2, Interpolation, Curve Fitting, and Integration

equispaced points Chebyshev points

1.5

max error = 5.9001 B —0.5F max error = 0.017523 -

Polynomial interpolation and extrapolation
Chebyshev approximation
Padé approximation

Fast Fourier Transform and Discrete Fourier Transform

O 0 0 O ¢

Trapezoidal and Simpson method for integration

EENTHU (}E
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Finite difference approximation

Second-order FD approximation for «'(z;)

Ujrl — Uj—1

2h

in the matrix-vector form (with periodic boundary)

(W[

S N
I

N~
_
—

—
-

N

N
N

O N

N
N =

gg;_ﬁijg S
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Finite difference approximation

Taylor's expansion for u(z) at x;1,

u”(az-) u///(x.)
u(@jpr) = ulzs)+o (25) (@5 =)+ = (@501 —25)" + = (@01 =) 4
one can approximate u’(x;) by
u(zjpr) —uley)  u’(z)) u” (z;)
() = = 2B g — ) = S (g — )P+
Lit1l — L4 2 3!
Tj+1 = Zj
by the same way the Taylor’'s expansion for u(z) at x;_1,
u' (1 ' (x
u(@j—1) = u(@;)+u'(z;)(Tj—1—2;)+ : J)(Hfj—l—é’fj)QJr 3(, J)(%—l—ﬂfj)?’ﬂL :
one can approximate v’ (z;) by
w(z;) — u(x,;— uw' (z; uw' (x
’U/(CUJ) — ( .7) ( J 1) . ( J)(SUJ _mj—l)—i_ ( ])(mj 55'3—1)2‘}‘ :
Lj — Lj—1 2 3!

u(z;) —u(wj—1)
: ~ + O(Ax),
gg_ﬁlig%*m Ty i1
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Finite difference approximation

combine
. _ . oo u' (x;) o u'(xy) 3
u(rjr1) = u(zy)+u(zj)Az+ (Azx)” + a) (Ax)” +
, u () u'"’(x;)
u(zj—1) = @) —u(@;)Ar+ — (Ax)® — 30 (Az)? +

one can approximate v’ (x;) by

u(zjp1) —u(xj—1) u"(x;)
wizg) = oAe  za3 Bt
u(xjp1) —u(x;—1) 2
~ O(A

9 4th-order approximation
2 Runge-Kutta method

2 differential matrix

EE;LE.IE% i

e e ey

e e ey
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By local interpolation

Fory=1,2,...,N:
2 Let p; be the unique polynomial of degree < 2 with
pj(zj1) = uj1,p;(x;) = uj, and p;(x;41) = wjp.
2 u(x;) = pi(a).

Then the interpolant p; Iis given by
pi(r) = uj1a_1(x) + ujao(z) + ujy1a:1(x)
where
ai(z) = (2= x,)(x — 3541) /201
a(z) = —(z—z;00)(w — 310)/2h°

EENTHU Q) a1(z) = (z—mz;_1)(z—x;) /2R

ETETE LS ISR ERRM
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Generalization to fourth-order

Fory=1,2,...,N:

2 Let p; be the unique polynomial of degree < 2 with

pj(Tje1) = wjr1,pi(z;) = uj, and p;(z;42) = ujLo.

2 u(x;) = pi(a).

/u.’l\ [

Q\
||
o

EENTHO\ A / \
HEFAwA2 YYIERREFR

1
12
2
3
1 2 2 1
12 ;3 U 3 12
_2
3
1

/Ul\

\ uv )
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Test of the convergence: FD

10

u(z) = @ Du(z) = u'(z).

