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Abstract

Based on the Lagrange multiplier optimization (LMO) method, a new synthesis approach for designing complex long-period fiber
grating (LPG) filters is developed and demonstrated. The proposed synthesis method is a simple and direct approach. It was used to
efficiently search for optimal solutions and constrain various parameters of the designed LPG filters according to practical requirements.
The inverse scattering algorithm is a good tool for designing FBG filters; as well as for designing transmission-type fiber grating filters
like LPGs. Compared to the results of the discrete layer-peeling (DLP) inverse scattering algorithm for LPGs, the synthesized LPGs,
using the LMO approach, are more flexible and workable for the constraint conditions can be easily set in the user-defined cost func-
tional, such as the limitation on the maximum value of the refractive index modulation and the parameters of the initial guess in LMO
algorithm. Linear transmission LPG filters and EDFA gain flattening filters are synthesized and analyzed systematically by using the
proposed method with different parameters. Moreover, as a variation-based method, we find that the convergence and the synthesized
results of the LMO method are strongly dependent on the initial guess parameters.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Long-period fiber gratings (LPGs) are transmission-
type fiber grating devices in which the guided core mode
is coupled to the forward propagating cladding modes
through the periodic photo-induced index modulation.
LPGs are important key components in fiber communica-
tion and fiber sensing systems, acting as EDFA gain flat-
tening filters, band-rejection filters, mode converters, and
high sensitivity fiber sensors [1]. Due to lots of applica-
tions, a simple and efficient approach to design and syn-
thesize LPGs with complex properties is highly
demanded. From literatures, the existing synthesis meth-
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ods for LPGs can be classified into two categories: (1)
the inverse scattering method-based synthesis approaches
[2–8]; and (2) the stochastic-based optimization approaches
[9–11]. By using the discrete layer-peeling (DLP) inverse
scattering algorithm, grating assisted co-directional cou-
plers (GACCs) and LPG filters can be synthesized, in
which the coupling coefficient corresponding to a given
spectral transmission response is uniquely determined if
additional assumptions about the filter properties are used
(such as the under-coupled assumption) [6]. Even though
LPG filters with required spectral transmission shapes
can be inversely synthesized with DLP inverse scattering
algorithm, but there are still a number of disadvantages
in using this method for some LPG filter syntheses. These
disadvantages include: the required grating length is typi-
cally too long to fabricate, the spatial grating profiles
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(including amplitude and phase) are usually too compli-
cated, and the phase of the target transmission spectrum
of the designed LPG should be undetermined. Due to
these disadvantages, the practical application of the LPG
devices is severely limited. Therefore, several LPG synthe-
sized optimization methods based on stochastic methods
or Monte–Carlo optimization approaches are proposed
to directly synthesize the LPG with some possible con-
straint conditions imposed on the grating parameters [9–
11]. These optimization methods directly minimize the dif-
ference between the targeted and the synthesized spectra.
The minimization can be performed by using popular opti-
mization algorithms or in particular the evolutionary algo-
rithms (EA). Compared to the inverse scattering DLP
methods, the optimization approaches do not have an
ambiguity problem caused by the unknown phase spec-
trum. Moreover, optimization methods have the potential
capability to obtain an index profile that can be more
practically implemented by properly imposing additional
constraints on the solution to be found. Although the opti-
mization method has the superiorities mentioned above,
however, the calculation time in finding an optimization
solution is typically too long and the designed coupling
coefficient profiles are usually piecewise-defined functions
[9,10]. It is not very practical because the UV beam output
from the exposure laser used for fiber grating writing is
normally a Gaussian profile with a certain width, which
is not suitable for writing the coupling coefficients with
uniformly leveled profiles [11]. Therefore, in this study, a
new and simple approach to the solution of LPG synthesis
problem was developed. The proposed method is based on
the Lagrange multiplier optimization (LMO) method,
which is a variation-based approach and various parame-
ters of the designed devices can be embedded through a
user-defined cost functional. The LMO method has been
proven to be very useful in designing optical pulse shapes
in linear and non-linear materials [12–15]. We also have
demonstrated that LMO optimization algorithm can be
implemented for designing multi-channel FBGs (reflec-
tion-type) in the DWDM applications [16]. An extension
of LMO optimization method is to synthesize transmis-
sion-type gratings, in such a way that another branch of
fiber grating-based devices such as LPGs or directional
couplers can also be synthesized by the proposed simple
and fast method.

