II. PLANE WAVES PROPAGATION AND REFLECTION
A. Transverse Electric wave reflected from boundary

Consider a plane wave with its electric field polarized parallel to the surface of an interface between two media,
(transverse electric, or TE, wave),

Ein = §E e~ %" (IL1)
The tangential £ and E must be continuous at z = 0. This implies ,
kM = k) = k,, phase matching. (I1.2)

The consequence is Snell’s law,

vV H1€1 sin91 = V H2€2 sinﬁg. (113)

At z < 0, the superposition of the incident and reflected waves is,

B, = [EWe "z 4 pW ikt z)g—ihea. (IL.4)
from Faraday’s law,
R (1) +560 27—k
H, =~ [p0eits _ gt sje—iner, (1L5)
w1

where

Y e
= /L cost, = Yo(l), (IL.6)
w1 251

is the characteristic admittance by medium 1 to a TE wave at inclination 6; with respect at the z direction. The

inverse of YO(I) is the characteristic impedance Z(()l).
At z > 0, the transmitted waves is,

B, = EP e k2 mihker, (IL.7)
with the x component of the H field,
k2 . .
H, — fw—mEfkﬂkf)zeﬂm, (IL.8)

with the characteristic admittance in medium 2,

K e
= /2 costy = YO(Q). (IL.9)
w2 M2

Continuity of the tangential components of E and H requires the ratio

=__Y I1.10
7 (IL.10)
to be continuous. Z is the wave impedance at the interface.
At 2 =0,
mEY +EY o)
EY - E"
The quantity,
E_
I'=—, (I1.12)
Ey



is the reflection coefficient.
For EV /B,

72 _ ()
ro = 20 —Zo (I1.13)
7% + 7

using Snell’s law,

V1 —sin?6, — \/1 —sin291%\/%
€242 €12

r = . (IL.14)
1—sin?6; + \/1 — sin291%\/%
The density of power flow in the z direction is
1 1 1
SRelE x H'] -2 = —-Re[E,H,] = 5Y'O‘1)|E§j)|2(1 — TPy, (IL15)

Thus |T'|? is the ratio of reflected to incident power flow.

B. Transverse Magnetic wave reflected from boundary

Consider a plane wave with its magnetic field polarized parallel to the surface of an interface between two media,
(transverse magnetic, or TM, wave), At z < 0, the superposition of the incident and reflected waves is,

Hy = [H e 752 4 gtk 7| gmiker (I.16)
from Ampére’s law,
BY 0 s ) ke ks
E,=—[H e 7" % — H Vet #]g7I"=®, (I1.17)
Weq
At z > 0, the transmitted waves is,
H, = HY ek 2mihea, (I.18)

with the = component of the E field,

kL

Weg

B, HP =ik zgmkar, (IL.19)

with the characteristic admittance of the traveling TM wave,

we e 1
YYo= —=,/— ) I1.20
0 k. W cos 6 ( )

Continuity of the tangential components of £ and H requires the ratio

E,
Z=— (I1.21)
H,
to be continuous. Z is the wave impedance at the interface.
At 2 =0,
(1) (1)
Zél)% =z, (I1.22)
HY"+H"
The quantity,
H_
I'=— (I1.23)



is the reflection coefficient.
For EV /B,

Zé2) _ Zél)

M = _
(2) (1)°
Zy' + 2,

using Snell’s law,
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(IL.24)

\/1—sin291—\/1—sin291
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(IL.25)

1 —sin%6; + \/1 —sin? 6,

€1p41
€242

€1p2
(3751

TM waves can be transmitted reflection-free at a dielectric interface, when 1 = pa = po, for the angle 6; = g, the

so-called Brewster angle,

fp = tan~!

(I1.26)

€1
Summary
TE T™
Reflection coefficient  I'(z) = %e*jmz I(z) = ,g_;eﬂ%zz
Wave impedance Zy = %ﬁ Zo = \/g(:OSQ
Z(z) = —g* Z(z) = g
Z(z) _ 14T(2)
Zo — 1-T(2)
NORS =5
Characteristic admittance Yy = \/% cos Yy = \/% Cols 7
Y(z) = — %= Y(z) = 32
N(e) = Yoy
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C. Total internal reflection

If medium 1 has a larger value of /i€, optical denser, than medium 2, Snell’s law fails to yield a real angle 6, for

a certain range of angle of incidence.
sinf, = /2 =12, (IL.27)
€1 ny

For 1 = p2 = po,
When no real solution of 6, are found, the propagation constant must be allowed to become negative imaginary,

k2 = kM) (I1.28)
k2 = —ja®. (11.29)
In this case,
K217+ KPP = (6717 — [0l = w?poee, (I1.30)
and
k2 = \/w2poes + [ozg)]Q. (I1.31)