Convergence of fourth—order finite differences

error

-10

1077

-15

10
10

gglﬁ;l!;g i

10 10

10
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Polynomial interpolation

For a given set of V + 1 dat points

{(x07y0>7 (xla yl)? R (xNa yN)}a

we want to find the coefficients of an Nth-degree
polynomial function to match them:

Pn(x) = ap + a1z + aga® + - - +aya”,

The coefficients can be obtained by solving the following system of linear equations,

2 N

ap + roai1 +xpga2 +---+xygan = Yo,
2 N

ap +xi1a1 +xja2 +---+x7any = Y1,
2 N _

ao—l—acNal—l—acNag—l—---—l—acNaN = YN-

gg;_ﬁijg S
I
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Lagrange polynomial

Lagrange polynomial

B (r—x1)(x —x2) - (x —zN) (r —x0)(x —x2) - (x —xN)
Fv() = Y (@0 —21)(z0 — 2) - (w0 — @) (1 —zo)(z1 —22) - (21 — 2N)
(& — o) (z —21) - (z — an_1)
TN (xny —zo)(zN — 1) -~ (TN —TN—1)
N N B
or In@) =Y ymLnm(@), With Ly,= ][] —%
_ k£, Im — Tk

function [L,LNm]=lagranp(x,y)
%Input : x=[x0 x1 ... xN], y=[y0 yl1 ... yN]
= length(x)-1; L=0; %the order of polynomial
for m=1:N+1
P=1;
for k=1:N+1
if K'=m
P=conv(P,poly(x(k)))/(x(m)-x(Kk));
end
end

LNm(m,:)=P; L =L+y(m)*P; %Lagrange coefficient polynomia I
EENTHY) ()

FHIE
|

IPT-5260, Spring 2006 — p.9/34




Polynomial wiggle and Runge Phenomenon

equispaced points Chebyshev points

1.5 1.5
1r 1t
0.5 0.5
®
Oor ol
—0.5 max error = 5.9001 R —0.5F max error = 0.017523 -
-1 -1+
-1 —0.5 o 0.5 1 -1 —0.5 o 0.5 1

increasing the degree of polynomial contributes little to reducing the approximation error,
9 polynomial wiggle: the oscillation becomes large

9 Runge phenomenon: the error gets bigger

polynomials of degree 5 or above are seldom used.

EENTHU %
ETETE LS ISR ERRM
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Chebyshev polynomial

in the normalized interval [—1, +1],

Jm .
= ~—  for =0.1.....N
’CU] COSN7 .] 9 9 9

there points are called Chebyshev points

Chebyshev points for n=5 Chebyshev points for n=25
1 T - T - T ’1 T - Tt - T
. L L}
L &
0.8} . 41 08 > .
._-' [ ] l' @
0.6} : ; 1 0.6 a .
L ] L]
0.4+ 4 D4r ® LI
. . p .
0.2F 4 02
-|:| i - i - - - Lu—‘—‘—“—.—.—‘—.J—‘—-—.—‘—“—‘—.—A—‘—j

gglﬁ;l!;g i
I
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Example: Interpolation

N

= 16;

xX = -1.01:.005:1.01; clf
for i = 1.2

if i==1, s = ’equispaced points’; x = -1 + 2*(0:N)/N; end
if i==2, s = 'Chebyshev points’; x = cos(pi*(0:N)/N); end
subplot(1,2,)

u = 1./(1+16*x.”2);

uu = 1./(1+16*xx."2);

p = polyfit(x,u,N); % interpolation

pp = polyval(p,xx); % evaluation of interpolant
plot(x,u,’.’,’markersize’,13)

line(xx,pp)

axis([-1.1 1.1 -1 1.5)), title(s)
error = norm(uu-pp,inf);
text(-.5,-.5,max error = ’* numa2str(error)])

end

EE.NTHU
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1.5

0.5

-0.5

EE.NTHU

Example: Interpolation

equispaced points

max error = 5.9001

1.5

0.5

-0.5

-1

Chebyshev points

max error = 0.017523

WizATRS BHIERRER KA
I
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Padé approximation

A Padé approximation (of a specific order) tries to approximate a function f(z) around a
point g by a rational function

