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Abstract

We derive a continuity equation for the evolution of the SU(2) Wigner function under nonlinear
Kerr evolution. We give explicit expressions for the resulting quantum Wigner current, and
discuss the appearance of the classical limit. We show that the global structure of the quantum
current signiﬁcantly differs from the classical one, which is clearly reﬂected in the form of the
corresponding stagnation lines.
Supplementary material for this article is available online
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its stagnation points; i.e. those points for which J=0. For
conservative systems, the form of J (x, p∣t ) immediately follows from the corresponding Poisson brackets.
This scenario can be extended to more general systems
admitting a dynamical symmetry group. This enables the
construction of a phase space  as an appropriate homogeneous manifold [3, 4]. This classical formulation associates
a probability with every point W Î . However, in the
quantum domain the uncertainty principle does not allow one
to attribute a state to a single point in phase space [5–9].
Because of this fundamental difference, there is no unique
way of deﬁning a quantum probability distribution. The
Wigner function Wr (W) is perhaps the closest to the analogous
counterpart. Note that, although the Wigner function has the
correct marginal probability distributions, it can itself be
negative.
In the phase-space approach, every observable Â is
mapped onto a function WA (Ω) (called its Weyl symbol). In
particular, the Weyl symbol of the density matrix is precisely
the Wigner function and its time evolution reads

1. Introduction
In classical statistical mechanics, an ensemble of particles is
described by a distribution function f (x, p∣t ) that depends on
the phase-space variables x and p and evolves in time. The
corresponding dynamics is governed by the Liouville
equation [1], which asserts that for conservative forces
f (x, p∣t ) is constant along the trajectories of the system. In
other words, the local density of points traveling through
phase space is constant with time. This conservation can be
succinctly summarized as a continuity equation
¶f (x , p∣t )
= - · J (x , p∣t ) ,
(1.1)
¶t
where J (x, p∣t ) is a probability current. Indeed, this ﬂow is
regular [2] and largely determined by location and nature of
8
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¶t Wr (W∣t ) = {Wr (W) , WH (W)}M ,
1

(1.2)
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where WH (Ω) is the symbol of the Hamiltonian and the
Moyal bracket {·,·}M is the image of the quantum commutator
[times (i )-1] under the Weyl map [10]. The resulting partial
differential equation contains, in general, higher-order derivatives, which signiﬁcantly complicate the search for an exact
solution. However, it admits a natural expansion in powers of
a semiclassical parameter ε = 1 that characterizes the
strength of quantum ﬂuctuations in the system. This parameter depends on the dynamical symmetry and, roughly
speaking, is the inverse of the number of excitations [11]. To
the lowest order in ε, equation (1.2) is of the Liouvillian form
¶t Wr (W) = e {Wr (W) , WH (W)} + O (e 3) ,

2. Wigner function on the sphere
We consider a system whose dynamical symmetry group is
SU(2). As heralded in the Introduction, we follow the ideas in
[3, 4] to work out quasiprobability distributions on the sphere
satisfying all the pertinent requirements. This construction
was generalized by others [28–32] and has proved to be very
useful in visualizing properties of spinlike systems [33–36].
The corresponding Lie algebra su (2) is spanned by the
operators {Sˆx , Sˆy, Sˆz} satisfying the angular momentum commutation relations
[Sˆx , Sˆy] = iSˆz ,

(1.3)

(2.1)

and cyclic permutations (in units ÿ=1, which will be used
2
2
2
2
throughout). The Casimir operator is Sˆ = Sˆx + Sˆy + Sˆz =
S (S + 1)  , so the eigenvalue S (which is a non-negative
integer or half integer) labels the irreducible representations
(irreps). We take a ﬁxed irrep of spin S, with a 2S +
1-dimensional carrier space S spanned by the standard
angular momentum basis {∣ S , m⟩, m = -S , ¼, S}, whose
2
elements are simultaneous eigenstates of Sˆ and Sˆz :

