum
state [1]. The generation of squeezed light has provided the
platform to test quantum physics from the very beginning
[2]. Now as true applications, this nonclassical state has also
been used to enhance quantum metrology [3,4] and future
gravitational-wave detection [5,6]. Quantum noise squeezing
has been realized in a variety of physical settings, including the
optical parametric process [6–10], four-wave mixing [11–13],
cavity-QED [14], soliton propagation [15,16], Bose-Einstein
condensate [17], and optomechanical system [18,19].

With the process of degenerate parametric down-conversion
in a nonlinear crystal placed inside an optical cavity, the optical
parametric oscillator (OPO) and optical parametric amplifica-
tion (OPA) have provided efficient routines to produce a high
degree of squeezing. In particular, 12.7 dB squeezing below
vacuum fluctuation with a zero-area Sagnac interferometer was
implemented, and may lead to advanced gravitational-wave
detectors [6]. Assisted by a doubly resonant, nonmonolithic
OPA cavity, up to 15 dB squeezing was observed as the
state-of-the-art technology [8]. Further enhancement on the
degree of squeezing can be achieved with periodically poled
nonlinear crystals, via the time-delayed coherent feedback [9],
or by using periodically modulated driving fields [10].

Before being produced with the optical parametric process
in a nonlinear crystal [7], squeezed light was first realized
through the four-wave mixing process in an atomic vapor [11].
Although merely 0.3 dB squeezing was detected at that time, by
considering twin-beam squeezing in the double-� transition

*rklee@ee.nthu.edu.tw
†yu@phys.nthu.edu.tw

scheme, 8 dB squeezing was achieved with a vapor of rubidium
atoms later [12]. In the system of electromagnetically induced
transparency (EIT), not only slowing down but also storing
and retrieving squeezed-state light pulses have been studied
theoretically and experimentally [20–27]. The EIT system
plays a unique role as the quantum interface because of
its long-lived atomic ground states associate with the spin
coherence [28,29]. However, it is not favorable for the direct
generation of squeezed light due to its lack of nonlinear
interaction between slow light and the medium.

Inspired by the recent experimental advance of high optical
density or depth (OD) in atomic ensembles [30–32], in this
work, we study the direct generation of squeezed light under
the coherent population trapping (CPT) condition [33,34]. The
CPT system is very similar to the EIT system, formed by the
�-type transition scheme as shown in Fig. 1, except that its
two optical fields have compatible intensities. Without any
optical cavity, we show that a large OD in the CPT system not
only results in a very long light-matter interaction time arising
from the slow-light effect, but also benefits the generation of
highly squeezed light induced by the two-photon detuning in
the system. This single-passage generation of squeezed light
relies on the idea of using a large OD or, equivalently, long
medium length to enhance the light-matter interaction time,
similar to the concept of using an optical cavity.

Moreover, our scheme for squeezed-light generation is in
analogy to the periodic-poled nonlinear crystal for nonlinear
optical processes, but does not require the consideration of the
phase-matching condition. Compatible with optical parametric
processes, an enhancement of more than 10 dB squeezing is
exhibited at the output fields with an OD of 1000. Moreover,
the obtained squeezing is available for a wide range of input
light intensity and two-photon detuning. The squeezing can
be reached for a wide range of experimental parameters in
our scheme, showing it is flexible and robust. Because OD is
scalable with medium length, the best up-to-date squeezing can
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FIG. 1. Energy levels and excitations in the CPT system. |1〉 and
|2〉 are ground states; |3〉 is an excited state. The probe and coupling
fields have the compatible Rabi frequencies of �p and �c, and the
detunings of �p and �c. They propagate in the same direction and
interact with an atomic ensemble.

likely be improved by increasing OD or medium length in the
proposed scheme. With such highly squeezed light generated
at the output fields, combined with the inherent capability
of storage and retrieval of quantum information carried by
light, our work may open a renewed interest in quantum
noise reduction, quantum memory, and quantum information
manipulation with atomic ensembles.

II. QUANTUM THEORY FOR COHERENT POPULATION
TRAPPING (CPT)

The CPT system consists of two optical fields interacting
with a three-level �-type system as shown in Fig. 1. The
two fields, named probe and coupling, drive the transitions
of |1〉 → |3〉 and |2〉 → |3〉, respectively. Under the rotating-
wave approximation, the interaction Hamiltonian of the
system is

Ĥ = −h̄[�pσ̂33(z,t) + (�p − �c)σ̂22(z,t)]

− h̄

[
�̂p(z,t)

2
σ̂31(z,t) + �̂c(z,t)

2
σ̂32(z,t) + H.c.

]
, (1)

where �p and �c are the probe and coupling detunings,
σ̂ij ≡ |i〉〈j | (i,j = 1,2,3) is the atomic operator whose expec-
tation value corresponds to an element of the density-matrix
operator, and �̂p(z,t) and �̂c(z,t) are the field operators whose
expectation values correspond to the probe and coupling Rabi
frequencies, respectively. We define δ (≡ �p − �c) as the
two-photon detuning.