In general, compared to layer-peering method, our pro-
posed method can be easily embedded with various con-
straint parameters. And compared to Monte–Carlo based
approach, such as evolutionary algorithm, our method is
a direct synthesis method with fast convergence rate and
without using any random number generators [8–11]. For
the first time, transmission-type LPGs including a linear
LPG and an EDFA gain flattening LPG filters are success-
fully synthesized and analyzed by using LMO method. The
designed results also prove that the presented algorithm is
an effective method both for reflection-type and transmis-
sion-type fiber grating devices.
2. LMO algorithm for the synthesis of LPGs

For weakly index modulation,the characteristics of
LPGs can be well described by the coupled mode equations
[9–11]. If only the coupling between two modes (core mode
and one cladding mode) in the LPG is considered, the cou-
pled mode equations can be written as

dAcoðd; zÞ
dz

¼ idAcoðd; zÞ þ ijðzÞAclðd; zÞ; ð1aÞ

dAclðd; zÞ
dz

¼ �idAclðd; zÞ þ ij�ðzÞAcoðd; zÞ: ð1bÞ

Here Aco(z) and Acl(z) represent the core and the cladding
modes respectively, d = (1/2)[bco�bcl � 2p/K] = pDneff(1/
k � 1/kD) is the detuning parameter for LPG, K is the grat-
ing period, kD = DneffÆK is the designed wavelength, Dneff is
the difference of the effective indices for the core and clad-
ding modes, bco and bcl are the propagation constants, and
j(z) = gpDn(z)/kD is the designed coupling coefficient func-
tion with Dn(z) being the envelope function of the grating
index modulation and g the overlapping factor.

The main idea of the LMO algorithm to synthesize
LPGs is to find the complex spatially coupling coefficient;
j(z), of the grating with that the corresponding transmis-
sion spectrum, Tco(k), can meet a given target spectrum,
Td(k). Therefore, the objective functional needed to be
minimized can be defined by the users, such as,

U ¼ 1

2

Z 1

�1
T coðkÞ � T dðkÞ½ �2dkþ b

2

Z L

0

jðzÞ½ �2dz; ð2Þ

where T coðkÞ ¼j AcoðLÞ=Acoð0Þj2is the calculated transmis-
sion spectrum of output core mode for LPG, Td(k) is the
target transmission spectrum, L is the total length of the
grating, and b is a positive number acting as a weighting
parameter for the constraint control on the spatial coupling
coefficient, j(z). In the defined cost functional, Eq. (2), the
spatially coupling coefficient j(z) is used to shape an output
transmission spectrum in the core mode Tco(k) for a given
transmission spectrum Td(k), meanwhile both the spectra
discrepancy and the norm of the coupling coefficient pro-
files are minimized simultaneously. In the proposed LMO
algorithm to synthesize LPGs, the Lagrange multipliers
lco and lcl were introduced for the core and cladding
modes of LPG, respectively. With the objective functional
for LPG inverse design in Eq. (2), a specific cost functional
is expressed as follows:

J ¼ Uþ
Z L

0

Z 1

�1
lco

R � Re
dAco

dz
� idAco � ijAcl

� �
dkdz

þ
Z L
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� �
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þ
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lcl
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dAcl
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þ idAcl � ij�Aco

� �
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þ
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lcl

I � Im
dAcl

dz
þ idAcl � ij�Aco

� �
dkdz ð3Þ
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The core and cladding modes, Aco(z) and Acl(z), coupling
coefficient, j(z), and the Lagrange multipliers, lco and
lcl, used in LMO methods are all complex numbers here.
We separate these complex variables into real and
imaginary parts, respectively, i.e. Aco ¼ Aco

