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Quantization of the Electromagnetic Field

2
1 A .
2p—m + §kac2, where [z, p] = ih,

Like simple harmonic oscillator, H=
~ 2

For EM field, H = 1 3 .[m;w?,q% + Tﬁ—ﬂj], , where [G;, p;] = ihd;;,

the Hamiltonian for EM fields becomes: H = >, htdj(&;dj + 2,

the electric and magnetic fields become,

Ey(z,t) = 2(605)1/2 e~ it + ale'i! sin(k; 2),
A hw ; .
Hy(z,t) = —ieocZ(eo—‘Q/)l/Q[&je_wﬂ't ale™i] cos(k;z),
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Planck’s Law

2 In the thermal equilibrium at temperature T, the probability P,, that the mode
oscillator is thermally excited to the n-th excited state is given by the Boltzman factor,

exp|—FEn/kpT]

P, = :

2 the mean number 7 of photons is,

U 1
A=Y nPy=—— = ,
— 1-U exp(hw/kgT)—1

where U = exp(—fw/kpT)and > ;U™ =1/(1 -U).

2 energy density of the radiation:

Dw)dw = nhwdw = nhwp,dw,
hw3 dw

= fAhwldw/r%c® = :
" wjme m2c3 explhw/kpT] — 1

'ﬂ 2D #c-i‘ta?’r electromagnetic energy density: [ D(w)dw = 1/2V [, €o|E(r, 1)[*dV.
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Fluctuations in Photon Number

9 the ergodic theorem of statistical mechanics: time averages are equivalent to
averages taken over a large number of exactly similar systems, each maintained in
a fixed state (ensemble).

2 the probability of finding »n photons,

exp|—FEn/kpT] n"

P, = = (1-U)U" = :
( ) (1_|_,ﬁ>1—|—n

© X, expl—En/kpt]

which is a thermal distribution or the geometric distribution.

9 the root-mean-square deviation:

An® =) (n—n*)P, =0+,

then
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Probabllity distribution for

n=1
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Einstein’'s A and B coefficients

2 For a two-level atom, the rates of changes of Ny and N are,

dNy dN>

- ——— = N2A21 — NlBlQD(W) + N2B21D(W),

dt dt

2 A21 is the probability of photon in state 2 spontaneously fall into the lower state 1,

l.e. spontaneous emission;

2 B2 is the probability of photon absorption in state 1 into state 2, i.e. absorption;

Bz is the probability of photon emission from state 2 into state 1, i.e. stimulated

emission;

le __dN2 _O
dte dt '

2 in thermal equilibrium,

Agq

Dlw) = (N1/N2)Bi2 — Ba1’

where the populations N; and N2 are related by Boltzmann’s law,

TR LKL N1/N2 = (g1/g2)exp[iw/kpT],
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Einstein’'s A and B coefficients

9 the density distribution of EM fields in a two-level atom,

A2
(g1/g2)explhw/kpT]|B1a — B21’

D(w) =

where g1 and g2 are the level degenerate parameters.

2 compare it in free space,

hiw? 1
n2c3 explhw/kgT) — 1’

D(w) =

9 atall temperatures T, we have

(91/92)B12 = Boi,
(ﬁw3/7r203)321 — A21,

9 the consistency between the Einstein theory and Planck’s law could not have been

achieved without the introduction of the stimulated emission process.
TR EEALE
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Einstein’'s A and B coefficients

2 for nondegenerate two-level atom, g1 = go = 1 and N1y + Ny = N,

d Ny dNso
— = ———= = NyA+ (Ny — N71)BD(w
dt dt 2 (N2 1) (@),

2 the solution for N7 is,

) N(A+ BD(w) N[A + BD(w)]
Ni = [NY - A+ 2BD(w) SPIAT 2B +2BD(w)

where NY is the initial value of Ny at ¢t = 0,

2 N9 = 0, all atoms are in the ground state at ¢ = 0,

.~ NBD(w)
7 A+ 2BD(w)

1 —exp[—(A +2BD(w))t],

2 inthe steady-state,

NBD(w) |
. — ~ 0.5, if BD A,
us Univarstty 2T A+ 2BD(w) (w) >
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Macroscopic theory of Absorption

2 for the excited state,

d.V.
T2 NLA,
dt

with the solution No = NJexp[— At], where A = 1/7x the radiative lifetime of the
excited states.