According to the Hamiltonian in Eq. (1), we can write
the corresponding Heisenberg-Langevin equations for atomic
operators as follows:

∂

∂t
σ̂μμ = −�μσ̂33 + 1

ih̄
[σ̂μμ,Ĥ ] + F̂μμ, (2)

∂

∂t
σ̂μν = −γμνσ̂μν + 1

ih̄
[σ̂μν,Ĥ ] + F̂μν, (μ �= ν), (3)

where γμν (μ,ν = 1,2,3) is the relaxation rate of the coherence
between states |μ〉 and |ν〉, �μ is the decay rate of the popula-
tion, and F̂μν is the Langevin noise operator obtained by taking
the fluctuation-dissipation theorem into consideration. In this
work, we consider γ12 is negligible [35]. Since � represents
the spontaneous-decay rate of the excited state |3〉, �3 = � and
γ23 = γ13 = �/2. The decay rates of |3〉 → |1〉 and |3〉 → |2〉

are set the same and, consequently, −�1 = − �2 = �/2. The
complete equations can be found in Sec. 1 of the Appendix.

The propagations of the probe and coupling fields follow
the Maxwell-Schrödinger equations given by

(
1

c

∂

∂t
+ ∂

∂z

)
�̂p = i

(
�α

2L

)
σ̂13, (4)

(
1

c

∂

∂t
+ ∂

∂z

)
�̂c = i

(
�α

2L

)
σ̂23, (5)

where α and L are the OD and length of the medium. For
simplicity, we use the same OD in the above two equations
under the assumption that the electric dipole moments of probe
and coupling transitions are equal.

To calculate the variances of output fields, we apply the
mean-field expansion to operators, i.e., each operator Â is
divided into two parts as Â = A + â, where A represents
the mean-field value and â corresponds to the fluctuation
operator. Then, one can linearize Eqs. (2) and (3) to arrive at
the following equations for the atomic fluctuation operators:

∂

∂t
ŝ11 = �

2
ŝ33 − i

2
�pŝ31 + i

2
�∗

pŝ13

− i

2
σ31ûp + i

2
σ13û

†
p + F̂11, (6)

∂

∂t
ŝ22 = �

2
ŝ33 − i

2
�cŝ32 + i

2
�∗

c ŝ23

− i

2
σ32ûc + i

2
σ23û

†
c + F̂22, (7)

∂

∂t
ŝ12 = −(γ12 − iδ)ŝ12 − i

2
�pŝ32 + i

2
�∗

c ŝ13

− i

2
σ32ûp + i

2
σ13û

†
c + F̂12, (8)

∂

∂t
ŝ23 = −

(
�

2
− i�c

)
ŝ23 + i

2
�c(ŝ22 − ŝ33) + i

2
�pŝ21

+ i

2
(σ22 − σ33)ûc + i

2
σ21ûp + F̂23, (9)

∂

∂t
ŝ13 = −

(
�

2
− i�p

)
ŝ13 + i

2
�p(ŝ11 − ŝ33) + i

2
�cŝ12

+ i

2
(σ11 − σ33)ûp + i

2
σ12ûc + F̂13, (10)

0 = ŝ11 + ŝ22 + ŝ33, (11)

where ŝij , ûp, and ûc are the fluctuations of σ̂ij , �̂p, and �̂c,
respectively. In the above equations, �p(z,t), �c(z,t), and
σij (z,t) are the solutions of the optical Bloch equations and
the Maxwell-Schrödinger equations of mean fields. Similarly,
from Eqs. (4) and (5), we can have the equations for the
fluctuation operators of the probe and coupling fields as
follows:

(
1

c

∂

∂t
+ ∂

∂z

)
ûp = i

(
�α

2L

)
ŝ13, (12)

(
1

c

∂

∂t
+ ∂

∂z

)
ûc = i

(
�α

2L

)
ŝ23. (13)
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When steady-state or continuous-wave cases are considered,
all the time derivative terms in Eqs. (6)–(13) are dropped in
the calculation.

We focus on the quadrature variance 〈�X̂2〉 of the output
probe field, where

X̂(θ ) = e−iθ âp + eiθ â†
p. (14)

In the above expression, θ is the quadrature angle and âp ≡
ûp/g (with g being the single-photon Rabi frequency) is the
dimensionless fluctuation operator of the probe field. To find
〈�X̂2〉, one needs to know the quantum correlations, i.e.,
〈â†

i âj 〉, 〈âi âj 〉 where i,j can be p (probe) or c (coupling).
In Secs. 3 and 4 of the Appendix, we describe the procedure
of converting Eqs. (6)–(13) to the equations of quantum cor-
relations, i.e., Eqs. (A24)–(A29). By scanning all quadrature
angles, one can find an optimum quadrature angle θopt which
minimizes the quadrature variance. The variance at θopt, i.e.,
degree of squeezing or simply squeezing, is given by

V ≡ 〈�X̂2(θopt)〉 = −∣∣〈â2
p

〉∣∣ − ∣∣〈â†2
p

〉∣∣ + 2〈â†
pâp〉 + 1, (15)

while θopt = (Arg[〈â2
p〉] ± π )/2. We insert the solutions of

Eqs. (A24)–(A29) into Eq. (15) to determine the output
variance.

