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Einstein on Radiation

"On the Quantum Theory of Radiation"

ρ(v0) =
A/B

ehv0/kT − 1

A

B
=

8πhv3
0

c3

A. Einstein, Phys. Z. 18, 121 (1917).
D. Kleppner, "Rereading Einstein on Radiation," Physics Today 58, 30 (Feb. 2005).
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Purcell effect: Cavity-QED (Quantum ElectroDynamics)

E. M. Purcell, Phys. Rev. 69 (1946).

Nobel laureate Edward Mills Purcell (shared the prize with Felix Bloch) in 1952,

for their contribution to nuclear magnetic precision measurements.

from: K. J. Vahala, Nature 424, 839 (2003).
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Bragg reflectors
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Nobel laureates William Henry Bragg and William Lawrence Bragg in 1915,

for their contribution to the X-ray diffraction analysis (Bragg diffraction).
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Photonic Bandgap Crystals: two(high)-dimension
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Band diagram and Density of States
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Photonic Bandgap Crystals:point-defect (localized field)
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Photonic Bandgap Crystals:line-defects
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photon-atom bound state

|1>

|2>

ωa

1 2 3 4 5
time

0.3

0.4

0.5

0.6

upper level population

S. John and J. Wang, Phys. Rev. Lett. 64, 2418 (1990).
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Mollow’s triplet: Resonance Fluorescence Spectrum
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Theory: B. R. Mollow, Phys. Rev. 188, 1969 (1969).

elastic Rayleigh scattering and inelastic Raman scattering
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Mollow’s triplet: Resonance Fluorescence Spectrum
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Theory: B. R. Mollow, Phys. Rev. 188, 1969 (1969).

Exp: F. Y. Wu, R. E. Grove, and S. Ezekiel, Phys. Rev. Lett. 35, 1426 (1975).
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Photon-Atom Interaction in PhCs

Reservoir Theory
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Density of States for Phcs
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Hamiltonian of our system: Jaynes-Cummings model

H =
~

2
ωaσz + ~

∑

k

ωka
†
kak +

Ω

2
~(σ−eiωLt + σ+e−iωLt)

+ ~

∑

k

(gkσ+ak + g∗
ka

†
kσ−)

And we want to solve the generalized Bloch equations:

σ̇−(t) = i
Ω

2
σz(t)e

−i∆t +

∫ t

−∞
d t′G(t − t′)σz(t)σ−(t′) + n−(t)

σ̇+(t) = −i
Ω

2
σz(t)e

i∆t +

∫ t

−∞
d t′Gc(t − t′)σ+(t′)σz(t) + n+(t)

σ̇z(t) = iΩ(σ−(t)ei∆t − σ+(t)e−i∆t) + nz(t)

− 2

∫ t

−∞
d t′[G(t − t′)σ+(t)σ−(t′) + Gc(t − t′)σ+(t′)σ−(t)]
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Remarks:

1. coupling constant:

gk ≡ gk(d̂,−→r 0) = |d|ωa

√

1

2~ǫ0ωkV
d̂ · E∗

k(
−→r0 )

2. memory functions:

G(τ) ≡
∑

k

|gk|
2ei∆ktΘ(τ)

Gc(τ) ≡
∑

k

|gk|
2e−i∆ktΘ(τ)

3. Markovian approximation:

G(t) = Gc(t) = Γδ(t)

AMO, 29/08/05 – p.16/28



Quantum noise operators

n−(t) = i
∑

k

gke
i∆ktσz(t)ak(−∞)

n+(t) = −i
∑

k

g∗
ke

−i∆kta+
k (−∞)σz(t)

nz(t) = 2i
∑

k

[g∗
ke

−i∆kta+
k (−∞)σ−(t) − gke

i∆ktσ+(t)a+
k (−∞)]

where the mean and the correlation functions of the reservoir before interaction,

< ak(−∞) >R=< a†
k(−∞) >R= 0

< ak(−∞)ak′(−∞) >R= 0

< a†
k(−∞)a†

k′(−∞) >R= 0

< a†
k(−∞)ak′(−∞) >R= n̄kδkk′

< ak(−∞)a†
k′(−∞) >R= (n̄k + 1)δkk′
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Modeling DOS of PBCs
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anisotropic model: ωk = ωc + A|k − k
i
0|

