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• Introduction to Quantum Optics:


• Quantum Mechanics:

• qSHO, Uncertainty-relation, Schrodinger/Heisenberg/Interaction pictures


• Quantum Properties of Light:

• Number states, Vacuum States, Coherent States, Squeezed States

• Phase Space, Quantum State Tomography 


• Simple Optical Instrument:

• Beam Splitter, Mach-Zehnder Interferometer

• HBT, Homedyne Detections

• Correlation funcitons

 


Syllabus :
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•Photon-atom interaction:

• Rabi oscillation,  

• Jaynes-Cummings Hamiltonian, 

• Dicke model,  

• Cavity-Quantum Electro-Dynamics (c-QED),  

• Electromagnetically Induced Transparency (EIT), 

• Optical Parametric Oscillator (OPO),   

• Dissipative Systems,  


• Selected Applications:

• Quantum Sensor: Gravitational Wave Detectors

• Test of Quantum Mechanics: Quantum Zeno effect

• Quantum Communication: QKD

• Quantum  Computing: Quantum Photonic Circuit

 


Syllabus :
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•Photon-atom interaction:

• Rabi oscillation,  

• Jaynes-Cummings Hamiltonian, 

• Dicke model,  

• Cavity-Quantum Electro-Dynamics (Cavity-QED),  

• Electromagnetically Induced Transparency (EIT), 

• Optical Parametric Oscillator (OPO),  

• Dissipative Systems,  


 


Photon-atom interaction:
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Mollow’s triplet:
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•Photon-atom interaction:

• Quantum theory of Fluorescence, 

• Cavity Quantum ElectroDynamics, Cavity-QED, 

• Quantum theory of Lasers, 

• Quantum theory of Nonlinear Optics, 

• Quantum Non-demolition Measurement (QND),

• Quantum theory for Nonlinear Pulse Propagation,

• Entangled source generation and Quantum Information, 

• Bose-Einstein Condensates (BEC) and Atom Optics,

• Quantum optical test of Complementarity of Quantum Mechanics,

• Quantum optics in Semiconductors,


 


Photon-atom interaction:
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Strong-Coupling:

 

Strong	coupling,	energy	splitting,	and	level	crossings:	A	classical	perspective,

Lukas	Novotny,	American	J.	Phys.	78,	1199	(2010).
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Mott-Superfluid transition: 

Dicke-Bose-Hubbard Model

S.-C.	Lei	and	RKL,	Phys.	Rev.	A	77,	033827	(2008).

S.-C.	Lei,	T.K.	Ng,	and	RKL,	Opt.	Express	18,	14586	(2010).


S.-C.	Lei	and	RKL,	Optics	in	2008,	Optics	&	Photonics	News,	Dec.,	44	(2008).

ℏ

• thermodynamical limit

N ! 1

(large number limit)

• classical limit:

~ ! 0

• group contraction:

[A,B] ! {A,B}

Moyal bracket ! Poisson bracket
<latexit sha1_base64="5eE05VaMebbeNYqQjzyYRsS3F7Q="></latexit>



9A. D. Greentree, C. Tahan, J. H. Cole and L. C. L. Hollenberg, Nature Physics 2, 856 (2006).

 


Array of Cavity QED 
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Dicke-Bose-Hubbard Model 
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• SF refers to a superfluid phase with strong interaction of photon hopping.

• MI refers to a Mott insulator phase with equally number of photons in each cavity.

• In the insulator region |0, 0⟩, |−, 1⟩, and |−, 2⟩ denote the negative branches of the 
dressed-states where the system will change from n to n + 1 excitation per site, 
simultaneously filling photons in cavities and resulting in a finite gap of spectrum.

.

 


Dicke-Bose-Hubbard Model: Infinity size
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Coherent Interaction: 
Photon Echo

2π pulse

absorption re-

 


Rabi-Oscillation:

 

⌦
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⇤ Two-level atoms become transparent for optical pulses under coherent
resonance.

⇤ The quantum mechanical area theorem shows that slowly varying optical
pulses with area equal to an integer multiple of 2⇡.

⇤ This kind of optical pulses is known as Self-Induced Transparency solitons.

13S.	L.	McCall	and	E.	L.	Hahn,	Phys.	Rev.	Lett.	18,	908	(1967).