R þ iAco
I ,

Acl ¼ Acl
Rþ iAcl

I , j = jR + ijI, lco ¼ lco
R þ ilco

I and lcl ¼
lcl

R þ ilcl
I . To minimize the cost functional, J, in Eq. (3) a

variational method was used with respect to Aco
R ;A

co
I of

the core mode, and Acl
R;A

cl
I of the cladding mode through

the Lagrange multipliers lco(z),lcl(z). The resulting equa-
tions of motion for the Lagrange multipliers can be derived
as follows:
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Fig. 1. (a) The initial guess of the Gaussian apodization coupling coefficient fo
profiles, (c) synthesized core mode transmission spectra, and (d) typical evol
designed linear LPGs with different ad hoc parameter a in the LMO method.
olcoðzÞ
oz

¼ id � lcoðzÞ þ ijðzÞlclðzÞ; ð4aÞ

olclðzÞ
oz

¼ �id � lclðzÞ þ ij�ðzÞlcoðzÞ: ð4bÞ

The boundary conditions for the coupled equations of the
Lagrange multipliers, Eq. (4), can be obtained by using the
variational method on the cost functional J with respect to
Aco and Acl at z = L, i.e. oJ/oAcl(L) = 0, oJ/oAco(L) = 0.
The corresponding boundary conditions for Eq. (4) at
z = L are shown as below:

lcoðLÞ ¼ �2 � AcoðLÞ � Dt; ð5aÞ
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lclðLÞ ¼ 0; ð5bÞ
where Dt = Tco (k) � Td(k) is the discrepancy between the
output and target transmission spectra. Again, we use the
variation method on the cost functional J with respect to
the real and imaginary parts of the coupling coefficient
function jR and jI, respectively, i.e.

dJ
djR

¼ b � jR þ
Z �1

1
lco

R � Acl
I � lco

I � Acl
R

� �
dk

þ
Z 1

�1
lco

R � Aco
I � lcl

I � Aco
R

� �
dk; ð6aÞ
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Fig. 2. (a) The initial guess of the Gaussian apodization functions with differen
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¼ b � jI þ
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1
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I

� �
dk

þ
Z 1
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�lco

R � Aco
R � lcl
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With an initial guess for the coupling coefficient profile,
j(z) = jR(z) + ijI(z), the equations of motion for the
multipliers are solved with the help of Eq. (4) and the cor-
responding boundary conditions in Eq. (5). The optimiza-
tion of the LMO method progressed until the convergence
requirement was satisfied through following iteration
procedure:
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j0RðzÞ ¼ jRðzÞ � aR

dJ
djR

; ð7aÞ

j0IðzÞ ¼ jIðzÞ � aI
dJ
djI

; ð7bÞ

where aR and aI are ad hoc constants for real and imaginary
parts of the coupling coefficient, respectively. The new cou-
pling coefficient can be expressed as follows j0ðzÞ ¼
j0RðzÞ þ ij0I. The algorithm we use to implement the LMO
methods for designing LPGs can be summarized with fol-
lowing steps,

(a) Guess an initial coupling coefficient function jR (only
real part is given for simplifying the algorithm).
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(b) Calculate the core and cladding modes, Aco(z) and
Acl(z), with Eq. (1) from z = 0 to z = L with the given
initial conditions, Aco(0) = 1, Acl(0) = 0 and obtain
all values of Aco(z), Acl(z) from z = 0 to z = L.

(c) If the Aco(L), Acl(L) are calculated and known,
then the boundary condition at z = L for the
Lagrange multipliers, lco and lcl, in Eq. (5) are
known as well.

(d) Compute the propagation of the Lagrange-multiplier
functions in Eq. (4) from z = L to z = 0 with the
boundary conditions in Eq. (5).

(e) Update the new coupling coefficient profile with a
suitable ad hoc parameter by using the Eqs. (6)
and (7).
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(f) Repeat step (b) to step (e) until dJ
djR
¼ 0 and dJ

djI
¼ 0,

i.e. the LMO method converges.