Pun(z—z0) = Qu@=20) \ith M—N or M=N+1

Dy (x — x0)
qo + q1(x — x0) + q2(x — 20)% + -+ + qu (z — x0
1+di(x—x0) +da(x —20)2 + - +dp(x— x0)N

)M

where f(zo), f'(z0), f® (z0), ..., fMTN)(zq) are known.
Taylor expansion of f(x) at x = xo to degree M + N is

(2) (M+N) |
f@) m )+ o) o)+ LT @ — a4 LS (@ g
= ag+ai(zr—x0)+az(z—x0)®+ - +apyyn(x—zo)MTN
_ Qnr(r — o)
Dn(x — x0)

qo +q1(x —x0) + q2(x — 20)? + - - - + qur(x — x0)M

14 di(z —x0) + d2(x — 20)% + -+ + dpr (@ — 20)N

EE;LE.IE% i
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Padé approximation

One can find the coefficients of Qs (z — x¢) and Dy (x — xg),

by solving the following equations, assume zg = O:

ao
ai

a2

apnr
aApn+1

aApr+2

aApn+ N

gglﬁ;l!;g i

[ao + a1 (z — z0) + az(z — 20)* + -+ + a4 (T — 0)

X[1 4 di(x — o) —|—d2(a:—a;o)2 —|—---—|—dM(a:—a:o)N]
= (g0 + q1(z — 0) + g2(x — 20)® + - - + qum (z — z0)™]

+apdi1
+a1dq

+apr—1d1
+apnrds

+apnr4+1d1

+ap+N—1d1

+aods2
+apn—2d2
+apnr—1d2

+aprda

+anr+N—2d2

+ap—NdAN
+ap—N+1dN

+an—Ni2dN

+anpdn

M+N]
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Example: Padé approximation

Padé approximation for f(:l?) — e% atzg = 0with M = 3, N = 2:
9 Taylor expansion at x = 0 to degree M + N = 5,

1 1 1
T 1 3 4 25
f(x) +x + :B—I-Sx —I—4:13 -I-5

ao—i—ala;—i—aga; —|—a33: + aqx —|—a5a;5

Q

9 solve

as +azd; +az2d2 = 0,
a3z + a2d; +aida = 0,

one can find the solutions d; = —2/5 and d2 = 1/20.

2 solve the coefficients for q;,1=0,1,2,3,

g = 1, ¢1=3/5

ETETE LS ISR ERRM
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Example: Padé approximation

Padé approximation for f(:l?) — e’ atzg = 0:

) + qrz + q2? + g3z’
Pz = 1+ dix + dox? ,
(14 (3/5)x + (3/20z2 + (1/60)x3

14 (—2/5)x + (1/20)z2

2 T T T T T T T 150

100

50

_2 | | | | | | | 0 | | | |
-35 -3 =25 -2 -15 -1 -0.5 0 05 -1 0 1 2 3 4 5

E-E.NTHU Qg black: eZ; red: P3 (x); blue: Taylor expansion to degree 5.

ETETE LS ISR ERRM
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Padé(2, 2) : = .
EENTHU 0) (2,2) Dy(P) 14324 P2

AT RS BT EPRBREH

Wave equation:

Padé rational expansion:

Padé approximants are given by

Pade(1,0) :

Padé(1,1) :

Padé approximation in Beam Propagation method
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Two-dimensional interpolation

2 Dilinear interpolation in 1D: given points

(ajm—l? f(xm—l)) and (xmﬁ f(xm))’

T — T,

fz) = f(@m-1) +

Lm—1 — Tm Ly — Tm—1

2 Dilinear interpolation in 2D:

y—vy Yy—"Yn—-1
z(xz,y) = = 2(T Yn—1) + “—2(z, yn)
Yn—1 — Yn Yn — Yn—1

y—vy r —
= o b 2(n-1,Yn—1) +
Yn—1 — Yn ILn—1 — Tn Ln — Ln—1

— Yn—1 x—x T — Tp—1
TRk L ~—2(Tn—1,Yn) + ———

Yn — Yn—1 Tn—1 — Tn LIn — ITn

gglﬁ;l!;g i
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Numerical integration