where now {·,·} is the Poisson bracket in the manifold .
The semiclassical or truncated Wigner approximation [12–15]
consists in disregarding the higher-order terms, so that
Wr (W∣t )  Wr (W (-t )∣0), where Ω (t) are classical trajectories
generated by WH (Ω).
It has been pointed out [16–18], that one can construct a
Wigner current9 in such a way that the evolution can be
mapped as a continuity equation very much analogous to
(1.1). Surprisingly, this Wigner current, which is the
equivalent of the classical Liouville ﬂow, has, so far, not been
studied in great detail [20–23]. The form of the current, and
especially the behavior in the vicinity of its stagnation points,
can be used for the characterization of the quantumness of the
evolution (see also [24–26], where the stagnation points of the
Husimi Q function were studied).
In this paper, we extend these ideas to spinlike systems,
where the classical phase space is the unit sphere. We stress
that this is not a mere academic curiosity, since the underlying
SU(2) symmetry plays a pivotal role in numerous models in
physics [27].
In the spirit of equations (1.2) and (1.3), we introduce in a
natural way the classical and quantum Wigner currents. We will
show, using the simplest example of nonlinear Kerr dynamics,
that the global structure of the quantum Wigner current signiﬁcantly differs from the classical one. Such a difference is
clearly observable even during the short-time evolution of
semiclassical states (speciﬁed by localized distributions in phase
space), when the Wigner distribution can still be well described
in terms of the semiclassical approximation. In other words, the
Wigner current allows us to distinguish between quantum and
semiclassical dynamics, while the distributions evolved
according to the Moyal and Poisson brackets are still quite
similar. The stagnation points/lines of the classical Wigner
current are basically determined by the zeros of the semiclassicaly evolved Wigner distribution. Therefore, the structure
of the stagnation lines can be used for the analysis of the
quantumness of the phase-space dynamics in the semiclassical
limit. Furthermore, an extra beneﬁt of bringing the Wigner
current into play is that it can give a compelling visual representation of how nonclassical features arise during the evolution.

2
Sˆ ∣S , mñ = S (S + 1)∣S , mñ ,

Sˆz∣S , mñ = m∣S , mñ.
(2.2)

The highest weight state is ∣S , Sñ and it is annihilated by
the ladder operator Sˆ+ (with Sˆ = Sˆx  iSˆy ). The isotropy
subgroup (i.e. the largest subgroup that leaves the highest
weight state invariant) consists of all the elements of the form
exp (icSˆz ), so it is isomorphic to U(1). The coset space is then
SU(2)/U(1), which is just the unit sphere 2 and it is the
classical phase space, the natural arena to describe the
dynamics.
The SU(2) coherent states ∣Wñ (with W = (q, f ) Î 2 )
are deﬁned, up to a global phase, by the action of the displacement operator [37]
1
Dˆ (W) = exp ⎡⎣ 2 q (Sˆ+e-if - Sˆ-eif) ⎤⎦

(2.3)

on the highest weight state, with explicit expression in terms
of Ω given by
S

å

∣Wñ = Dˆ (W)∣S , Sñ =

m =-S

(2S )!
(S - m)!(S + m)!

´ [cos (q 2)]S + m [sin (q 2)]S - m e-imf∣S , mñ.

(2.4)

Operators acting in a S can be mapped onto functions
on 2 by means of the Stratonovich–Weyl kernel. It can be
concisely deﬁned as [38]
wˆ (W) =

4p
2S + 1

2S

K

å å

S

* (W) TˆKq,
YKq

(2.5)

K = 0 q =-K

where YKq (Ω) are the spherical harmonics, * indicates comS
plex conjugation, and TˆKq are the irreducible tensor operators
[39, 40]

9

We will mainly call the quantity J the Wigner current. However, it can also
be interpreted as quasiprobability ﬂow. For this reason, the designation
Wigner ﬂow has been used in the literature before. Note though that, as
discussed in [19], no ﬂow (in the sense of mapping of a distribution along
trajectories) exists in the quantum domain.

