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• ☐Simple Harmonic Oscillator, SHO

• ☐Hamiltonian energy

• ☐Phase Space

• ☐EM wave as a SHO

• ☐Sinusoidal waves

• ☐Poynting Energy


• More on SHO

• ☐Damped SHO (over-damped, critically-damped, under-damped)

• ☐Driven SHO,  ☐Inverted SHO

• ☐Pendulum

• ☐Nonlinear SHO

• ☐Periodic (Orbit) and Chaotic Trajectories

• ☐Parity-Time symmetric SHO

• ☐Double pendulum/Coupled SHOs

• ☐Bose-Einstein Condensates in Double Wells

• ☐EIT and Fano resonance

• ☐Pseudo-Potential

 


Note: Simple Harmonic Oscillators

 

*http://mx.nthu.edu.tw/~rklee

download

mailto:rklee@ee.nthu.edu.tw
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From Scratch !! 

 

• How much do you known about SHO ?
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Possible Goals:

 

• Find a possible (but simple) building block for EM 
wave quantization !


• Classical Counterpart !?

• Constraints? 


•Energy Conservation

•Momentum Conservation
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Simple Harmonic Oscillator, SHO

 

• Newton’s law
• Hooke’s law
• Linear force (parabolic potential)

• Hamiltonian (energy) is constant (conserved).

• Equally distributions in KE and PE
• Sinusoidal motion
• Periodic orbit (trajectory) in phase space
• Response bandwidth
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Maxwell’s Equations

Edinburg,	Scotland

Nov.	2018
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Poynting Energy Theorem
<latexit sha1_base64="2ZEDmj33+/BO4NYyvyVT7NH5gZk="></latexit>

Poynting’s theorem:
I

S
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The quantity ~E · ~J is the power density associated with the work done by
the field, having to do with the current flow.

<latexit sha1_base64="5lngNTsD2dCBKIs74o+2D52B2DU="></latexit>
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Free space
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Energy of EM Waves
<latexit sha1_base64="Jll5O9DTh65phluIn9CxCK5dK94="></latexit>

The total energy for the electric and magnetic fields, plus the particles, is
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where the energy contributed from the transverse electric and magnetic field is,
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• Coulomb self energy of the particle and Coulomb interaction energy 
between pairs of particles, 


• Transverse Electric and Magnetic fields
• Longitudinal Electric field  (the longitudinal Magnetic field is zero) 

C.	Cohen-Tannoudji,	J.	Dupont-Roc,	and	G.	Grynberg,	"Photons	&	Atoms",	John	Wiley	&	Sons	(1989).	
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EM Waves

polarization

Degrees of freedom in Classical EM waves:

• Amplitude, Phase,

• Polarization (spin), Optical Angular Momentum (OAM),

• Frequency (Wavelength), Frequency (Time) Bandwidth, Intensity (Power)

<latexit sha1_base64="GnAO063fpm/D9Cx4qPsm5mua93U="></latexit>

Sinusoidally time-varying plane waves:

~E(x, t) = x̂ ARe{Exp[i (! t� � x)]} = A cos(! t� � x),

where Exp[i (! t� � x)] is called the phasor.
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Simple Harmonic Oscillator, SHO

 

SHO EM waves Quantum
particle (transverse) mode wave-particle

Newton’s law Maxwell’s eqs
Schrodinger/Heisenberg eq. 

Quantum Liouville eq.

Dirac eq.

sinusoidal sol. plane wave sol. harmonic waves

KE+PE Poynting energy Hamiltonian energy

Kinetic Energy Diffraction/Dispersion free-particle expansion

Potential Energy refractive index change

(GRIN lens) Potential Energy

Trajectory Phasor Probability distribution

(Husimi function)