Self-Induced-Transparency, SIT

2π pulse



The group velocity:
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c
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SIT solitons: Maxwell-Bloch equations

slow-light
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Quantum SIT Solitons: Maxwell-Bloch eq. 

U: optical field, 

P: atomic dipole,
N: population difference, 
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Assume all the atoms are in the ground state,
low-excitation limit, hN̂i = �1, then

⇥
p̂(z1, tb), p̂

†(z2, tb)
⇤

= �(z1 � z2).

Bosonic Commutation relation


Quantum SIT Solitons: Maxwell-Bloch eq. 

optical field: boson
2-level atom: spin-1/2



17RKL	and	Y.	Lai,	Phys.	Rev.	A	80,	033839	(2009).

Squeezing of SIT Solitons 

atomic fluctuation becomes 
less important in a large 

ensemble
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3-level systems
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• Since the control field is stronger than the probe field, low excitation is
assumed the atomic population is almost in the ground state.

• Then, the corresponding dipole transition �̂13 changes slowly compared to
the excited state decay rate.

�̂13 =
1

�13

⇣
igÊ + i⌦c�̂12 + F̂13

⌘
.

• Typically, the adiabatic condition is applied by assuming

�̂12 = �g Ê/⌦c.

✓
@
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+ c

@

@z

◆
Ê =

gN

⌦c

@

@t
�̂12

• Dark-State Polariton operator:  ̂ in EIT system

 ̂(z, t) = cos ✓(t)Ê(z, t)�
p
N sin ✓(t)�̂12(z, t)
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• Dark-State Polariton operator:  ̂ in EIT system

 ̂(z, t) = cos ✓(t)Ê(z, t)�
p
N sin ✓(t)�̂12(z, t)

• equation of motion:

✓
@

@t
+ c cos2 ✓(t)

@

@z

◆
 (z, t) = 0

with the two defined angles

cos ✓ =
⌦cp

⌦2
c + 4g2N

, sin ✓ =

p
4g2Np

⌦2
c + 4g2N

M.	Fleischhauer	and	M.	D.	Lukin,	Phys.	Rev.	Lett.	84,	5094	(2000).	
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Adiabatic 
approximation
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Classical	analog	of	electromagnetically	induced	transparency,


C.	L.	Garrido	Alzar,	M.	A.	G.	Martinez,	and	P.	Nussenzveig,	Am.	J.	Phys.	70,		37	(2002).

 


Classical Analog of EIT
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Beyond Adiabatic approximation
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• Since the control field is stronger than the probe field, low excitation is
assumed the atomic population is almost in the ground state.

• Then, the corresponding dipole transition �̂13 changes slowly compared to
the excited state decay rate.

�̂13 =
1

�13

⇣
igÊ + i⌦c�̂12 + F̂13

⌘
.

• Typically, the adiabatic condition is applied by assuming

�̂12 = �g Ê/⌦c.
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• Dark-State Polariton operator:  ̂ in EIT system

 ̂(z, t) = cos ✓(t)Ê(z, t)�
p
N sin ✓(t)�̂12(z, t)
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Langevin noise operator
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The e↵ective Langevin noise operator is introduced by asking
the field operator Ê to satisfy Bosonic commutation relation, i.e.:

[Ê(z, ⌧), Ê†(z, ⌧ 0)] = �(⌧ � ⌧ 0), 8z
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hX̂2

L(⌧)i = 1�e�OD

✓
1 + Tp

|⌦c|2

�
(OD)

◆⇣
1� hX̂2

0
(⌧)i

⌘
�Tp

Z ⌧

0

d⌧ 0 [f(⌧, ⌧ 0)]
2
⇣
1� hX̂2

0
(⌧ 0)i

⌘
+2hn̂†n̂i.

Adiabatic approximationBeyond Adiabatic approximation

Thermal

noises

Noise variance 
from vacuum

Optical Density 
(OD)

Response function in

EIT

You-Lin	Chuang,	Ite	A.	Yu,	and	RKL,		Phys.	Rev.	A	91,	063818(2015).

Quantum noise variance through EIT

Noise variance 
at the input



30D.	Akamatsu	et	al.,	Phys.	Rev.	Lett.		99,	153602	(2007).
You-Lin	Chuang,	Ite	A.	Yu,	and	RKL,	

Phys.	Rev.	A	91,	063818(2015).