The numerical integration of a function f(xz) over some
interval |a, b is a weighted sum of the sunction values at
the sample points (nodes),

b N
/ f(x)dx%Zwkf(a:k), with a=zy<x;---<zy =0,
¢ k=0

2 midpoint rule:

/Wrl f(z)dz ~ A:Ef(wk +2$k+1 ),

Lk

where Ax = x4 — x4

EE;LE.IE% i
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Trapezoidal and Simpson’s method for integration

2 trapezoidal rule:

/‘:Bk—|—1 f(ZC)dSC ~ _[f(ilfk) -+ f(g;k+1)] + O(ALIZS)’

2 Simpson’s rule:
/xk—l—l f(x)dz ~ %[f(xk_1)+4f(xk)+f(5€k+1)]+O(Ax5)’

Tk—1
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Simpson’s method for integration

Change the interval x = {xp — Az, i,z + Az} tot ={—Azx,0,Az} byt = x — zy,
then the second-degree polynomial to fit f(¢) is

Pg(t) = 62t2 + c1t + co,

with the coefficients

Co — .fk?

k1 = JE—
C1 — ’

2Ax
1

— 1 —2fk).

C2 AL (fo+1 + fr—1 — 2fk)
Integrate the second-degree polynomial f(x) fromt = —Ax tot = Ax,

Ax A
/ Pt = S (fs A4S+ i),

_ This is the Simpson integration formula.
EE.NTHU
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Taylor's expansion of integration

For

= g(mk)‘i‘f(mk)Aﬂ?—i—%f/(zck)Am +§f(2)(;ck)Ag;3+...

where (z — zg) = Az. Similarily

L M p@)de

/a:k—l f(CE)dJZ = g(xk) — f(:vk)Ax + %f’(wk)Ax2 . %f(Q)(xk)Axg T

g(mk)'+'f($k)13$'+-%%jﬂ(mk)lkm2-+-giin)(mk)Z§m3.+...

where g(x) = 0. Then

/ " fla)dz + / f@de = 2Af(@n)de+ /O @)A? + = D @)aa + -
Tp—1 : :
E”NTHU%
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Taylor's expansion of integration

1

1

FP (@) Az® + T E

O (@) Aa® 4 -]

/x:ﬂ f(x)dx = f(xp)Az + 52 3]

9 The error of trapezoidal rule:

/:Bk-l—l f(ZC)dZC — %[f(ibk) + f(£k:—|—1)] — O(A$3) 4. ,

9 The error of Simpson’s rule:

EE.NTHU Q.g
ETETE LS ISR ERRM
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Fourier transform

Fourier transform equation

D = [ hwemifta

) = / H(f)e—2miftd .

— 0

with w = 27 f, one has
Hw) = / h(t)eitdt,

1
27

EENTHU %
ETETE LS ISR ERRM

/ H(w)e “dw.
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Properties of Fourier transform

if h(t) is real, then H(—w) = H* (w).

if h(t) is even, then H(—w) = H(w), i.e., H(w) is even.
if h(t) is odd, then H(—w) = —H(w), i.e., H(w) is odd.
Time scaling, h(at) < |%H(%).

Frequency scaling, - o h(%) < H(bw).

Time shifting, h(t — tg) < H(w)e*?to,

O 0O 0 v 0 O ¢

Frequency shifting, h(t)e=*“0t « H(w — wp).

Convolution theorem A convolution of two time functions, f(t) and g(t), is defined,
g@f= [ anf-nydr

the Fourier transform of the convolution is

EENTHU Q.g /OO g ® fe“tdt = G(w)F(w).