x, p

canonical coordinates quadrature

<latexit sha1_base64="zN7VN1tg/V8KvooNe6luc0PuC18=">AAAB/nicbZDNSsNAFIVv6l+tf1Fx5WawFVxISbpQl0U3LitYW0hDmUwn7dDJJMxMhBICvoobF4q49Tnc+TYmaRbaemDg49x7uXeOF3GmtGV9G5WV1bX1jepmbWt7Z3fP3D94UGEsCe2SkIey72FFORO0q5nmtB9JigOP0543vcnrvUcqFQvFvZ5F1A3wWDCfEawza2geNZzBBOukn56jAjqp26gNzbrVtAqhZbBLqEOpztD8GoxCEgdUaMKxUo5tRdpNsNSMcJrWBrGiESZTPKZOhgIHVLlJcX6KTjNnhPxQZk9oVLi/JxIcKDULvKwzwHqiFmu5+V/NibV/5SZMRLGmgswX+TFHOkR5FmjEJCWazzLARLLsVkQmWGKis8TyEOzFLy/DQ6tpXzStu1a9fV3GUYVjOIEzsOES2nALHegCgQSe4RXejCfjxXg3PuatFaOcOYQ/Mj5/AKRClKA=</latexit>

[X̂, P̂ ]
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Phase space

from	Wiki

wave-nature
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Coherent states

with	Popo	Yang

Popo	Yang,	Ivan	F.	Valtierra,	Andrei	B.	Klimov,	Shin-Tza	Wu,	RKL,		Luis	L.	Sanchez-Soto,	and	Gerd	Leuchs,	
Physica	Scripta	for	the	New	Focus	issue:	Quantum	Optics	and	Beyond	-	in	honour	of	Wolfgang	Schleich.
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Quantum Simple Harmonic Oscillator (SHO)
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Quantum Simple Harmonic Oscillator (SHO)

<latexit sha1_base64="NUH2uhhO/zhnNBDwuoB1wtMA6L0="></latexit>

N̂ |ni = n|ni, (1)

â|ni =
p
n|n� 1i, (2)

â†|ni =
p
n+ 1|n+ 1i, (3)

En = ~!(n+
1

2
). (4)
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Vacuum State: |0>

|0>

with Zero Mean

Gaussian wave-package
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 (x) = < x|0 >= C exp[�x2/�x2]

 ̃(p) = < p|0 >= C exp[��x2 p2]

<latexit sha1_base64="o9MQIJ46f22FQkG4y+Cmj9U3Mto="></latexit>

E0 = ~!/2

<latexit sha1_base64="su/ro0niIlFiVmB+x1H+GIU7knk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrmpSBHUhFEVwWcE+oAlhMp20Q2cyYWYilFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JE0aVdpxvq7C0vLK6VlwvbWxube/Yu3stJVKJSRMLJmQnRIowGpOmppqRTiIJ4iEj7XB4M/Hbj0QqKuIHPUqIz1E/phHFSBspsA8qt4EDr6A3CJH0BCd9dFqrBHbZqTpTwEXi5qQMcjQC+8vrCZxyEmvMkFJd10m0nyGpKWZkXPJSRRKEh6hPuobGiBPlZ9Pzx/DYKD0YCWkq1nCq/p7IEFdqxEPTyZEeqHlvIv7ndVMdXfgZjZNUkxjPFkUpg1rASRawRyXBmo0MQVhScyvEAyQR1iaxkgnBnX95kbRqVfesenlfK9ev8ziK4BAcgRPggnNQB3egAZoAgww8g1fwZj1ZL9a79TFrLVj5zD74A+vzB2nkk98=</latexit>

Vacuum State: |0>
time-sequence histogram

Uncertainty-Relation

Zero-Point EnergyLO phase

BHD signal

�x2 ⇥�p2 � 1/4

<latexit sha1_base64="1SSAwIVmoNYnZWUliH4oJ1hRvdM=">AAACD3icbZC7TgJBFIZn8YZ4W7W0mQgaK9wlJGpH1MISE7kkgGR2OMCE2UtmzhoJ4Q1sfBUbC42xtbXzbRxgC0X/ZJI/3zknZ87vRVJodJwvK7WwuLS8kl7NrK1vbG7Z2ztVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ8wYXk3rtDpQWYXCDwwhaPusFois4Q4Pa9mGueQkSGb2/LdAmCh80TUg0IT2g7nEx17azTt6Ziv41bmKyJFG5bX82OyGPfQiQS6Z1w3UibI2YQsEljDPNWEPE+ID1oGFswMzi1mh6z5geGNKh3VCZFyCd0p8TI+ZrPfQ90+kz7Ov52gT+V2vE2D1tjUQQxQgBny3qxpJiSCfh0I5QwFEOjWFcCfNXyvtMMY4mwowJwZ0/+a+pFvJuMX92XciWzpM40mSP7JMj4pITUiJXpEwqhJMH8kReyKv1aD1bb9b7rDVlJTO75Jesj2/hp5oH</latexit>