III. OPTICAL DENSITY-ENHANCED SQUEEZED-LIGHT
GENERATION

It is known that the OD of the system (α), two-photon
detuning (δ), and input Rabi frequencies of the light fields
(�p and �c) are the key factors for the CPT nonlinearity.
Consequently, the output squeezings of probe and coupling
fields are the functions of these three physical parameters.
Since the output squeezings depend significantly on the two-
photon detuning of two fields but negligibly on the one-photon
detuning of the individual field (�p or �c), we consider an
asymmetric detuning setting, i.e., �p = −�c = δ/2. We also
set the input probe and coupling Rabi frequencies to be equal,
i.e., �p(0) = �c(0) ≡ �, making the output squeezing of the
two fields the same. This enables us to report only on the output
squeezing of the probe field.

When the OD and two-photon detuning are fixed, there
exists an optimum input Rabi frequency of light fields to
maximize the output squeezing, as demonstrated in Fig. 2(a).
The result can be expected by considering the competition
between the CPT nonlinearity and light attenuation. A smaller
Rabi frequency increases the propagation delay time, i.e., the
light-matter interaction time, enhancing nonlinear efficiency
to improve the squeezing. On the other hand, a smaller Rabi
frequency also causes a larger attenuation of the light under
a nonzero two-photon detuning, adding more noises into the
system to undermine the squeezing. Hence, a suitable or an
optimum input Rabi frequency �opt produces a long interaction
time while keeping the attenuation low, resulting in the best
squeezing Vopt,� of the output field.

Similarly, for a given set of OD and input Rabi frequency,
there exists an optimum two-photon detuning to maximize
the output squeezing, as demonstrated by Fig. 2(b). At
the zero two-photon detuning, the CPT medium becomes
completely transparent and there is no nonlinear interaction
in the system, resulting in no squeezing at all. A nonzero

FIG. 2. Output variance V , defined in Eq. (15), as a function of
input Rabi frequency � and two-photon detuning δ. (a) α (i.e., OD)
= 1000 and δ = 0.02�; (b) α = 1000 and � = 1.0�. The values of
the minimum variance or maximum squeezing in the two plots are
nearly the same. �opt (or δopt) is the optimum input Rabi frequency (or
the optimum two-photon detuning) that minimizes V under a fixed δ

(or �).

two-photon detuning introduces the nonlinear interaction and
produces the squeezing. However, the two-photon detuning
is also accompanied by the attenuation of light, introducing
noise to the system. A suitable or an optimum two-photon
detuning δopt produces a large nonlinearity while keeping the
attenuation low, resulting in the best squeezing Vopt,δ of the
output field.

The arguments in the previous two paragraphs, along with
the results illustrated in Fig. 2, can also be supported by
the analytical solution under some reasonable approximation.
Using Eqs. (6)–(13), one can achieve

∂

∂ξ
âp = P âp + Qâ†

p + Râc + Sâ†
c + n̂p, (16)

where ξ ≡ z/L is the dimensionless length, âc ≡ ûc/g is
similar to the definition of âp, n̂p = i(α�/2)f̂13 where f̂13

is the noise operator shown by Eq. (A14) of the Appendix,
and the coefficients P , Q, R, and S are functions of OD
(α), two-photon detuning (δ), and Rabi frequencies [�c(ξ )
and �p(ξ )]. In the typical CPT experiments, the condition
of δ� � �2 is usually satisfied and the attenuation of probe
and coupling fields is comparably small. We can neglect the
attenuation and solve the mean-field equations to obtain

�p(ξ ) = �∗
c (ξ ) ≈ �ei(αε/4)ξ ,

where

ε = �δ

�2
.

With the above �p(ξ ) and �c(ξ ), we find that P , Q, R, and
S are approximately equal to αε2/8, −i(αε/4) exp[i(αε/2)ξ ],
(αε2/8) exp[i(αε/2)ξ ], and αε2/8, respectively. The magni-
tudes of P , R, and S are all small as compared with that of Q.
Hence, we drop the terms of P âp, Râc, and Sâ

†
c in Eq. (16), and

derive the output variance of the probe field as the following:

V ≈ (
√

|Q|2 + 1 − |Q|)2 + Z(2 + Z)

3 + 2Z
, (17)

where

|Q| = αε

4
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is the magnitude of coefficient Q, and

Z = αε2

2

(
1 + �2

4�2

)

comes from the non-zero noise correlations. To achieve
Eq. (17), we employ not only the conditions of ε � 1 and
|�c(ξ )| = |�p(ξ )| ≈ �, but also that of |Q|2 
 1, which is
reasonable at a large OD.

In Eq. (17), (
√

|Q|2 + 1 − |Q|)2 monotonically decreases
with |Q|, and Z(2 + Z)/(3 + 2Z) monotonically increases
with Z. One can immediately see that |Q| produces squeezing
and Z deteriorates squeezing. On one hand, |Q| = αε/4 =
[α�/(4�2)]δ, and α�/(4�2) is about the propagation delay
time of light fields in the CPT system. Either a smaller �,
i.e., a longer delay or interaction time, or a larger δ makes
a larger |Q| and enhances squeezing. On the other hand, as
Z ∝ αε2/2, the quantity αε2/2 = αδ2�2/(2�4) is about the
attenuation factor in a CPT system. Either a smaller � or
a larger δ, introducing more attenuation of light and adding
more noise into the system, makes a larger Z and reduces
squeezing. Therefore, there exist optimum �opt and δopt to
maximize the output squeezing. The analytical expression in
Eqs. (17) qualitatively explains the behaviors of the numerical
results shown in Figs. 2(a) and 2(b).