3. Design results and discussion

In this section, the effectiveness and feasibility of the
proposed synthesis algorithm for the LPG filters is demon-
strated, the designs for both a linear filter and an EDFA
gain flattening filter are given. In the following synthesis
demonstrations, we set the ad hoc parameters a = aR = aI,
the parameter b to be zero, and the grating length fixed
L = 40 mm for simplicity.
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The first example is a LPG filter with a linear transmis-
sion response within a certain range of wavelength. Such
linear transmission filters have applications in many fiber
sensing systems in which the wavelength modulation of
the optical signal is converted into the intensity modula-
tion. After passing through the linear LPG, transmitted
core mode can be readily detected by a photo-detector.
In this example, the maximum transmission coefficient
for the cladding mode Tmax = 0.7 at the wavelength
kD = 1.5555 · 10�3 mm. The results for linear LPGs are
shown systematically in Figs. 1–7 for different ad hoc

parameter a, different initial maximum index modulation,
and different initial apodization function profiles. First of
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all, in Fig. 1a, an initial guess of Gaussian apodization
function is used, i.e. j(z) = Dn0 Æ exp{�4 ln2[(z � 0.5L)/
FWHM]2}, where Dn0 is maximum value of index modula-
tion in the grating, and FWHM is the bandwidth of full
width at half maximum of the Gaussian function (always
set to be 10 mm). In our calculations, the units of the wave-
length k and the grating length L are in mm. With different
ad hoc values, a = aR = aI, the designed amplitude of apo-
dization profiles of the index modulation and the synthe-
sized core mode transmission spectra for linear LPGs are
shown in Fig. 1b and c, respectively. Fig. 1d shows the typ-
ical evolution curves of the absolute value of average error:
jDtj with respect to the iteration times, i.e. jDtj is the abso-
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lute value of total errors divided by the number of spectral
points. In this linear LPG synthesis case, the best a value is
chosen to be in the range 5 · 103–1 · 104. For these a val-
ues, all the simulations quickly converge only with small
variations in the final apodization profiles, as shown in
Fig. 1b. But for a larger value of the ad hoc parameter,
a P 5 · 104, we find that the algorithm divergences for
the designed case due to too strong modification in the var-
iation method. Based on the knowledge of a value, in
Fig. 2, we fix a = 1 · 104 and use the same initial guess pro-
file with the Gaussian apodization function but different
maximum values of the index modulation, Dn0, as shown
in Fig. 2a. From the resulted apodization profiles and the
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transmission spectra in Fig. 2b and c, we can clearly see
that an appropriate maximum value of the initial index
modulation helps to find a better synthesized result more
efficiently. For a larger value of the maximum index mod-
ulation, the convergence curve of the average error declines
quickly at the first state but oscillates in the long run, as
shown in Fig. 2d.

Moreover, due to the intrinsic variation-based property
of the proposed LMO method, the final apodization profile
of the index modulation has very similar shape with the ini-
tial guess one. To prove this point, in the following simula-
tions, we compare the syntheses of linear LPGs with
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different maximum values of Dn0 as well as different initial
apodization functions, in Figs. 2–6. Except for the above
mentioned Gaussian function, initial guess index modula-
tions as sinc function (SC(z), Fig. 3), uniform function
(Fig. 4), and sinusoidal function S(z) are also presented
with the explicit formulations of SCðzÞ ¼ Dn0�
sinc½10pðz�0:5L

L Þ� and SðzÞ ¼ Dn0 � sin½10pðz�0:5L
L Þ�. Due to

the linear transmission spectrum of the target, one can
see that the synthesized LPGs have better results when
the initial guess functions are sinc functions. In this situa-
tion, a broad range of the initial guess value for the maxi-
mum value of the index modulation Dn0, a fast and
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monochromatic convergence rate of the average errors can
be obtained, as shown in Fig. 3d. Fig. 4 shows the corre-
sponding final synthesized index modulation profiles, the
calculated transmission spectra, and the curve of the aver-
age errors for an initial uniform coupling coefficient profile.
To achieve a smooth convergence rate for the average
error, our calculations also indicate that the maximum
value of the initial index modulation Dn0 should not be
too larger in the LMO algorithm.

