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Purcell effect : Cavity-QED (Quantum ElectroDynamics)
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E. M. Purcell, Phys. Rev. 69 (1946).

Nobel laureate Edward Mills Purcell (shared the prize with Felix Bloch) in 1952,

for their contribution to nuclear magnetic precision measurements.
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v i]ﬁ:/%? from: K. J. Vahala, Nature 424, 839 (2003).
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Field damping by field reservoirs
o

consider a single-mode field in a cavity with a finite leakage rate,

assume the reservoir density operator is a multimode thermal field,

h
exp ( o ku;k; )

oy ke

=112

1 —exp(—

2 the equation of motion for the reduced density operator Trr[p(t)] = p¢(2) is,

d

3Pt = (%)2/0 dt' Trr([Hr(t), [H1 ('), by (t) ® pr(0)]]),

t | |
= —/ dt’ Z gl%{nth[&dTﬁf(t’) o &Tﬁf(t/)&]e_@(W—wk)(t—t )

tO k‘

+(nan + Dalaps (t) — apy(t)al)e @D} +H.C
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Field damping by field reservoirs

2 the equation of motion for the reduced density operator Trg[p(t)] = p¢(t) Is,

d

dtpf(t) — _/ dt’ ng{nth[aa pf(t ) —dTpf(t )a] —i(w—wg)(t— t)

to

+(ngp, + 1)[&*&ﬁf<t ) —apy(t)al])el@wn =) 4 4. C,

2 again, by replacing sumkg,% with the integral [ dwg D (wg)g(wk)?, and

t ) ,
/ d¢’ ZQQ +i(w—wy)(t—t") _ / dt//dka(wk)g(wk)Qezl:z(w—wk)(t—t )7
to

Q

/ dwso D(wp)g(wi)2m8(w — wiy),

Q

L,

D(w)g(w)? = 2(o.

where w/Qe is the cavity photon decay rate due to leakage (output coupling) via a
partially reflecting mirror,
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Field damping by field reservoirs

2 the equation of motion for the reduced density operator Trr [p(t)] = p¢(2) is,
dA 1 w Aat oA / AT A /N ~ At n / A I\ A
q/r®) = =5 (G mnlaa’ps(t) = aTps (1)a) + (nen + 1)laTaps (¢) — apg (¢
+H. C,
2 compared to the case of atom damping by field reservoirs,
&Pa(t) = _ir{nth[U—U+Pa — 04 pab—]+ (ntn +1)[646—pa —6-pab+])} +H
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Input-output formulation of optical cavity

2 in preceding chapters, we have used a master equation to calculate the photon
statistics inside an optical cavity when the internal field is damped,

2 in this approach, the field external to the cavity is treated as a heat bath, reservoir,

2 the heat bath is simply a passive system with which the system gradually comes
into equilibrium,

2 now we would explicitly treat the heat bath as the external field, and determine the
effect of the intra-cavity dynamics on the quantum statistics of the output field,
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Cavity modes

consider a single cavity mode interacting with an external field,

the interaction Hamiltonian is

A, —in / duwg(w)b(w)at — ab' (w)],

2 where a is the annihilation operator for the intra-cavity field, with the commutation
relations,

2 where b(w) are the annihilation operators for the external field, with

[b(w), b1 (W)] = §(w — '),

in actual fact the physical frequency limits are (0, o),

however, for high frequency optical systems we may shift the integration to a
frequency wq, the cavity resonance frequency,

== = -y il . .. i .
IR 3.9k the'a}ntegratlon limits are (—wo, 00), as wo is large, then we approximate ffooo,
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Input-output theory

the Heisenberg equation of motion for b(w) is

%B(w) = —’I;WIA)(W) + g(W)d,

with the initial condition at time ¢t < t, the input,

. A~ t . /
b(w) = e~ E0)pg(w) 4+ g(w) [ dt’e = Et)a(¢),

to

where to < t and bg(w) is the value of b(w) at t = t,

or with the final condition at time ¢; > ¢, the output,
t1

t

where ¢t < t1 and by () is the value of b(w) at t = t1,

b(w) = e w(t—t1)p, (w) — g(w) dt’e_w(t_t,)d(t’),
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Input-output theory