Since available ODs in experiments are various, we are
interested in maximum achievable squeezings at different
values of OD. Figures 3(a) and 3(c) illustrate Vopt,� and
�opt as functions of the two-photon detuning, where Vopt,�

is the maximum squeezing obtained by scanning all input
Rabi frequencies. Similarly, Figs. 3(b) and 3(d) show Vopt,δ

and δopt as functions of the input Rabi frequency, where
Vopt,δ is the maximum squeezing obtained by scanning all
two-photon detunings. We obtained all of the results in Fig. 3
by numerically solving Eqs. (A24)–(A29). At a given OD,

FIG. 3. Optimized squeezing at different ODs. Black dotted,
green dash-dotted, blue solid, and red dashed lines represent the
OD values of 100, 300, 1000, and 3000, respectively. All results
were obtained by numerically solving Eqs. (A24)–(A29). (a) The
maximum squeezing obtained by scanning all input Rabi frequencies,
Vopt,�, as a function of two-photon detuning δ; (c) the corresponding
�opt vs δ. (b) The maximum squeezing obtained by scanning all
two-photon detunings, Vopt,δ , as a function of input Rabi frequency
�; (d) the corresponding δopt vs �.

a rather large range of the value of Rabi frequency � or
two-photon detuning δ can achieve similar squeezing, as
shown by Figs. 3(a) and 3(b). This is expected from Eq. (17).
Both |Q| and Z depend mainly on ε, i.e., δ�/�2. Thus,
various sets of δ and � with the same value of δ�/�2 all
result in similar degrees of squeezing. Figure 3(c) [Fig. 3(d)]
shows that the relation between �2

opt and δ [between
√

δopt

and �] forms a nearly straight line, further confirming the
above argument. Since the two-photon detuning and input Rabi
frequency are easily tunable in experiments, our results imply
that the proposed single-passage CPT scheme is very flexible
and robust.

A larger OD can always produce smaller variance or larger
squeezing, as demonstrated by Figs. 3(a) and 3(b). Such result
can be understood with the help of Eq. (17). To make the vari-
ance as small as possible, one must have |Q|2 
 1 and Z � 1.
Consequently, (

√
|Q|2 + 1 − |Q|)2 ≈ 1/|Q|2 ∝ 1/(α2ε2) and

Z(2 + Z)/(3 + 2Z) ≈ 2Z/3 ∝ αε2 in Eq. (17). This indicates
the optimum ε ∝ α−3/4. Therefore, the minimum variance is
scaled as

Vopt ∝ 1√
α

, (18)

which is consistent with the observation in Figs. 3(a) and 3(b),
i.e., one-order-of-magnitude increment of OD resulting in 5 dB
enhancement of squeezing. Note that since ε is small and the
attenuation factor is αε2 in the CPT system, the probe and
coupling transmissions of the data shown in Figs. 3(a)
and 3(b) are all larger than 88%. With an OD of 1000, which is
accessible by the current technology [30–32], we predict that
squeezing of 10 dB can be achieved. This result demonstrates
that the performance of our proposed single-passage CPT
scheme is comparable to the state-of-the-art schemes with
optical cavities [6,8].

It is worthwhile to note that the degree of squeezing is
affected by the relative magnitudes of the probe and coupling
Rabi frequencies, �p and �c. In the CPT case of �p = �c ≡
� discussed here, the squeezing is most prominent. In the EIT
case of �p � �c, the squeezing disappears.

We have shown the steady-state quantum fluctuation of the
output probe field based on the single-passage OD-enhanced
CPT scheme. In general, fluctuation is time dependent. We
will discuss the frequency spectrum of output variance under
the condition that the squeezing is maximized at the center
frequency of the probe field. The calculation procedure of the
spectra can be found in Sec. 6 of the Appendix. Figures 4(a)
and 4(b) show the spectra of squeezing versus noise frequency
(ω) at OD of 1000, with two sets of the two-photon detuning (δ)
and the input Rabi frequency (�). Both sets are optimum and
have the same ratio of δ to �2 that maximizes the squeezing at
ω = 0. Similarly, Figs. 4(c) and 4(d) show the spectra at OD
of 300 with two sets of the optimum δ and �.

The four spectra in Fig. 4 have different bandwidths. At a
given OD (α), a larger input Rabi frequency (or, equivalently, a
larger two-photon detuning because the ratio of δ to �2 is fixed)
makes the spectrum bandwidth larger. We estimate that the
bandwidth approximately follows the formula of �2/(

√
2α�).

This completely makes sense because the width of the CPT
transparency window is just proportional to �2/(

√
α�). As

for a frequency outside the transparency window, severe
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FIG. 4. Squeezing spectra of the probe field, i.e., output variance
V as a function of noise frequency ω. (a) α (OD) = 1000, � (input
Rabi frequency) = 1.0�, and δ (two-photon detuning) = 0.01�;
(b) α = 1000, � = 1.4�, and δ = 0.019�; (c) α = 300, � = 1.0�,
and δ = 0.019�; (d) α = 300, � = 1.4�, and δ = 0.043�. The four
sets of � and δ all optimize the squeezing at ω = 0. In each spectrum,
the quadrature angle is kept the same.

attenuation of the light fields adds much noise to destroy the
squeezing.