31
K.	Honda	et	al.,	Phys.	Rev.	Lett.		100,	1093601	(2008). You-Lin	Chuang,	Ite	A.	Yu,	and	RKL,	


Phys.	Rev.	A	91,	063818(2015).
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1. State: The properties of a quantum system are completely defined by

specification of its state vector | i. The state vector is an element of a

complex Hilbert space H called the space of states.

2. Observable: With every physical property Â (energy, position, momen-

tum, angular momentum, ...) there exists an associated linear, Hermitian

operator Â (usually called observable), which acts in the space of states

H. The eigenvalues of the operator are the possible values of the physical

properties.

3. Probability:

(a) If | i is the vector representing the state of a system and if |�irepresents

another physical state, there exists a probability p(| i, |�i) of finding
| i in state |�i, which is given by the squared modulus of the scalar

product on H: : p(| i, |�i) = |h |�i|
2
(Born Rule).

(b) If A is an observable with eigenvalues ak and eigenvectors |ki, Â|ki =
ak|ki, given a system in the state | i, the probability of obtaining ak
as the outcome of the measurement of Â is p(ak) = |hk| i|. After the

measurement the system is left in the state projected on the subspace

of the eigenvalue ak (Wave function collapse).

4. Time evolution: The evolution of a closed system is unitary. The state

vector | (t)i at time t is derived from the state vector | (t0)i at time

t0 by applying a unitary operator Û(t, t0), called the evolution operator:

| (t)i = Û(t, t0)| (t0)i.
<latexit sha1_base64="7a8dgjhRaw2ccoBrZebxPq/BMi4="></latexit>

Axioms of Quantum Mechanics

non-Hermitian

Quantum 

Mechanics

Quantum

State


Tomography

Quantum

Measurement


(weak measurement)


Decoherence

Arrow of Time


Entangled-History
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C.	M.	Bender’s	slides.
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Real eigenvalues

Hermitian
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Parity-Time Symmetry
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Parity-Time Symmetry-breaking
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• Exceptional Point
C.	M.	Bender	and	S.	Boettcher,	


PRL	80,	24	(1998).
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L.	Praxmey,	Popo	Yang,	and	RKL,	

Phys.	Rev.	A	93,	042122	(2016).

• Consider a family of di↵erential equations parameterized by a continuous

parameter ✏ > 0 in the form:

@2 (x)

@x2
+ V✏(x) (x) + 2E (x) = 0, (1)

• Here, let us specify the definition of V✏(x) = �(ix)✏, by stating explicitly

the branch of logarithm :

V✏(x) = �(ix)✏ = e✏ log(ix) =

8
><

>:

�|x|✏
⇥
cos(✏⇡2 ) + i sin(✏⇡2 )

⇤
, for x > 0;

0, for x = 0;

�|x|✏
⇥
cos(✏⇡2 )� i sin(✏⇡2 )

⇤
, for x < 0 .

(2)

• In a Fock state basis, an analytical formula for the matrix element anm(✏) =

hm|H✏|ni of H✏ =
1
2

@2

@x2 +
V✏(x)

2 can be constructed for any natural number

n, m and positive ✏:

anm(✏) =

p
n(n�1)

4 �m,n�2 +

p
(n+1)(n+2)

4 �m,n+2 � 2n+1
4 �m,n +

+

h
1�(�1)en+fm

4 cos(✏⇡2 ) +
1+(�1)en+fm

4 i sin(✏⇡2 )
i
(�1)b

n
2
c+bm

2
c
2
en+emn!m!

bn2c! b
m
2 c!

⇥

⇥ �
�
1+✏+en+em

2

�
FA
�
1+✏+en+em

2 ;�bn2c,�bm2c;
2en+1

2 , 2em+1
2 ; 1, 1

�
�m,n (3)

where � is an Euler gamma function; FA is a Lauricella hypergeometric

function; symbol b c denotes a floor function: bkc is the largest integer not

greater than k; character tilde e denotes a binary parity function: ek is 0

for an even k and 1 for an odd k.

• By using truncated Fock state basis, we diagonalize the matrix Mnn(✏)
numerically, having truncated the basis to the first 31, 51, or 71 elements.