Phase Sapce

with Zero Mean

Gaussian wave-package
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Number (Fock) states

|0i |n = 1i |n = 2i

Non-classical

states

negative probability with	Ludmila	Praxmeyer
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More on SHO

 



19

 


Damped SHO

 

• Energy ∝ radius
• damped SHO

• critically damped 

• over-damped
• under-damped

J.	B.	Marion	and	S.	T.	Thornton,	“Classical	dynamics	of	particles	and	systems,”		(1995).
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Nonlinear, Inverted SHO

 

J.	B.	Marion	and	S.	T.	Thornton,	“Classical	dynamics	of	particles	and	systems,”		(1995).

• Anharmonic Potential
• Nonlinear Force

• Inverted SHO

• limit cycle
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Driven SHO and Lorentz model

 

Dispersion/Absorption 
spectrum
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Chaos

 

J.	B.	Marion	and	S.	T.	Thornton,	“Classical	dynamics	of	particles	and	systems,”		(1995).

Chaos in Lorenz Model
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SHO in 2D: Lissajous curves

 

J.	B.	Marion	and	S.	T.	Thornton,	“Classical	dynamics	of	particles	and	systems,”		(1995).
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Pendulum

 

J.	B.	Marion	and	S.	T.	Thornton,	“Classical	dynamics	of	particles	and	systems,”		(1995).



25J.	B.	Marion	and	S.	T.	Thornton,	“Classical	dynamics	of	particles	and	systems,”		(1995).

 


More Pendulums

 

https://math.stackexchange.com/questions/2971394/periodic-solutions-of-the-double-pendulum
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SHO for EIT/Fano resonance

 

C.	L.	Garrido	Alzar	et	al.,	“Classical	analog	of	electromagnetically	induced	transparency,”	

Am.	J.	Phys.	70,	37	(2002).

Assignment



27

• ☐Simple Harmonic Oscillator, SHO

• ☐Pendulum

• ☐Damped SHO (over-damped, critically-damped, under-damped)

• ☐Inverted SHO

• ☐Nonlinear SHO

• ☐Periodic (Orbit) and Chaotic Trajectories

• ☐RKC Circuit


•☐Two-Level (State) systems

• ☐Left-Right, Ground-Excited, Down-Up (spin 1/2), Dimer states, ….

• ☐Bose-Einstein Condensates in Double Wells

• ☐Double pendulum/Coupled SHOs

• ☐Parity-Time symmetric SHO

• ☐EIT and Fano resonance

• ☐Pseudo-Potential

*http://mx.nthu.edu.tw/~rklee

 


More on SHO and Phase Space

 

mailto:rklee@ee.nthu.edu.tw


28

 


Josephson tunneling for BEC in double well
 

M.	Albiez,	et	al.,	

	Phys.	Rev.	Lett.		95,	010402	(2005).

S.	Raghavan,	et	al.,

“Coherent	oscillations	between	two	weakly	

coupled	Bose-Einstein	condensates:	
Josephson	effects,	$\pi$	oscillations,	and	

macroscopic	quantum	self-trapping,”	

Phys.	Rev.	A	59,	620	(1999).
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Rigid Pendulum Non-Rigid Pendulum

 


Josephson tunneling for BEC in double well
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Ray-Wave Analogy
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Laser resonator configurations and cavity stability

NTU 23/10/2009 – p. 29/14

Ray Optics

Hermite Gaussian beams

there are other solutions to the paraxial Helmholtz equation,

main interest in solutions with paraboloidal wavefronts of special interest for
resonators with spherical mirrors,

paraboloidal wavefronts are unaltered by spherical mirror,

NTU 23/10/2009 – p. 30/14

Wave Optics

Optical Cavity



2⇡

�
L = N ⇡.

34

 Harmonics: String



2⇡

�
D = N ⇡.

35

  Disk:
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Ray Optics

Fermat’s principle Particle

WaveEM Optics

Maxwell’s Eq.