Oscillation behavior is clearly seen in the four spectra of
Fig. 4. The comparison between Figs. 4(a) and 4(c) [or between
Fig. 4(b) and 4(d)] shows that a larger OD makes the oscillation
period shorter. In addition, the comparison between Figs. 4(a)
and 4(b) [or between Fig. 4(c) and 4(d)] shows that a larger
input Rabi frequency (or, equivalently, a larger two-photon
detuning) also makes the oscillation period longer. We estimate
that the oscillation period roughly follows the formula of 2π ×
[2�2/(α�)]. In other words, the phase of the oscillation φ is
approximately equal to [α�/(2�2)]ω. In the CPT system, the
propagation time of light (or light-matter interaction time) td
is about α�/(4�2). Therefore, φ ≈ 2ωtd , indicating that the
light-matter interaction time plays an important role in the
oscillation behavior.

Before the conclusion, we want to remark that the ideas to
generate squeezed light from EIT systems have been explored
[20,21] and the light-atom interaction through an EIT system
almost gives a linear response [27]. Even though one can
apply the ground-state decoherence to generate squeezed light
[21], it is far less efficient than using the two-photon detuning

demonstrated in this work. Recently, the experimental advance
of high OD in atomic ensembles has made great progress,
i.e., OD of 1000 is readily accessible in several groups. The
large OD or long medium length mimics the long effective
path length for light in the cavity. Under the same optical
path length, slow light can increase the propagation time or
interaction time by 5–6 orders of magnitude, while such large
dispersive interaction extraordinarily results in a very little
attenuation. Utilizing the effect of slow light in the CPT system
is another key idea in our proposed scheme

IV. CONCLUSION

In summary, through the effect of coherent population
trapping (CPT), we have proposed an alternative concept
for the generation of squeezed light from coherent inputs
in a single passage. The CPT nonlinearity can be greatly
enhanced by the optical density (OD) of the system. An
OD of 1000, which is accessible by the current technology,
produces the squeezing of 10 dB, and a larger OD can
further increase the squeezing. Since the maximum achievable
squeezing of a given OD is rather insensitive to the input
Rabi frequency or the two-photon detuning individually, both
of which are the key parameters in the CPT nonlinearity, the
proposed scheme is very flexible and robust. Our study also
reveals that the bandwidth in the output squeezing spectra
is mainly determined by the width of the CPT transparency
window. Combined with light storage and retrieval, squeezed
light directly generated from high-OD CPT media has great
potentials in the applications of quantum optics and quantum
information manipulation utilizing continuous variables.
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APPENDIX

1. The Heisenberg-Langevin equations

The derivations to calculate output quadrature variance of fields in the steady-state region are addressed here. First of all, we
start with the Heisenberg-Langevin equations for atomic operators σ̂μν from the Hamiltonian given in Eq. (1), i.e.,

∂

∂t
σ̂31 = −

(
�

2
+ i�p

)
σ̂31 − i

2
(σ̂11 − σ̂33)�̂†

p − i

2
�̂†

cσ̂21 + F̂31, (A1)

∂

∂t
σ̂32 = −

(
�

2
+ i�c

)
σ̂32 − i

2
(σ̂22 − σ̂33)�̂†

c − i

2
�̂†

pσ̂12 + F̂32, (A2)

∂

∂t
σ̂21 = −(γ12 + iδ)σ̂21 + i

2
�̂†

pσ̂23 − i

2
σ̂31�̂c + F̂21, (A3)
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∂

∂t
σ̂11 = �

2
σ̂33 − i

2
σ̂31�̂p + i

2
�̂†

pσ̂13 + F̂11, (A4)

∂

∂t
σ̂22 = �

2
σ̂33 − i

2
σ̂32�̂c + i

2
�̂†

cσ̂23 + F̂22, (A5)

∂

∂t
σ̂33 = −�σ̂33 + i

2
σ̂31�̂p + i

2
σ̂32�̂c − i

2
�̂†

pσ̂13 − i

2
�̂†

cσ̂23 + F̂33, (A6)

∂

∂t
σ̂12 = −(γ12 − iδ)σ̂12 − i

2
σ̂32�̂p + i

2
�̂†

cσ̂13 + F̂12, (A7)

∂

∂t
σ̂23 = −

(
�

2
− i�c

)
σ̂23 + i

2
(σ̂22 − σ̂33)�̂c + i

2
σ̂21�̂p + F̂23, (A8)

∂

∂t
σ̂13 = −

(
�

2
− i�p

)
σ̂13 + i

2
(σ̂11 − σ̂33)�̂p + i

2
σ̂12�̂c + F̂13. (A9)

For the steady-state case, we drop the time derivation in the left-hand side. Then, we find the mean-field solutions both for field and
atomic operators, and expand the product of any two operators to first order of quantum fluctuations, i.e., ÂB̂  AB + Ab̂ + Bâ.
Here, A(B) and â(b̂) denote the mean field and corresponding quantum fluctuation of operator Â(B̂). As the terms related to âb̂

are much smaller, one can safely ignore them.
As for the propagation equations for optical fields, shown in Eqs. (4) and (5), we also separate the corresponding mean field

and their quantum fluctuation by the same procedure. When keeping the nonlinear effects in the mean-field equations, we can
obtain a set of linearized equations of motion for quantum fluctuations. In the following, we show the process in details to obtain
and solve mean fields and quantum fluctuations with a systematic approach.