9 the system operator obeys the equation,

%a: —%[a,ﬁs] —/ dwg(w)b(w),

— o0
2 in terms of the solutions with initial condition,

b(w) = e~ 10y (w) + g(w) arre (1 a(t'),

to
then
Sa=—rafis]— [ duglole @) - [ dug?o) e iet=a
d¢ h oo e to
2 define an input field,
P —1 > —iw(t—tg)
arn(t) = Wor dwe bo(w)
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Input-output theory

9 the system operator obeys the equation,

Ed: —%[&,ﬁs] —/ dwg(w)e_i“(t_t‘))l;o(w)—/ dwg? (w) dt’ —iw(t—t) 5,

dt — 00 — o0 t()
2 define an input field, ay(t) = \;% > > dwe™ iw(t— to)bo(w) which satisfy the
commutation relation, [a7 (%), a}( )] =0(t —t'),

9 with Markovian approximation,
ee) t ) , oo t ) ,
/ dwg?(w) [ dt/e ™ a) =~ g% (w) / dw [ dt’e *Et)g ("),
— 00 to to

— Lo dté(t—t) (t)——a(t)

27

to
where we use following result,
t t1 1
dt’é(t —t') f(t) = dt’6(t — t’)f(t’)if(t), (to <t < t1),
to t
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Input-output theory

the system operator obeys the equation,

©.@)

_ —ﬁ[a,ﬁs]—/ dwg(w)e—iw“—twéo(w)—/

— 00 to

this is a Langevin equation for the damped amplitude a(t) but with the noise term
appears explicitly as the input field,

the time reverse Langevin equation is

where

t ' )
dwg? (w) dt/ ettt )&('
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Input-output theory

9 the system operator obeys the equation,

d . L. £ R .
i = ——la Hs] = Za(t) + vFar(0),

_ _%[a,ﬁs] + %&(t) —V7a0(1),

2 the relation between the external field and the intra-cavity field may be obtained,

ao(t) +ar(t) = a(l),

which is a boundary condition relating each of the far-field amplitudes outside the
cavity to the internal cavity field,

9 tis easy to see that interference between the input and the cavity field may
contribute to the observed output field,
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9 for alinear system

%a(t) — Aa — %&(t) + /ar(t),

[ oa@@) [ ar®)
a(t) = ( dT(t) ) , and ajy(t) = ( At (0 ) :

2 define the Fourier components of the intra-cavity field,

where

a(w) = ( ;L((w:) ) . where a(t) = % / dwe ™ (—t0) g (w),

2 then the equation of motion in frequency domain becomes,

A+ (iw — %)1]a(w) = —/Aar(w),

= |
e . tJ|esa|||ewa,
e I;T:" _'_j,_ :_If]_ .~:E:" 9}/':___];:?‘ y
nal Tsing Hua University

A+ (iw + g)l]a(w) — +/7a0 (W),

IPT5340, Fall '06 — p.13/23




9 for alinear system

A+ (1w — 2)1a(w) = —v7ar (),
A+ (iw + )1Ja(w) = +v/7a0(w),
or

a0(w) = ~[A + (iw + LA+ (iw - )1 "ar(w),

2 for example, consider an empty one-sided cavity,

in this case the only source of loss in the cavity is through the mirror which couples
the input and output fields,

2 the system Hamiltonian is Hs = hwoa'a, and
—w 0
A = 0 ,
0 1w
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Linear system

2 for example, consider an empty one-sided cavity,

in this case the only source of loss in the cavity is through the mirror which couples
the input and output fields,

2 the system Hamiltonian is 13[5 — hwoata, and

A— WO |
0 1wo
then
2+ 1(w—wo
ao(w) = 21w =w0) g (.