S
TˆKq =

2

2K + 1
2S + 1

S

å

m, m ¢=-S

¢

Sm
CSm
, Kq ∣S , m¢ñáS , m∣ ,

(2.6)
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¢

To conclude, we stress that this approach assume a ﬁxed
S. In some instances, as in polarization optics, a superposition
of different S arises [42, 43]. The formalism can be generalized to cover this more general situation [44].

Sm
CSm
, Kq being the corresponding Clebsch–Gordan coefﬁcient
[41]. The symbol WA of an operator Â is then deﬁned as

WA (W) = Tr [Aˆ wˆ (W)].

(2.7)

S
TˆKq

Since the tensors
constitute an orthonormal basis for the
operators acting on S , any observable Â can be expanded as
Aˆ =

2S

K

å å

S
AKq TˆKq,

3. Dynamics and Wigner current on the sphere
The exact evolution equation for the Wigner function Wñ (Ω)
has been obtained in [13]. For arbitrary Hamiltonians [living
in a (2S + 1)-dimensional representation of the universal
enveloping algebra of su (2)] the expressions are quite
involved. For simplicity, in what follows, we restrict ourselves to two simple examples of great interest in
applications.

(2.8)

K = 0 q =-K

S†
ˆ ˆKq
with AKq = Tr [AT
], † standing for Hermitian conjugation.
Therefore, the symbol of Â can be expressed as the sum of
symbols of the tensor components

WA (W) =

4p
2S + 1

2S

K

å å

* (W).
AKq YKq

(2.9)

K = 0 q =-K

3.1. Linear Hamiltonians

As some relevant examples we shall need in what follows we
quote

First of all, we consider the dynamics generated by linear
Hamiltonians

S^i  WSi (W) =

S (S + 1 ) n i ,
^
^
{Si , Sj}+  W{Si, Sj}+(W) = CS ni nj ,

HˆL =

whose symbol can be directly inferred from (2.10). The exact
phase-space evolution is given by the ﬁrst-order partial differential equation

where ·,·+ is the anticommutator, the Latin indexes run the
values {i, j} Î x, y, z , n = (sin q cos f, sin q sin f, cos q )t is
a unit vector in the direction of spherical angles (q, f ) Î 2 ,
and CS = [S (S + 1)(2S - 1)(2S + 3)]1 2 .
The Wigner function is the symbol of the density operator r̂ .
It is SU(2) covariant: under the action of a (2S + 1)-dimensional
irrep of SU(2) given by the matrix Rˆ (W) [that is, r¢
ˆ =
-1
Rˆ (W¢) rˆ Rˆ (W¢)], Wr (W) experiences the transformation

¶t Wr (W∣t ) =

ò

dW Wr (W) WA (W) ,

{ f , g} =

1
(¶f f ¶q g - ¶q f ¶f g)
sin q

(3.3)

is the Poisson bracket on the sphere 2 . The evolution for the
Wigner function is

(2.11)

Wr (W∣t ) = Wr (W ( - t )∣0) ,

(3.4)

where Ω (t) denotes classical trajectories, which are solutions
of the classical Hamiltonian equations. It thus corresponds to
a rotation of the initial distribution.
Next, we observe that if the evolution can be recast in the
form ¶t Wr (W∣t ) = {A, B}, it can be interpreted as a continuity
equation with current given by

(2.12)

2

Jf = - A¶q B ,

4p
= (2S )!
YKq (W0).
(2S - K )!(2S + K + 1)!
(2.13)

Jq =

1
A¶f B.
sin q

(3.5)

Accordingly, the linear dynamics is generated by
1
Wr (W∣t ) å ai ¶f ni ,
sin q
i

The ﬁnal results thus reads

Jq =

2S + 1
PK (cos z ) ,
(2S - K )!(2S + K + 1)!
K=0
(2.14)
where cos z = cos q cos q0 + sin q sin q0 cos (f - f0 ) and
PK(ω) are the Legendre polynomials.

Jf = - Wr (W∣t ) å ai ¶q ni .

WW0 (W) = (2S )!