AT A2 RMIESR LR M — oo
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Sampling theorem and aliasing

9 Sampled data:
hn = h(nA), n=...,-3,—-2,-1,0,1,2,3,...

where the reciprocal of the time interval A is called the sampling rate.

9 Sampling theorem and Aliasing: for any sampling interval A, there is a special
frequency f.,

where f. is called the Nyquist critical frequency.

2 The function h(t) is completely determined by its samples h,, only when sampled at
an interval A happens to be bandwidth limited to frequencies smaller in magnitude
than f..

9 Aliasing: sampling a continuous function that is not bandwidth limted to less than
the Nyquist critical frequency.
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Aliasing

hit)
. . /J\\ >
| \,I/ e A—s S t
I" L
(a)
A
Hi f)
—
0 f
(b}

EENTHU Q)
HEawA2 TYIEDREFEM
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Discrete Fourier Transform

2 in time domain, N consecutive sampled values, (suppose N is even),

hi = h(ty), tpr=kA, k=0,1,2,...,N—1

2 in frequency domain,

there are N + 1 values, but f_ /2 = fn /2

9 discrete Fourier transform

O

H(fn) = f(t)e2miintdy

27—

— 00
—1

Q

hk€27rifntk A
k=0
N-1
— A Z hk€27m'kn/N
k=0
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Discrete Fourier Transform

9 The discrete Fourier transform maps N complex numbers (the h;’s) into N
complex numbers (the H,’s), where H,, is

Hp

N—1
Z hk€27T’L'kn/N
k=0

9 ifnin H,, variesfrom0to N — 1:

n = 0 corresponds to the zero frequency.

1 <n < N/2 — 1 corresponds to the positive frequencies 0 < f < fe.
N/2+4+1<n < N — 1 corresponds to the positive frequencies —f. < f < 0.
n = N/2 corresponds to both f = f. and f = — f..

O 0O O ¢

2 the discrete inverse Fourier transform is

1 N-1 '
hy = — Z Hne—szkn/N
N n=0

EENTHU %
ETETE LS ISR ERRM
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Fast Fourier Transform

9 the discrete Fourier transform

N-1 N-—-1
H, = Z hk627mkn/N _ Z Wnkhk,

where W = e2™%/N DFT requires N2 complex multiplications, and O(N?2)
process.

9 fast Fourier transform, FFT, split the data into even- and odd-numbered points,
N—-1
H, = Z hke27rikn/N
k=0
N/2-1 N/2-1

— Z h2k627ri2kn/N+ Z h2k+1627ri(2k—|—1)n/N
k=0 k=0

N/2—1 N/2—1
— Z h2k627rikn/(N/2) + W Z h2k+1627rikn/(]\7/2)
k=0 k=0

— HTeLven + wn Hgdd

EE.NTHU % with O(N log, N) operations only.

AT 2 RHIESRERER
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Structure of FFT algorithm

bit-reversed order,

000 » (00 000
001 001 001
010 » (10 010
011 011 011
100 100 100
101 » 101 101
110 / 110 110
111 > 111 111

N is a power of 2.
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Structure of FFT algorithm

EENTHU

AT 2 RHIESRERER

2 II“I'

o

real array of length

(a)

data output of FFT

<

W

s Lll'i'

}r:{_ﬂ-’- 2)A

} f=(N—=1)A

2N

real array of length

(b)

N is a power of 2.
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FFT. example

x(t) = sin(1.57t) + 0.5 cos(37t),

h 20} 20

L S LS

_1 | { {
_2 O [ h It200c00ee seeet!l J [ 0 <
0] 2 —-20 0] 20 —-20 0] 20
t, N=32 w, N=32 w, N=32
27 30 30
1 L
20t 20
= o = =
> O > >
10 10
_1 | ‘ n
0] 2 —-50 0] 50 -50 0] 50
t, N=64 w, N=64 w, N=64
ggaﬁliggﬂm
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