2. Mean-field solutions

To have a clear illustration, we rewrite the mean-field part of Eqs. (A1)–(A9) into a matrix form, i.e., M1x = b, with M1

explicitly written as

M1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−γ̃ ∗
13 0 −i

�∗
c

2
−i

�∗
p

2
0 i

�∗
p

2
0 0 0

0 −γ̃ ∗
23 0 0 −i

�∗
c

2
i
�∗

c

2
−i

�∗
p

2
0 0

−i
�c

2
0 −(γ12 + iδ) 0 0 0 0 i

�∗
p

2
0

−i
�p

2
0 0 0 0 �/2 0 0 i

�∗
p

2

0 −i
�c

2
0 0 0 �/2 0 i

�∗
c

2
0

0 0 0 1 1 1 0 0 0

0 −i
�p

2
0 0 0 0 −(γ12 − iδ) 0 i

�∗
c

2

0 0 i
�p

2
0 i

�c

2
−i

�c

2
0 −γ̃23 0

0 0 0 i
�p

2
0 −i

�p

2
i
�c

2
0 −γ̃13

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

9×9

, (A10)

where γ̃13 ≡ �/2 − i�p and γ̃23 ≡ �/2 − i�c. Here, the notations are defined as xT = (σ31,σ32,σ21,σ11,σ22,σ33,σ12,σ23,σ13)
and bT = (0,0,0,0,0,1,0,0,0). In Eq. (A10), we also have replaced Eq. (A6) with the help of population conservation, i.e.,
σ11 + σ22 + σ33 = 1.

The corresponding steady-state solution can be easily obtained by using the matrix algebra: x = M−1
1 b. The two dipole sources

σ13 = σ13(�p,�∗
p,�c,�

∗
c ) and σ23 = σ23(�p,�∗

p,�c,�
∗
c ) count the nonlinear responses with respect to the optical fields. With

the solutions of σ13 and σ23 substituted into the mean-field part of Eqs. (4) and (5), one can obtain the corresponding solutions
for optical fields.

3. Quantum fluctuation solutions

For the fluctuation operators in the atomic parts, as well as their Hermitian conjugates, we linearize Eqs. (A1)–(A9) to obtain
the results shown in Eqs. (6)–(10) of the main text. Again, in the steady state, we express the fluctuation operators in a matrix
form: M1y + M2u + r = 0, where yT = (ŝ31,ŝ32,ŝ21,ŝ11,ŝ22,ŝ33,ŝ12,ŝ23,ŝ13) gives the fluctuations of atomic operators, uT =
(ûp,û

†
p,ûc,û

†
c) denotes the fluctuations of field operators, and rT = (F̂31,F̂32,F̂21,F̂11,F̂22,F̂33,F̂12,F̂23,F̂13) are the corresponding
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Langevin noise operators, respectively. The matrix M2 is a 9 × 4 matrix, with the matrix elements having the form

M2 = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −i(σ11 − σ33) 0 −iσ21

0 −iσ12 0 −i(σ22 − σ33)
0 iσ23 −iσ31 0

−iσ31 iσ13 0 0
0 0 −iσ32 iσ23

0 0 0 0
−iσ32 0 0 iσ13

iσ21 0 i(σ22 − σ33) 0
i(σ11 − σ33) 0 iσ12 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

9×4

. (A11)

The atomic fluctuation part can be found by solving y = TM2u + Tr, where we define T ≡ −M−1
1 . With the solution of y,

we can have the expressions for the quantum fluctuations in two dipole sources ŝ13 = y(9) and ŝ23 = y(8), in terms of the field
fluctuation operators. In general, one can write ŝ13 and ŝ23 in the following form:

ŝ13 = A1ûp + B1û
†
p + C1ûc + D1û

†
c + f̂13, (A12)

ŝ23 = A2ûp + B2û
†
p + C2ûc + D2û

†
c + f̂23. (A13)

Here, Ai,Bi,Ci , and Di can be directly calculated from the matrix TM2, with the effective Langevin noise operators f̂13 and f̂23

obtained from the ninth and eighth elements of Tr. Moreover, we also have f̂
†
ij = f̂j i . In particular, the explicit forms for f̂13 and

f̂23 can be found to be

f̂13 = (Tr)9 =
9∑

k=1

T9krk,

f̂23 = (Tr)8 =
9∑

k=1

T8krk.