2

D(ω) =
√

ω−ωc

A3 Θ(ω − ωc)

S. Y. Zhu, et al., Phys. Rev. Lett. 84, 2136 (2000).
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Memory functions of PBCs
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Liouville operator expansion:

σij(t) = e−iL(t−t′)σij(t
′) =

∞
∑

n=0

[−i(t − t′)]n

n!
Lnσij(t

′)

For zero-th order Liouville operator expansion, we get

σ̇−(t) = i
Ω

2
σz(t)e

−i∆t −

∫ t

−∞
dt′G(t − t′)σ−(t′) + n−(t)

σ̇+(t) = −i
Ω

2
σz(t)e

i∆t −

∫ t

−∞
dt′Gc(t − t′)σ+(t′) + n+(t)

σ̇z(t) = iΩ(σ−(t)ei∆t − σ+(t)e−i∆t)

−

∫ t

−∞
dt′[G(t − t′) + Gc(t − t′)](1 + σz(t

′)) + nz(t)

valid for the case of
atom with longer lifetime and under weak pumping
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Correlations of noise operators at zero temperature

〈ñ−(ω1)ñ+(−ω2)〉R = πN(ω1)Θ(ω1 + ωa − ωc)δ(ω1 − ω2)

〈ñz(ω1)ñz(−ω2)〉R = N(ω1)[4πδ(ω1 − ω2) + 〈σ̃z(ω1 − ω2)〉R]

·Θ(ω1 + ωa − ωc)

〈ñz(ω1)ñ−(−ω2)〉R = 0

〈ñ−(ω1)ñz(−ω2)〉R = N(ω1)〈σ̃−(ω1 − ω2)〉RΘ(ω1 + ωa − ωc)

〈ñz(ω1)ñ+(−ω2)〉R = N(ω1)〈σ̃+(ω1 − ω2)〉RΘ(ω1 + ωa − ωc)

〈ñ+(ω1)ñz(−ω2)〉R = 0

with N(ω) ≡ 4β3/2
√

ωa+ω−ωc

ωa+ω

Quantum noises of the photonic bandgap reservoir are
not only color noises but also exhibit bandgap behaviour.
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Resonance fluorescence spectra near the band-edge

DOS

wWc
Wa
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Quadrature spectra

Define quadrature field operator as:

Êθ(t) = eiθÊ(+)(t) + e−iθÊ(−)(t)

θ = 0 (π
2
) are the in-phase (out-of-phase) quadrature fields.

Then the corresponding spectra with normally order
variance is:

Sθ(ω) ≡ < Ẽθ(ω), Ẽθ(−ω) >

∝
1

4
[< σ̃−(ω)σ̃−(−ω) > e−2iθ+ < σ̃+(ω)σ̃−(−ω) >

+ < σ̃+(−ω)σ̃−(ω) > + < σ̃+(−ω)σ̃+(ω) > e2iθ]
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Quadrature spectra in free space

Ω = 5.0Γ Ω = 2.0Γ

Ω = 1.0Γ Ω = 0.5Γ

Theory: D. F. Walls and P. Zoller, Phys. Rev. Lett. 47, 709 (1981).

Theory: L. Mandel, Phys. Rev. Lett. 49, 136 (1982).
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Quadrature spectra in free space

Ω = 5.0Γ Ω = 2.0Γ

Ω = 1.0Γ Ω = 0.5Γ

Squeezing occurs when Ω2
< 4Γ2.
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Observation of squeezing fluorescence spectra

with 147Yb atoms

Exp: Z. H. Lu, S. Bali, and J. E. Thomas, Phys. Rev. Lett. 81, 3635 (1998).
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Fluorescence quadrature spectra near the band-edge

DOS

wWc
Wa
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Conclusions

1. Suppression and enhancement of the relative fluorescence

peak amplitudes varied at different wavelength offsets.

2. Squeezing occurs in the out-of-phase quadrature for free

space when Ω
2

< 4Γ
2.

3. Squeezing occurs in the in-phase quadrature for PhCs when

Ω
2

> 4Γ
2.

4. Resonance fluorescence squeezing spectra come from the

interference between two sidebands of Mollow’s triplet.

R.-K. Lee and Y. Lai, J. Opt. B, 6, S715 (2004).
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