In Fig. 5, we compare the synthesized results with differ-
ent initial guess of the apodization functions (uniform,
sinc, Gaussian, and sinusoidal) with a fixed Dn0 = 2.5
· 10�4 for linear LPG filters. Again, the final apodization
profile of the index modulation has very similar one with
respect to the initial guess. To decrease the impact from
the initial index modulation profiles, in Fig. 6 we use smal-
ler value of the maximum modulation index Dn0 (around
2 · 10�5) for different initial apodization functions. In this
situation, the impact from the initial guess functions
becomes less dominant and almost the same results can
be obtained for a suitable ad hoc parameter a = 1 · 104.

Based on these systematical calculations of the synthe-
sized linear LPG, we show the typical designed complex
index modulation profiles for a linear LPG with total grat-
ing length of 4 cm in Fig. 7, including the amplitude and
phase of index modulation profiles. It can be clearly seen
that the designed coupling coefficient profile for linear
LPGs based on the LMO method is a smooth one and
not too complicated in their amplitudes as well as phases.
In addition, the total grating length is not too long to fab-
ricate by current experimental setups.
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Another example to demonstrate by LMO method is the
well known EDFA gain flattening LPG (EDFA-GFLPG).
In previous work, various design schemes of LPG devices
have been proposed to equalize the gain spectrum of an
EDFA [17–20]. The main approaches are based on the
phase shift LPGs, using multiple LPGs scraped together
or specially arranged LPGs to match the spectral shaping
to flatten EDFA gain spectrum. However, in this work,
we directly synthesize the EDFA-GFLPGs just by using
a single specific designed LPG.

For the designed EDFA-GFLPGs, the center wave-
length is set at the wavelength kD = 1.531 · 10�3 mm.
First of all, results of the designed EDFA-GFLPGs with
different ad hoc values are shown in Fig. 8, where a uni-
form initial guess index modulation profile is used with
Dn0 = 1.5 · 10�5. The comparisons of the final index mod-
ulation profiles, the calculated transmission spectra, and
the tendency of the average error convergence are shown
in Fig. 8b–d. From the calculations, best convergence of
the average errors occurs with the a value about 5 · 103.
Next we try to use different initial guess of the apodization
functions to synthesize EDFA-GFLPGs, with fixed
Dn0 = 1.5 · 10�5 and a = 5 · 103. Fig. 9a and b show the
initial and the final designed profiles of index modulations
with uniform, sinc, Gaussian, and sinusoidal functions. In
this case, again the final synthesized apodization functions
are shaped into similar profiles as the initial guess func-
tions. For a smaller value of the maximum value of
Dn0 = 1.5 · 10�5, the convergence rates of the average
errors are all efficient no matter what kind of the initial
guess index modulation profile is chosen, as shown in
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near LPG in Fig. 1 with a = 1 · 104: (a) the initial guess index modulation
he final index modulation profiles.
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Fig. 9d. However, for a larger value of Dn0, say about
2.5 · 10�4, the LMO algorithm becomes divergent for
the uniform initial guess profile. In the other hand, the
LMO algorithm are more stable by using initial guess
functions with sinc and Gaussian profiles, as shown in
Fig. 10. From the simulation results for designing
EDFA-GFLPGs, we find that the best results can be
obtained with the conditions that the initial guess is a
Gaussian function, the maximum value of the index mod-
ulation is smaller than 5 · 10�5, and a is about 5 · 103.
For a typical result of our synthesizing EDFA-GFLPG fil-
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Fig. 8. Designing of a 4 cm long EDFA-gain flattering LPG with different ad

profile, (b) final designed amplitude profiles, (c) synthesized core mode transm
ters, its target and designed transmission spectra, the cor-
responding flattened gain-profiles of EDFA spectra, and
the ripple deviations in the flattened wavelength region
are shown in Fig. 11a–c in dB scales, respectively. It can
be seen clearly that from Fig. 11a the designed reflection
spectrum meets well with the target spectrum with only
a little deviation for a range of wavelength about 5 nm.
And from Fig. 11c the studied spectrum can be flattened
to less than ±1.4 dB discrepancy within the entire C-band
and the average ripple deviation in the flattened wave-
length region is lower than 0.5 dB. In Fig. 12, the designed
25 30 35 40