(A14)

At the same time, we can obtain the steady-state solutions for fields from the propagation equation shown in Eqs. (12) and
(13). They are

∂

∂ξ
ûp = i

(
�α

2

)
ŝ13, (A15)

∂

∂ξ
ûc = i

(
�α

2

)
ŝ23, (A16)

with a dimensionless length denoted as ξ ≡ z/L.
By substituting Eqs. (A12) and (A13) and their Hermitian conjugates into the propagation equation for field fluctuations

shown in Eqs. (A15) and (A16), we can obtain a compact form for the noise operators for fields aT ≡ (âp,â
†
p,âc,â

†
c):

∂

∂ξ
a = Ca + N. (A17)

Here, the two matrices of C and N have the explicit form as

C = i
�α

2

⎛
⎜⎝

A1 B1 C1 D1

−B∗
1 −A∗

1 −D∗
1 −C∗

1
A2 B2 C2 D2

−B∗
2 −A∗

2 −D∗
2 −C∗

2

⎞
⎟⎠ ≡

⎛
⎜⎝

P1 Q1 R1 S1

Q∗
1 P ∗

1 S∗
1 R∗

1
P2 Q2 R2 S2

Q∗
2 P ∗

2 S∗
2 R∗

2

⎞
⎟⎠, (A18)

N = i
�α

2g

(
f̂13, − f̂

†
13,f̂23, − f̂

†
23

)T

. (A19)

4. Equations of motion for quantum correlations

In order to calculate the quadrature variance in the output fields, we have to know the corresponding field-field correlations.
According to Eqs. (A17)–(A19), one can obtain the equations of motion for all of the two-field correlations in the following
form:

∂

∂ξ
〈aa†〉 = C〈aa†〉 + 〈aa†〉C† + Z. (A20)
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Here, the matrix Z shows the correlations of Langevin noise operators, denoted 〈NN†〉. That is,

Z ≡ 〈NN†〉 = �α

4
(VDV†). (A21)

Here, we have applied the matrix product of Tr and the correlations of any two Langevin noise operators, i.e., 〈F̂μF̂ν〉 =
Dμν c/(NL). The diffusion coefficient Dμν can be obtained from the generalized Einstein relation [23]. Moreover, to link the
optical density (OD) and the related single-photon Rabi frequency, we also define α = g2NL/(c�). The matrix V shown in
Eq. (A21) has the form

V ≡

⎛
⎜⎝

T91 T92 T93 T94 T95 T96 T97 T98 T99

−T11 −T12 −T13 −T14 −T15 −T16 −T17 −T18 −T19

T81 T82 T83 T84 T85 T86 T87 T88 T89

−T21 −T22 −T23 −T24 −T25 −T26 −T27 −T28 −T29

⎞
⎟⎠

4×9

, (A22)

with the corresponding diffusion coefficients in matrix D:

D =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 γ2σ33 0 0 0 0 0 0
0 0 0 γ1σ33 0 0 0 −γ1σ32 −γ1σ31

0 0 0 0 γ2σ33 0 0 −γ2σ32 −γ2σ31

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 γ1σ33 0 0
0 0 0 −γ1σ23 −γ2σ23 0 0 γ2σ33 + �σ22 �σ21

0 0 0 −γ1σ13 −γ2σ13 0 0 �σ12 γ1σ33 + �σ11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

9×9

. (A23)

Based on Eq. (A20), and with the help of Eqs. (A18) and (A19) and Eqs. (A21)–(A23), the equations of motion for the quantum
correlations can be found as

∂

∂ξ

〈
â2

p

〉 = 2P1
〈
â2

p

〉 + Q1(2〈â†
pâp〉 + 1) + 2R1〈âpâc〉 + 2S1〈âpâ†

c〉 + n1, (A24)

∂

∂ξ
〈â†

pâp〉 = 2P ′
1〈â†

pâp〉 + Q∗
1

〈
â2

p

〉 + Q1
〈
â†2

p

〉 + S∗
1 〈âpâc〉 + S1〈â†

pâ†
c〉 + R∗

1〈âpâ†
c〉 + R1〈â†

pâc〉 + n2, (A25)

∂

∂ξ

〈
â2

c

〉 = 2R2
〈
â2

c

〉 + 2P2〈âpâc〉 + 2Q2〈â†
pâc〉 + S2(2〈â†

c âc〉 + 1) + n3, (A26)

∂

∂ξ
〈â†

c âc〉 = 2R′
2〈â†

c âc〉 + Q∗
2〈âpâc〉 + Q2〈â†

pâ†
c〉 + P ∗

2 〈â†
pâc〉 + P2〈âpâ†

c〉 + S∗
2

〈
â2

c

〉 + S2
〈
â†2

c

〉 + n4, (A27)

∂

∂ξ
〈âpâc〉 = (P1 + R2)〈âpâc〉 + R1

〈
â2

c

〉 + P2
〈
â2

p

〉 + S1〈â†
c âc〉 + S2〈âpâ†

c〉 + Q1〈â†
pâc〉 + Q2(〈â†

pâp〉 + 1) + n5, (A28)