In the case of a TE wave, the transmitted fields become,

E, = EWe oz ke, (I1.32)
jat? @) —a®s _jkux

H, = E e Zem ", (I1.33)
Who

The wave impedance, —E, /H,,

o, g
wpo BT+ EZ7 jwpe 7(2) (11.34)
KD ED gD BT |

The characteristic impedance of medium 2 is now #maginary, ZSQ)) = jXé2), with XO(Q) real. Then the reflection

coefficient, I' = E(_l)/Eg_l),

1)o@ 1
1 _ EX X -z

P = 2= = ,
EY jx{ + 27"

(I1.35)

which shows that |F(1)| = 1, and the magnitude of the reflected wave, E(l), equals to the magnitude of the incident

wave, Esrl).
At z <0,
E, = EW[e k"2 f DD etihsz)p—ikor (I.36)
= Qemeg_l) cos(kM z — g)eTka® (I1.37)

where ¢ = —% arg(T'W), is the Goos-Hinchen shift.

D. Impedance and reflection coefficient

The wave impedance of a TE wave in medium 1 at any position z is,

E, _ 1 + De2dk==

2() = g, = DT

IL.
i (1.38)
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At 2 =0,
14T
Z(0) = Zy T (I1.39)
then,
Z(0) — jZo tan(k,z)
Z(z) = Z, . I1.4
(2) =207 —5700) tan(hz) (IL.40)
At z = —[(2m + 1)/2k,]7, with m an integer, where tan(k,z) = oo,
2m+1 Z2
Z(— = . I1.41
-2 = 7 (11.41)

E. Anti-reflection coating

Reflection of a plane wave from a dielectric interface may be eliminated by coating the interface with a layer of
different dielectric constant. For example, the substrate is a medium described by jug, € = €gn?. The wave impedance

by a TE wave incident from the top is,
Z20)= o1 (IL42)
€o ncosf

If the thickness of the layer is a quarter wavelength,

1)
d= )\T ﬁ, (I1.43)
we have at z = —d,
2
2(-0) = 7% mmé§§% (11.44)
If the substrate is to be matched, we have
Z(—d)=Zy = \/E ! , (I1.45)
€o ncosf
when
n? cos? 1 = n cos O cos by. (I1.46)

A coating applied to match the substrate, and eliminate the reflected wave is an anti-reflection coating. In particular
for 90 = 0,

n? =n. (I1.47)

It may be difficult to find a dielectric material with an index n; for a given n. In the usual case, one would apply
several quarter-wave layers. If m pairs of layers are applied to the substrate, the wave impedance seen at the ”input

plane” is,
wo 1 N1 cos 01 o,
Z(z5) = | — ) 11.48
(%) €0 ncosH(ng 00592) ( )

The multiple layers act as an antireflection coating, if, (ny cosf/ngcosfs) is chosen so that Z (z]) is equal to the
characteristic impedance of the wave in the ”input” medium 1.
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F. Reflection gratings

A reflection grating is formed by a periodically ”corrugated” reflecting surface. We idealize a grating surface as
perfectly reflecting. The spatial period of the grating is A. Consider the incident wave is a TE wave, §E;exp(—jk - 7),
then the superposition of incident and reflected wave will be,

Eiexp[—(jkizt + jkiz2]|:=n(z) + Er(2, 2)|:=h(2) = 0. (I1.49)

The reflected field can only cancel the incident field at z = h(x) of the form,

Er(z,2z) = exp(—jkizx) Z Rmexp(jk:%z))exp(—j Tx), (I1.50)
m
where the R,,’s are constants and k’g’;)’s obey the constraint
2w m)2
(k/’m + —m)2 + kg%z) = w2ﬂo€0. (1151)

A

The reflected electric field is composed of an infinite sum of plane waves propagating at different angles. The angle
of reflection of mth order may be related to the angle of incidence,

mA

sin Gg:im) =sinf; + e (I1.52)
This is the grating reflection law.
Example 1: Sinusoidal corrugation,

2 h,()
h(x) = h, — — < 1). IL.
(@) = hocos —=z, (& <) (IL.53)

In this case, only Ri; are non-zero,

Ri1 =R_1 = jkizhoE;, (I1.54)

and all other R,,’s are zero.
Example 2: Step grating with the step height is a multiple of half wavelengths.
In this case, we consider the condition of reflection of the —1 order into the direction of incidence,

—sin Ggl) =sinf; = % — sin 6;. (I1.55)

Here, the blaze angle, 0p is defined as

A
sinfp = oA (I1.56)

G. Extended studies

e Grating spectrometers, (Optical Spectral Analyzer);
e Handbook of anti-reflection coating;
e Dispersion compensation by grating pairs;

e Left-handed materials.