Trajectory
 Mode


Husimi function

Gutzwilla trace formula

 Classical-Quantum correspondence
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Laser resonator configurations and cavity stability

NTU 23/10/2009 – p. 29/14

Ray Optics

Hermite Gaussian beams

there are other solutions to the paraxial Helmholtz equation,

main interest in solutions with paraboloidal wavefronts of special interest for
resonators with spherical mirrors,

paraboloidal wavefronts are unaltered by spherical mirror,

NTU 23/10/2009 – p. 30/14

Wave Optics

Optical Cavity
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Ray Optics: Poincare Section of Surface




39
C.J.	Cheng,	Y.Y.	Lin,	C.Y.	Chen,	T.D.	Lee,	and	RKL,	


Appl.	Phys.	B	97,	619	(2009).

✓41st-order


✓ Room Temperature

 Recorded Highest-order Whispering-GalleryMode
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M.	A.	Bandres,	J.	Opt.	Soc.	Am.	A,	21,	873880,	(2004).

    1, Decrease the size of the cavity => micro-disk, µ-ring, and µ-sphere.

    2, Suppress the lower-modes and keep the cavity size large.


 Whispering-Gallery 
mode


清華⼤學⽉涵亭

 Cavity modes: patterns

Nature	424,	839	(2003).
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•Integral system: Stable Periodic Orbit

•Non-integral system: Unstable Periodic Orbit


✓  SCAR modes


J.	U.	Nöckel	and	A.	D.	Stone,	nature,	385,	45	(1997).

Periodic Orbits
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Whispering-gallery modes:  Radiation pattern
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Un-directional lasing with Surface-microstructure




45Y.Y.	Lin,	C.Y.	Chen,	W.	Chien,	J.S.	Pan,	T.D.	Lee,	and	RKL,	
Appl.	Phys.	Lett.	94,	221112	(2009).

Un-directional lasing: Experimental data
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Δɸ=π/2 Δɸ=π

Δɸ=0

Whispering-Gallery
Mode

Dynamical Localized
Mode

Experimental 
measurement

Superposition between Stable and Unstable POs




47
T.D.	Lee,	C.Y.	Chen,	Y.Y.	Lin,	M.C.	Chou,	T.h.	Wu,	and	RKL,	Phys.	Rev.	Lett.	101,	084101	(2008).

Y.Y.	Lin,	C.Y.	Chen,	W.	Chien,	J.S.	Pan,	T.D.	Lee,	and	RKL,	Appl.	Phys.	Lett.	94,	221112	(2009).


OSA,	Optics	&	Photonics	News	Nov.,	20	(2008)	and	OPN	calendar	(2009).

OSA: After Image Photon Contest, 2008
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• ☑︎Simple Harmonic Oscillator, SHO ➡︎ Quantum SHO
• ☑︎Hamiltonian energy ➡︎ Quantization
• ☑︎Phase Space ➡︎ Quantum Phase Space
• ☑︎EM wave as a SHO ➡︎ Quantum Field
• ☐Sinusoidal waves ➡︎ Beyond Plane waves
• ☐Poynting density ➡︎ Lagrangian density

• More on SHO

• ☐Damped and Driven SHO ➡︎ dissipation/amplification, Lorentz model 
• ☐Inverted SHO ➡︎ Quantum inverted SHO
• ☐Nonlinear SHO

• ☐Periodic (Orbit) ➡︎ WKB (Wentzel–Kramers–Brillouin) approximation
• ☐Chaotic Trajectories ➡︎ Bohmian, Quantum Chaos
• ☐Bose-Einstein Condensates in Double Wells  ➡︎ BEC
• ☐Parity-Time symmetric SHO ➡︎Quantum PT-symmetry

• ☐Double pendulum/Coupled SHOs

• ☐EIT and Fano resonance ➡︎ EIT 
• ☐Pseudo-Potential

 


Next and Questions

 

*http://mx.nthu.edu.tw/~rklee

download

mailto:rklee@ee.nthu.edu.tw
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•Hamiltonian mechanics  
•Poisson bracket

•Symplectic Approach

•Canonical Quantization

•Classical-Quantum Correspondence

•Bohmian Mechanics

•Wigner Flow

•More …

 


If you want to know more ….

 

L.	Praxmey,	Popo	Yang,	and	RKL,	Phys.	Rev.	A	93,	042122	(2016).