(3.2)

where

where dW = sin q dq df is the invariant measure in 2 .
For a coherent state ∣W0ñ, the Wigner function can be
computed directly from the deﬁnition (2.7) by taking into
account that
S
áW0∣TˆKq∣W0ñ

å ai {Wr (W∣t ) , ni},
i

so that it follows rotations rigidly without changing its form.
In addition, we have the overlap relation
2S + 1
Tr (ˆ Aˆ ) =
4p

(3.1)

i

1 ⎛
1⎞
1
2
S^i  W Si2 (W) = CS ⎜ni2 - ⎟ + S (S + 1) ,
2 ⎝
3⎠
3
(2.10)

W  ¢ (W) = Wr (R-1W) ,

å ai Sˆi

2S

å

(3.6)

i

Since for these linear Hamiltonians the exact evolution is the
classical Liouville equation [45], the quantum and classical
currents are just the same.

3
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Figure 1. Snapshots of Kerr dynamics for an initial atomic coherent state (S = 10) located in the equator at the dimensionless times τ=0,

τ=0.32 and τ=1.5. Upper panel, quantum dynamics; lower panel, semiclassical evolution.

^ L2 ) is
Here, F(

For the particular case of HˆL = wSˆz the resulting components of Wigner current are:
Jq = 0,
Jf = w sin q Wr (q , f - wt∣0).

^ (L2) = [2 - e2 (2L2 + 1)
F
+ 2 1 - e2 (2L2 + 1) + e 4L4 ]1 / 2 ,

(3.7)

(3.11)

-1

^ (L2 ) its inverse. Both are functions solely of 2 ,
and F
which is a differential realization of the Casimir operator
on 2

In the supplemental material, which is available online
at stacks.iop.org/PS/94/044001/mmedia, we present an
animation of this current for an initial coherent state.

⎛
⎞
1
2 = - ⎜¶qq + cot q ¶q +
¶ff⎟ ,
2
⎝
⎠
sin q

3.2. Kerr dynamics

and, consequently, we have 2YKq (W) = K (K + 1) YKq (W).
Note also that the term between parentheses in (3.12) is the
Laplace–Beltrami operator in 2 .
Equation (3.9) can be represented in terms of the Poisson
brackets as follows

For quadratic Hamiltonians, we content ourselves with the
simplest case of the so-called Kerr medium [46, 47], which is
described by
2
Hˆ = cSˆz .

(3.8)

{

c
cos q Gˆ (q , 2) ¶f Wr (W∣t ) ,
e

}

1
¶t Wr (W∣t ) = 2ec Gˆ (q , 2) Wr (W) , 2 cos2 q .
4e

The ensuing dynamics has been examined in terms of the
standard position-momentum phase space [48, 49] and the
associated Wigner current has been recently discussed [50].
For the SU(2) Wigner function the evolution equation turns
out to be [13, 31]
¶t Wr (W∣t ) = -

(3.12)

(3.13)

Actually, the operator Ĝ(q, 2) is responsible for the quantum
deformation of the distribution. The current can be immediately found from(3.5):
Jf (t ) = ce-1 sin q cos q Gˆ (q , 2) Wr (W∣t )
Jq (t ) = 0.

(3.9)

where e = 1 (2S + 1) and the operator Ĝ(q, 2) is

(3.14)

The nonzero components of the current can be recast as

2
^ (q , L2) = 1 F
^ (L2) -  (1 + 2 tan q ¶q) F
^-1(L2). (3.10)
G
2
2

1
Jf (t ) = sin qUˆ (t )
Jf (t = 0) ,
sin q
4

(3.15)
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Figure 2. The quantum current in ﬁgure 1, but plotted in the plane (black arrows) for the same three times. The stagnation lines (white curves)

separate regions of positive and negative values of the Wigner function.

where
⎤
⎡ ct
Uˆ (t ) = exp ⎢ - cos q Gˆ (q , 2) ¶f⎥
⎦
⎣ 

regions of positive and negative values of the Wigner function,
as well as the minima of the negative ripples. New zero lines
around negative parts of the Wigner distribution appear at the
best squeezing time. Finally, nontrivial stagnation lines take the
form of closed curves rounding minima of the interference
pattern. These stagnation lines thus provide a complementary
picture of quantum interference in phase space.