T /2= i(w—wo)
9 thereisa frequency dependent phase shift between the output and input,

2 the relationship between the input and the internal field is,

~
aw) = ——a(w),
v/2 — i(w —wo)
AL AEERG
wanenar s vus uyyhRfch leads to a Lorentzian of width ~ /2 for the intensity transmission function,
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Two-sided cavity

2 atwo-sided cavity has two partially transparent mirrors with associated loss
coefficients v; and 2,

2 in this case there are two input ports and two output ports,

2 the equation of motion for the internal field is

d 1

3 ) = —iwoa(t) — S (v +2)alt) + vanar(t) + VA2br (1),

2 the relationship between the internal and input field frequency components for an
empty cavity is then

_ WVar(w) + /72br(w)
aw) = Yitye ’
Ho2 —i(w —wo)

A FERE
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Two-time correlation function

2 two boundary conditions of the reservair,

b(w) = e~ E=t0) by (w) + g(w) dt’ —iw(t—tDg(¢), attime to < t, the input,
to

b(w) = et} (W) — g(w)/ dt/e~iw(t—t )a(t’), attime t; > ¢, the output

2 the input and output fields,

1 ©.)

arn(t) = \/—
&OUT(t) = E /_oo dwe

dwe_w(t_tf’)l;o (w),

—iw(t—tl)gl (w)

Y

or

arn(t) =

% — —/dwb(w t),
\/_

sovr(®) = Y a) + —/dwb w. 1),
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Two-time correlation function

9 the input and output fields,

o A L[
CLIN(t) = 7a(t) — \/—2_7‘_ / dwb(w,t),

A _ ﬁ/\ 1 wA w
CLOUT(t) — 70’(75)—'_ \/%/d b( 7t)7

9 et ¢(t) be any system operator, then

&(t), Vrarn ()] = %[é(t),d(t’)], for t =1t
[e(t),/yarn ()] = 0, for t' >t
[e(t),/yvaour(t)] = 0, for t <t,
[e(t), vyarn(t)] = ~lé),at’)], for t' <t,

with

ao(t) +ar(t) = v/a(t),

THLHERSG
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Two-time correlation function

9 et ¢(t) be any system operator, then

e(t), Vrarn (t)] = %[é(t),&(t’)], for t=t¢,
[e(t),v/yarn ()] = 0, for t' >t,
[e(t), vyarn ()] = ~[é),at)], for t <t,

with

ao(t) +ar(t) = /va(t),

2 the commutator for the output field is

lao(t),al (t")] = [ar (), al ()],

VAL EARG
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Spectrum of squeezing for the parametric oscillator

9 below the threshold, the Hamiltonian for a parametric oscillator is

Hg = hwoa'a + %i(e&T2 —€*a?),
then
A+ (iw — Da(w) = —vAar(w).
A+ (iw + 3)1Ja(w) = +v/7a0(w),
where

9 the Fourier components for the output field is

1
(% — i(w — wp)?

i0(w) = —a {50+ (0 = w0 +1elar (@) + evaf (-

TRAZLAEERS
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Quantum State Transfer as a Quantum Repeater
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Quantum State Transfer as a Quantum Repeater

9 the Hamiltonian describing the interaction of each atom with the corresponding
cavity mode is (A = 1),

N 1 : . )
H, = wdei—l-wO\r>m<r\—|—g(|r>“<g|&i—|—h.C)—|—iﬂi(t)[e_l(th—i_%)\’f'>m<€\-|-h. cl, (i=

)

9 ina guantum stochastic description employing the inputjVoutput formalism the
cavity mode operators obey the quantum Langevin equations,

i = ——lai, Hi] = rag(t) = VaRal) (1), (i=1,2),

2 the output of each cavity is given by the equation,

al) (t) = al (1) + vawa(t),

A FEERE
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Quantum State Transfer as a Quantum Repeater

9 The output field of the first cavity constitutes the input for the second cavity with an
appropriate time delay, i.e., &gQ)(t) = &8) (t— 1),

9 The output field of the second cavity is

a2 (t) = a\V (t — 7) + V2r[ai (t — ) + aa (1)),

then
d _ T .. o~ R (1)
—a1 = ——la1, 1] —ka1(t) — vV2ka; (1),
dt h
d ~ L 7: ~ A~ A A "(1)
S a2 = —%[ 2, Ha| — ka2(t) — 2xa1(t — 7) — V2kay '(t — 1),
savity édelentnr ewily2

(L) alzi(t)

WE
B flait) g
H+‘(\+

:] |L:'T |£n’::'.!
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