25 30 35 40
gth (mm)

Δn0=1.5x10-5

α=1x104

α=5x103

α=1x103

α=5x102

1.56 1.57 1.58
 (μm)

300 400 500
n

α=1x104

α=5x103

α=1x103

α=5x102

Target
α=1x104

α=5x103

α=1x103

α=5x102

hoc parameter a in LMO algorithm; (a) the initial guess index modulation
ission spectra, and (d) typical evolution curves of average error.



C.-L. Lee et al. / Optics Communications 281 (2008) 61–74 71
complex index modulation profiles of the EDFA gain flat-
tering LPG synthesized in Fig. 11 are shown with the
amplitude and the phase distributions of the index modu-
lations. In general, LPGs are easier to fabricate than
FBGs due to the periods of LPGs are several hundreds
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method.
of lm. One can use the UV-beam-scanning point by point
exposure techniques [21,22] to achieve a complex coupling
coefficient j(z) of the gratings. By controlling and adjust-
ing grating periods precisely and continuously in every
scanning step for the continuous variation of the phase
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of index modulation as required, as well as amplitude of
the index modulation, the designed LPGs with a complex
index modulation cab be achieved.

Finally, the last but not least thing, we want to empha-
size is that all of the synthesized LPG filters demonstrated
here are calculated with the constrained parameter b shown
in Eq. (2) set to be zero (no constrain condition). The
parameter b acts like an alternate and constrained param-
eter in the objective function to constrain the profile of the
coupling coefficient: j(z). It can be set zero for the uncon-
strained coupling coefficient of the design condition and
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modulation, (c) synthesized core mode transmission spectra, and (d) typical evo
method.
only the discrepancy between the output and target trans-
mission spectra of LPGs is considered (the first term of
Eq. (2)), moreover, based on our previous publication for
reflection-type FBGs, non-zero b for further decrease the
maximum value of the index modulation by sacrificing
the reflectivity of the FBGs (i.e. increasing the reflectivity
error) is the designed case that the j(z) always kept real
number in FBGs. However, in this present work of optimal
LPGs by the LMO method, the phase of the j(z) (complex)
was introduced to tailor the target spectrum of LPGs and
from the simulation results, the designed amplitude of
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index modulations are under 2 · 10�4, so that the designed
LPGs could be implemented with the available commercial
photosensitive fibers. Therefore, in the present paper for
the designing optimal LPGs with complex coupling coeffi-
cient, only unconstrained condition b = 0 is needed to
consider.
4. Conclusion

In this paper, for the first time, we have investigated and
demonstrated a simple and fast LPG synthesis method-
based on the LMO optimization algorithm. Transmis-
sion-type fiber gratings, such as linear LPG and EDFA
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gain flattening LPG filters with different parameters are
successfully synthesized by using the proposed method.
Based on the simulation results with different ad hoc

parameter, maximum values, and profiles of initial guess
index modulation, the effects of these parameters in the
LMO algorithm for designing LPGs and the corresponding
convergence of average errors are analyzed systematically.
It can be seen clearly that the maximum value of initial
guess for the index modulation should not be too larger
and the best value of the evolutionary parameter a falls
into the range of 5 · 103–1 · 104. Moreover, the profiles
of the final coupling coefficients evolve into a similar one
as the initial guess index modulation function. Therefore,
an optimal solution might be obtained by adding a little
perturbation on the partial profile of the index modulation
that will be discussed and demonstrated in a future paper.
From this first study, it appears that the proposed
approach is an effective method which converges quickly
on designing not only reflection-type FBG but also trans-
mission-type LPG filters.
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