∂

∂ξ
〈â†

pâc〉 = (P ∗
1 + R2)〈â†

pâc〉 + Q∗
1〈âpâc〉 + Q2

〈
â†2

p

〉 + S∗
1

〈
â2

c

〉 + R∗
1〈â†

c âc〉 + P2〈â†
pâp〉 + S2〈â†

pâ†
c〉 + n6, (A29)

where P ′
1 and R′

2 denote the real parts of P1 and R2, while
ni (i = 1-6) are the corresponding noise-noise correlations.
The explicit expressions for ni have the forms

n1 = Z(1,2) = −η〈f̂13f̂13〉, (A30)

n2 = Z(2,2) = +η〈f̂ †
13f̂13,〉 (A31)

n3 = Z(3,4) = −η〈f̂23f̂23〉, (A32)

n4 = Z(4,4) = +η〈f̂ †
23f̂23〉, (A33)

n5 = Z(1,4) = −η〈f̂13f̂23〉, (A34)

n6 = Z(2,4) = +η〈f̂ †
13f̂23〉, (A35)

with η ≡ [�α/(2g)]2. As the case of coherent-state inputs is
considered, the initial conditions at ξ = 0 for these correlations
given in Eqs. (A24)–(A29) are set to be zeros. By solving
Eqs. (A24)–(A29) directly, one can find the corresponding
minimum value in the quadrature variance, as shown in
Eq. (15).

5. Asymmetric detuning and unequal Rabi frequencies
of two optical fields

In this section, we discuss the arrangement of asymmetric
detuning and unequal Rabi frequencies of two optical fields
on the squeezed-light generation. For the asymmetric detuning
settings, we choose �p = −�c = δ/2 as an illustration. By
keeping the value of two-photon detuning as a constant, i.e.,
�p − �c = δ, in Fig. 5, we reveal the optimized (minimum)
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FIG. 5. Left panel: The optimized (minimum) output variances vs the normalized Rabi frequency �/� with three different detuning
settings. Here, we have set �p = �c = 1� and δ = ±0.02�. Right panel: Same as the left panel, but with an enlarged plot around the minimum
variance, for recognizing the difference between these three detuning settings.

output variance V as a function of normalized Rabi frequency
�/�.

From Fig. 5, one can see only a slight difference in these
three detuning settings. It means that in our proposed scheme
the output variance is almost insensitive to the detuning
setting. Similarly, one can also consider the setting with
unequal Rabi frequencies of two optical fields. To give a clear
comparison, we denote the ratio between probe and coupling
Rabi frequencies as r ≡ �p/�c. Then, in Fig. 6, we show the
resulting output variance as a function of two-photon detuning
δ/� for different ratios. It is clear to see that we have the
strongest squeezing in the output variance when r = 1, which
just discloses the condition of CPT. Meanwhile, the squeezing
effect becomes very vague when the ratio is much larger or
smaller than 1. For example, in the setting with r = 0.1, which
corresponds to the condition of EIT, no significant squeezing
can be seen, as shown by the green curve in Fig. 6.

6. Squeezing spectra in the output fields

The quadrature variance in the output fields can be
measured directly in experiments. To calculate the variance
spectrum for the output fields, we need to take the time-

0.005 0.01 0.015 0.02

−10

−8

−6

−4

−2

0

detuning δ/Γ

V
 (

dB
)

 

 

r = 0.1
r = 0.3
r = 1
r = 3

FIG. 6. The output variances vs the normalized two-photon
detuning δ/� with four different Rabi frequency ratios r . Here, we
have considered �p = −�c = δ/2 and �c = 1�.

dependent fluctuations of field and atomic operators into
account. Here, we perform the Fourier transform for all the
fluctuation operators into the frequency domain, i.e., Ô(t) →
Õ(ω). For the atomic fluctuations, we have

ỹ = T′M2u + T′r, (A36)

with ỹT = [s̃31(ω),s̃32(ω),s̃21(ω),s̃11(ω),s̃22(ω),s̃33(ω),s̃12(ω)
,s̃23(ω),s̃13(ω)], and T′ = −(M1 + iωIo)−1. Here, Io is a
matrix whose nonzero matrix elements are 1 in the diagonal
part, but only with Io(6,6) = 0. In the frequency domain, the
propagation equations for field fluctuations are given by

∂

∂ξ
ãp(ω) = i

ωL

c
ãp(ω) + i

�α

2

[
A′

1(ω)ãp(ω)

+B ′
1(ω)ã†

p(−ω) + C ′
1(ω)ãc(ω)

+D′
1(ω)ã†

c(−ω) + f̃13(ω)

g

]
, (A37)

∂

∂ξ
ãc(ω) = i

ωL

c
ãc(ω) + i

�α

2

[
A′

2(ω)ãp(ω)

+B ′
2(ω)ã†

p(−ω) + C ′
2(ω)ãc(ω)

+D′
2(ω)ã†

c(−ω) + f̃23(ω)

g

]
, (A38)

where we have the coefficients A′
1,2(ω), B ′

1,2(ω), C ′
1,2(ω),

and D′
1,2(ω), obtained from the matrix product of T′M2

accordingly. As the quadrature operator in the output probe
field is defined as X̃p(ω) ≡ ãp(ω) + ã

†
p(−ω), we can calculate

the optima squeezing spectrum through the following formula:

S(ω) ≡ 〈X̃(ω)X̃†(ω)〉
= −|〈ãp(ω)ãp(−ω)〉| − |〈ã†

p(ω)ã†
p(−ω)〉|

+ 〈ã†
p(−ω)ãp(−ω)〉 + 〈ãp(ω)ã†

p(ω)〉. (A39)

With Eqs. (A37)–(A39), the squeezing spectrum shown in
Fig. 4 can be generated.
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