<latexit sha1_base64="m0ejowKuN9yERl1stZqgTJuIm9Y="></latexit>
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Real Spectrum in PT  Hamiltonian
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Science	346,	972	(2014).
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PT  in Phase space: Ground states
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PT  in Phase space: at the Exceptional Point
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Phase space: Wigner flow

O.	Steuernagel,	D.	Kakofengitis,	and	G.	Ritter,	Phys.	Rev.	Lett.	110,	030401	(2013).
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Wigner flow of PT : Ground states

L.	Praxmey,	Popo	Yang,	and	RKL,	Phys.	Rev.	A	93,	042122	(2016).
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Wigner flow of PT : 1st/2nd Excited states

L.	Praxmey,	Popo	Yang,	and	RKL,	Phys.	Rev.	A	93,	042122	(2016).
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Parity-Time Hamiltonian
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C.	M.	Bender	et	al.,

	Phys.	Rev.	Lett.,	98,	040403	(2007)

Alice: Local PT  Hamiltonian
• α = 0 ( n 𝝅), Hermitian

• α ≠ 0 ( n 𝝅), non-Hermitian

• α = ±𝝅/2, PT-breaking
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Parity-Time Symmetry in Optics
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Experimental realization in Optical Systems

C.	E.	Rüeter	et	al.,

Nature	Phys.	6,	192	(2010).

Gain = Loss
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Ultrafast Spin-flip
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Quantum Noises with PT  Hamiltonian
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Quantum Noises with PT  Hamiltonian
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Quantum Noises with PT  Hamiltonian
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61

Non-Hermitian

(Dissipative system)


Hermitian

More or Less

PT: 
Additional 

degree of freedom ?

or


Constrains ?
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C.	M.	Bender’s	slides.
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64

local PT in Alice



65

No-Signaling principle
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C.	M.	Bender	et	al.,

	Phys.	Rev.	Lett.,	98,	040403	(2007)

Alice: Local PT  Hamiltonian
• α = 0 ( n 𝝅), Hermitian

• α ≠ 0 ( n 𝝅), non-Hermitian

• α = ±𝝅/2, PT-breaking
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cos 𝛜 = 0 

if  α = 0 ( n 𝝅)
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71

Naimark Dilation

U.	Günther	and	B.	F.	Samsonov,	 
Phys.	Rev.	Lett.,	101,	230404	(2008).
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73

PT  Without Balanced Gain/Loss

Y-C.	Lee,	J.B.	Liu,	Y.-L.	Chuang,	M.-H.	Hsieh,	and	RKL,	

Phys.	Rev.	A	92,	053815	(2015).
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H = s

✓
i sin↵ 1

1 �i sin↵

◆
, (1)H2 = s

✓
0 1� sin↵

1 + sin↵ 0

◆
, (1)

Only Real 

matrix elements,


but with asymmetric 
coupling/tunneling

Y-C.	Lee,	J.B.	Liu,	Y.-L.	Chuang,	M.-H.	Hsieh,	and	RKL,	Phys.	Rev.	A	92,	053815	(2015).
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H
†
⌘ = ⌘H

<latexit sha1_base64="PX74sjU0z40GS4Rf2+8p9D6cNmE=">AAAB/nicbVDLSsNAFL3xWesrKq7cDLaCq5LUhW6EopsuK9gHNLFMJpN26OTBzEQooeCvuHGhiFu/w51/46TNQlsP3MvhnHuZO8dLOJPKsr6NldW19Y3N0lZ5e2d3b988OOzIOBWEtknMY9HzsKScRbStmOK0lwiKQ4/Trje+zf3uIxWSxdG9miTUDfEwYgEjWGlpYB5Xs+b0wfHx0KEKX+cNNasDs2LVrBnQMrELUoECrYH55fgxSUMaKcKxlH3bSpSbYaEY4XRadlJJE0zGeEj7mkY4pNLNZudP0ZlWfBTEQlek0Ez9vZHhUMpJ6OnJEKuRXPRy8T+vn6rgys1YlKSKRmT+UJBypGKUZ4F8JihRfKIJJoLpWxEZYYGJ0omVdQj24peXSadesy9q9l290rgp4ijBCZzCOdhwCQ1oQgvaQCCDZ3iFN+PJeDHejY/56IpR7BzBHxifP9TSlL0=</latexit>

M.	Huang,	R.-K.	Lee,	and	J.	Wu,	J.	Phys.	A:	Math.	Theor.	51,	414004	(2018).
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M.	Huang,	R.-K.	Lee,	and	J.	Wu,	J.	Phys.	A:	Math.	Theor.	51,	414004	(2018).

H
†
⌘ = ⌘H
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