2 in macroscopic, the polarization P by an applied electric field E is related with
P = ¢gxE, where the susceptibility x = x1 + 7x2,

9 the relation between frequency and the wavevector,
kc/w=14+x =n? = (n+ik)?, where n? — k? = 1+ x1 and 2nx = x2,

2 the traveling-wave solution propagated in the z—direction becomes,

expli(kz — wt)] = expliw(Z — 1) — 24,
C C

2 the averaged Poynting vector, I = (E x B/ug) = %eocmE(r, t)|%, where
I(z) = Ipexp[—2wkz/c],
A FERE

wnsnat ng s uyyhiere 2wrk /c is called the absorption coefficient.
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Microscopic theory of Absorption

eo|E(r, t)|2dV.

9 total electromagnetic energy density: [ D(w)dw =1/2V [,

cavity

2 fora lossy dielectric medium, [ D(w)dw = 1/2V fcavity eon?|E(r, t)|2dV.

2 in steady-state condition, —d& = No A+ (N2 — N1)BD(w)/n? = 0, with an
additional factor n? for the energy density,

9 the attenuation energy within a small section of dz, cross-section A is,

£ D(w)dwAdz = —(Ny — Na) F(w)dwBD(w) o he(Ad=/V),

2 for the absorption, — 2 D(w)dwAdz = — 2 IdwAdz, or 2 D(w) = 21,
2 forl = eocn|E(r, t)|2, we have cD(w) = nl, then,

8

(9_ = — (N1 — No)F(w)(Bhw/Ven)hl,

where F'(w) is the distribution of atomic transition frequencies.
ﬂ.#lﬁf ,- ‘?‘ s j}" ‘ﬁ
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Microscopic theory of Absorption

2 if N9 = 0, all atoms are in the ground state at ¢ = 0,

NBD(w)

B NBD(w)
A+ 2BD(w)/n? |

A+ 2BD(w)/n?’

No 1 —exp[—(A+2BD(w))t] =

and we have,

- NA . NA
 A+2BD(w)/n?2  A+2BI/cy’

N1 — No

2 the equation for the average beam intensity becomes,

2BI_) 0 7o NBhwF (w)
Acen’ 8z Ven

1(1+
I

2 for all ordinary light beams, % < 1, then we have,

I(z) = Iyexp|-NBhwF(w)z/Ven],

= Ipexp[—Kz],
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Microscopic theory of Absorption

9 A dielectric with one single resonance may be modeled as a distribution of "+" and
"—" charges, the + charges immobile and the — charges tied to the + charges by
a spring constant k,

d? e
712 —|—2B +w0)d———E,

m

m(——

2 for the incident field E = Eoexp[—i(wt — kz)] and the dipole
d = aexp|—i(wt — kz)], we have

—(e/m)Ep
w? — w2 + 2ifw’

a =

2 the polarization P = Np =N}, ed; = Noa(w)Ege " (wt=k2) where
—e?/m
w2—wg—|—2i5w )

alw) =

Ch. 2, 3,7, 8 in "Lasers,” by P. Milonni and J. Eberly.
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Microscopic theory of Absorption

9 the dispersion relation,

2 N 2
= g YU )
c2 €0 c2
2 the real index of refraction,
Ne? w2 — w2
nr(w) =1+ 0

mep (wg — w?)2 + 482w2’

2 the absorption coefficient or extinction coefficient,

2Ne? Buw?
mepc (wi — w?)? + 432w?’

a(w) =2nr(w)w/c =

which has the lineshape of the Lorentzian function,

B Ne? dwo
~ 2mege (wo — w)?2 + dw? 7

a(w)
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Population Inversion: the Laser

g
b

2 for a three level atom, N1 + N2 + N3 = N, the rate equations are:

dN

7ﬂ2 = —NaAs; — NaAss + DpBas(N3 — N2) — D(w)Ba1 (N2 — Ny),
dN

d—tl — N2A21 —N1A13+D(w)321(N2_N1)7

dN

d—tB = —N2A23+ N1A13 — DpBa3(N3 — Na),

the pumping rate v = D, B23(N3 — N3)/N,

in steady-state,

N3[A21 + B21D(w)] = Ni[A12 4+ B21D(w)],
NoAa3 + N1A1z = N,

2 for A1 < A13, we have No > Nj.

Rkt RS

Mational Teing Hua University

| Optoelectronic, 2007 - p.14/15




Purcell effect : Cavity-QED (Quantum ElectroDynamics)
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E. M. Purcell, Phys. Rev. 69 (1946).

Nobel laureate Edward Mills Purcell (shared the prize with Felix Bloch) in 1952,

for their contribution to nuclear magnetic precision measurements.

=l = = i,
12y 2, % 7
v i]ﬁ:/%? from: K. J. Vahala, Nature 424, 839 (2003).
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