(3.16)

is the evolution operator in phase space; that is, Wr (W∣t ) =
Uˆ (t ) Wr (W∣t = 0).
In ﬁgure 1 we plot the quantum current for an initial
coherent state on the equator (q = p 2, f = 0 ). We have
chosen three different dimensionless times τ=χt corresponding to τ=0, τ=0.32 (close to the best squeezing time)
and τ=1.5 (close to the appearance of two-component
Schrödinger cats) for the case S=10. The white arrows
represent the current Jf. At τ=0 , the size and position of the
arrows clearly indicate the direction of the deformation of
the Wigner function: in the vicinity of the initial maximum,
the laminar ﬂow with increasing speed towards polar regions
leads to the squeezing of the distribution along transverse
directions for short times t ~ S-1 2 . Such a deformation is
actually reﬂected in a real squeezing of Sˆx and Sˆy components.
In addition, ﬁrst signs of the quantum interference are
observed. For cat times, τ∼1, the structure of the quantum
current is quite complicated: multiple regions where the
current changes direction can be easily noticed. In the supplemental material, the reader can ﬁnd an animation of this
current for an initial coherent state.
To better appreciate the stagnation lines (recall that Jθ=0
identically), in ﬁgure 2 we plot the Wigner current of ﬁgure 1,
but now in the plane. There is always a trivial zero line at
θ=π/2. At the initial moment, the stagnation lines separate

3.3. Semiclassical limit

The semiclassical limit in spinlike systems is related to large
value of spin, naturally characterized by the parameter e =1.
The semiclassical states are usually associated with smooth and
localized (with extension of order S ) phase-space distributions
[51]. Algebraically, the density matrix of semiclassical states is
decomposed only on low rank tensors with K  S in
equation (2.8). The typical semiclassical states are the spin
coherent states (2.4).
The operator (3.10) in the semiclassical limit tends to
Gˆ (q, 2) = 1 + O (e 2 ), and the evolution equation (3.13)
takes the form of the classical equation of motion corresponding to the Hamiltonian (3.8); viz
¶t Wr (W∣t )  -

c
cos q¶f Wr (W∣t ) = 2 {Wr (W) , WH (W)},

(3.17)

where the symbol of the Hamiltonian is
c
WH (W) 
cos2 q.
4 2
5

(3.18)
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short times t ~ S-1 2 . From an experimental viewpoint,
quantum effects can hardly be observed by measuring loworder moments of spin operators [51] when S?1. Thus, by
analyzing the Wigner current, in principle, it is possible to
detect genuine quantum features of large spin systems arising
in the course of nonlinear dynamics.

The solution is deﬁned by the classical trajectories according
to equation (3.4). Nevertheless, in this case different points of
the initial distribution evolve with different velocities, so that
the classical motion leads to a semiclassical deformation of
the initial distribution,
⎞
t = 0⎟ = Wr (W ( - t )∣0).
⎠
(3.19)

⎛
ct
Wr (W∣t )  Wr ⎜q , f cos q
⎝
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In the lower panel of ﬁgure 1 we plot this semiclassical
current at the same times as for the quantum case. At the
initial times, both semiclassical and quantum currents look
quite similar. However, already for short times, τ=0.32, the
semic classical distribution differs from the quantum one. The
semiclassical current only produces a deformation of the
initial distribution, as it follows from the (3.19). The semiclassically-evolved distribution is slightly narrower than the
quantum one, but still describes very well the effect of spin
squeezing [13]. For longer times, the semiclassical current
keeps twisting the Wigner distribution, which obviously does
not show any sort of interference pattern. The stagnation lines
in the semiclassical case coincide with zeros of the evolved
Wigner function, as it follows from (3.20) and differ from the
quantum case, even at the initial times. Such a difference is
signiﬁcant and can be in principle used for a detection of
genuine quantum features.
The higher moments of the Wigner distribution
m k (t ) =

⎛ 2S + 1 ⎞ k
⎜
⎟
⎝ 4p ⎠

ò

dW Wrk (W∣ - t )
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